National Technical University of Athens
School of Mechanical Engineering

Fluids Section

Parallel CFD & Optimization Unit

Software Programming for the Analysis of Chaotic Systems
using Least Squares Shadowing, Data Assimilation and
Gridless Flow Analysis using Neural Networks

Diploma Thesis

Georgios D. Vamvouras

Advisor: Kyriakos C. Giannakoglou, Professor NTUA

Athens, 2025






Acknowledgments

I would like to express my sincere gratitude to my supervisor, Professor Kyriakos C.
Giannakoglou, for his unwavering support throughout my Diploma Thesis journey
and for granting me the opportunity to work under his supervision for the better
part of two years. Thanks to his mentorship, I managed to attain new skills and
sharpen my existing ones, inspired by his relentless pursuit of perfection and awe-
inspiring dedication to his work, of which I hope to have picked up even a little,
along the way. His analytical proficiency fundamentally enhanced my approach to
problem-solving, not only within the context of scientific research, but life in general.

Additionally, I would like to thank the members of PCOpt/NTUA that were more
than willing to assist me with anything I needed. However, special thanks go to Dr.
Varvara Asouti for her valuable advice, which aided me in completing this thesis,
as well as other projects I undertook before it, and for the time she so generously
invested in doing so.

I also feel the need to thank God for giving me the strength to overcome the many
obstacles I faced during my studies and for blessing me with my amazing parents,
Marina and Dimitris, whose sacrifices I can only hope to one day be worthy of.

Last but certainly not least, I am deeply grateful to the person who has stood by
me with unwavering support—my loving partner, Marina—who was there for me
every step of the way and assisted me in the most selfless manner in everything I
needed. Her presence has been both my strength and my solace, and for that, I am
endlessly thankful.

iii



National Technical University of Athens
School of Mechanical Engineering

Fluids Section

Parallel CFD & Optimization Unit

Software programming for the analysis of chaotic systems
using least squares shadowing, data assimilation and
gridless flow analysis using neural networks

Diploma Thesis
Georgios D. Vamvouras
Advisor: Kyriakos C. Giannakoglou, Professor NTUA
Athens, 2025
Abstract

This diploma thesis explores three emerging computational methodologies that are
rapidly gaining attention in the fields of sensitivity analysis, data assimilation and
artificial intelligence. It focuses on the Least Squares Shadowing (LSS) algorithm
for sensitivity analysis, data assimilation for improved accuracy of state estimation,
and Physics-Informed Neural Networks (PINNs) for gridless flow simulations.

Traditional gradient-based sensitivity analysis techniques, such as finite differences
and adjoint methods, often fail when applied to chaotic systems due to their ex-
treme sensitivity to initial conditions, which leads to the exponential divergence of
trajectories with infinitesimally small difference of parameters. The LSS method
is shown to be a stable and computationally efficient alternative, leveraging the
mathematical properties of dynamical systems encountered in modelling of physical
phenomena, to ensure that perturbations in design parameters produce meaningful
sensitivity derivatives. By reformulating sensitivity analysis as a constrained opti-
mization problem, LSS allows for accurate derivative computations, even in highly
chaotic regimes. Also, a Discretely Consistent LSS (DCLSS) formulation is de-
veloped, improving numerical accuracy by ensuring consistency in finite difference
discretization schemes. The effectiveness of these methods is demonstrated through
applications to three mathematical problems, where conventional approaches fail to
provide reliable results, preparing the ground for CFD applications.

Beyond sensitivity analysis, this thesis examines the role of data assimilation in en-
hancing model prediction accuracy during unsteady simulations. A data assimilation
technique, namely the Extended Kalman Filter (EKF), is used to incorporate noisy
experimental data or observations into simulations based on noisy models of dynam-
ical systems with mathematically proven optimality, thereby producing states more
accurate than either the model or the observations alone. This process practically
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corrects model errors by combining numerical predictions and observational data.
Applications to the mathematical systems illustrate the EKF’s ability to improve
prediction accuracy, even in the presence of incomplete or uncertain measurements.
Additionally, parametric studies assess the impact of key hyper-parameters on the
effectiveness of data assimilation, providing insights into its robustness and practical
implementation.

Finally, the diploma thesis explores the use of PINNs as numerical solvers for fluid
flow simulations, eliminating the need for discrete computational grids. PINNs em-
bed governing equations, boundary conditions, and physical constraints directly into
the loss function of a neural network, leveraging automatic differentiation to compute
derivatives efficiently. Two flow problems are considered: a steady, incompressible
quasi-1D duct flow and a laminar flow through a 2D duct. The results demon-
strate that PINNs can successfully capture complex flow behavior while providing
smooth, continuous solutions. Compared to conventional CFD methods, PINNs
offer a promising approach for solving PDEs in irregular geometries, though their
computational efficiency and accuracy leave room for improvement.

Overall, this diploma thesis accomplices to utilize the LSS method of computing
SDs, in cases where adjoint methods fail and FDs are prohibitively expensive, such
as many chaotic and/or challenging systems, successfully incorporating them in op-
timization loops. Moreover, the EKF is utilized as an efficient way to incorporate
experimental data in numerical simulations, correcting the unavoidable uncertain-
ties contained in models of complex phenomena, which is especially useful in chaotic
systems. Finally, PINNs are shown capable of solving complex PDE systems, by
incorporating their physics in the network loss function. All three of these method-
ologies are demonstrated by numerous cases developed in Python and C++ codes,
and a thorough examination of their nature is performed.
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Hepiingn

Yta mhadotar aUTAG TG OLMAWPATIXAG ERYAOLOG DIEQEUVOVTOL TEELS UVUDUOUEVES UTO-
AoyoTinég pedodoloyleg mou mpooelxlouy poydala To EVOLPEPOV GTOUG TOUElC TNg
Avéhuone Evaodnoioc (Sensitivity Analysis), tne Agopoiwong Aedopyévewy (Data
Assimilation, DA) xou tnc Teywntic Nonpootvne (Artificial Intelligence, AI). Apyixd
nopovotdleton 1 pédodoc Xxioone Eraylotwv Tetpaydvwy (Least Squares Shadow-
ing, LSS) yio v avdhuon evoncdnoiog, n opopoiwon dedoyévwy (Data Assimilation,
DA) vy Behtiwon g axpifelag TG exTiUNoNG XUTAGTUCEWY CUOTIUATOY, XoL TA
Evnuepwuéva omd tn Puo twv Powv Nevpwvixd Aixtuo (Physics-Informed Neural
Networks, PINNSs) yio mpocopoihaoeig pofic ywelc yerion mhéyuatoc.

YupPatinég pédodol avdiuong evancinolog, 6Tmg oL TETEQUCUEVES BLPORES XAl OL GU-
Cuyelc uédodol (adjoint methods), cuyvd amotuyydvouy dtav egapudlovial GE YaoTIXd
CUCTAUOTA, AOYw TNG oxpalac euvonoUnciog Toug oTig apyxée CUVIAXES oL OTIC TUES
TV TAPUUETPWY, 1) omolo 00NYel ot ex¥eTinr] AmOXALOY) TWV TEOYLOV OXOUN XL YLl
ameLpoeNd Lo TEG UETABONEG TwV Tapauétewy. H uédodoc LSS anoteiel wa otadepn
X0 UTOAOYLOTIXG AmoBOoTIXY EVORAAXTIXT), XS DLUoQUAlEL OTL Ol ATMELPOOTEC UETO-
Boréc oTic PETOBANTES OYEDLAOHOV 00NYOUY GE ATELROCTEC UETUBOAES OTIC TROYLES, Xou
EMOUEVKC UTIOPOLY VoL yenoluoTotndoly ylo TNy eVPECT) Tapay dYwWYV euctoinciog, uéow
¢ avadlTiTWwoNg Tng avdhuong evaicdnolug wg Eva tedBAnua Pehtictonolnong umod
neploplopole. ‘Etot, n LSS emitpénel axpielc unohoylopols mapaydywy oxoun xaL oe
€vTtova yooTixd cvoThuata. Emmiéov, avantiooeton por Atoxpltd Muvennic Slatine-
on e LSS, (Discretely Consistent LSS, DCLSS), n onola Behtidver v oxpifeta
xou €CaoaAoVTaC CUVETELN OTOL Oy AUATO DLUXELTOTOINCNC TETMEPUOUEVLY BLoPOREY,
EVO ETUTUYYAVEL Vo uToAOY{oEL TTapary(youg evatodnciog axoua Xl O TEQLTTWOELS TOU
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n LSS amotuyydvel. H anotedeopatindtnia autdv 1oV HeYO0wy amodeixvieTon Yoo
amd eapuoyég o Tela pardnuated teofAfuata, 6mou ol cuulutixéc TpooeyYioel o-
TOTUYYEVOUV VoL THEEYOLY a&LIOTIG T ATOTEAEOUATA, TEOETOWALOVTAC TO €00(QOC YL
egappoyéc oty Troloytotixs Pevotoduvauur| (CFD).

IIépoa amd v avdhuor evaoinciog, 1 epyacio e€etdlel Tov POAO TNG apouoinong Oe-
douévnv ot Bedtinon g axplBelac TV TEOPAEPEDY HOVTEAWY xoTd TN BLdEXELd Un
HOVILWY TIROGOUOLOoEWY. Mo Teyviny| agouoiwone dedouévny, ouyxexpéva to E-
xtetopévo Pihtpo Kalman (Extended Kalman Filter, EKF), yenowonoteitor yio tny
EVOLUATROT YopuBmBHY TELUUATIXGY SEBOUEVWY (TUPAUTNENOEWY) GE TPOCOUOLOCELS
Baoiouéveg oe YopuBndn wovtéla, dlaopaiilovtoag pordnuatind anodederyuévn BEATIOT)
axpBeta. Me autdv tov 1pémo, Tor GQIAUNTH TOU HOVTEAOL BlopUrvovTal TNV Topela
N¢ Tpocouolwong, cuvdudlovtag ‘Lwvtavd ™ aprduntixés npoBAédelc xat dedopévor To-
cathenone. Ot eqopuoyéc oe ponuotind cucthpata delyvouv 6Tt To EKF umopel va
Behtiwoet onpovTnd Ty oxpiBeia Twv TeolAédeny, axdurn xou tapousia ToAD Aywv
ueteroswy. Emmiéov, mpayUatomolo0vTon TUpUUETEIXES UEAETES Yiol TNV alloAGYTOT
¢ eTidpaong Bactn®y UTER-TUQUUETEMY OTNV ATOTEAECUIUTIXOTNTA TNG UEVOOOU.

Téhog, n dimhwpoatind epyacta e€etdlel tn yenon Twv PINNs w¢ aprduntidy emhutov
Y10l TPOGOUOLWOELS PONC PEUCTWY, ECUAEPOVTUC TNV atvaryXT) YLol BLOXELTE UTOAOYLO T
x& mhéypato. Ta PINNs evowuatdvouy tic €€lotoele, Tic cuvoploxés cUVINXES xou
puoLxoLg TEpLoplopog aneuieiag ot cLUVEETNON XOGTOUS EVOS VEUPWVIXOU BIXTOO0U,
Yenowonowwyvtog autéuatrn dwapdelon (automatic differentiation) yio umoloyiopoic
TORUY WYLV Ywpelc oyfuata dlxpitonoinone. Eetdloviar dVo mpoBifuatoa porg: o
uoviun), aouunicotn Peudo-1D por| ot aywyd YETABANTAC SLTOUNC, %ol Uidl GTEWTY eON
uéoa oe 2D aywyo uetofAntic dwtouns. Ta amoteréoupata detyvouv ot T PINNs
UTOPOUV ETUTUYMC VoL ETMAUCOUY TOAITAOXES POEC, TUPAYOVTUC AVUAUTIXES AUOELS. D€
olUyxplon e Tic cupPatixég pedodoug CFD, ta PINNs npoc@épouv pia mohhd umto-
oy OUEVN TIROCEYYION Yl TNV emlhuoT pepxmy dapopixy edlowoewy (PDEs) oe me-
olmhoxeg YEWUETEIES, OV Xo 1) UTOAOYLO TIXY| TOUC amodoTIXOTNTO Xou oxplBeta aprivouy
reprioplo vl Behtiwon,.

Y uvolxd, N Tapoloa IMALUATIXY epyacio avallel T uédodo LSS yio tov utohoyiouod
TV LAC, 68 TEPTTOOELC 610U oL cLLLUYELC PéYOBOL ATOTUYYEVOUY XOL OL TENEPUOUEVES
BLopopéc YivovTton amoryopeuTIXd Bomavneés, OTwS oUUPBULVEL OE TOANS YoOTIXS 1/Xou o-
TOUTNTIXG CUC THUOTA, EVOWHUATMOVOVTAS TIC ETTUY KOS ot Bedyouc Bedtiotomoinone. E-
mnAéov, To EKF olionoteiton w¢ amoteheopatinr uédodog evowudtwons TELQouaTiny
OEDOUEVWY OF apLIUNTIXES TTPOCOUOLWOELS, BLOPUMVOVTAS TIC aVATOPEUXTES ABefondTn-
TEC IOV UTGOYOLY OTOL OVTERN TOAUTAOX MY QUVOUEVKY, X4TL Tou efvar Lotaltepa ExONAO
oe yaotxd cucthpata. Téhog, amodewvieton 6t T PINNs efvon teavd vor emhouy
mohUmhoxa cucthpata MAE, evowuathvovtag 0 Quoxr Toug 6T cuVAETNoTN omw-
Aewdv Tou Bixtdou. Kau ol tpeic autéc pyedodoroyieg emdeviovTon UEGw TOALSEIIUGDY
EQPUOYOY ToL avarTUYInxay o xwdxeg Python o C++, eved mporyyotonoleiton piar
OL1e€00Y) AVIALGT] TWV BUVATOTATWY TOUG.
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Chapter 1

Introduction

1.1 Gradient-Based Sensitivity Analysis

Gradient-based sensitivity analysis is a powerful tool that plays a crucial role in the
design and optimization of complex dynamical systems. This analytical technique
focuses on computing the sensitivities of specific quantities of interest—often referred
to as objective functions—relative to various design parameters. By understanding
how changes in design parameters influence the performance of a system, informed
decisions can be made, that lead to optimized designs.

Two common approaches employed in sensitivity analysis are the Finite Difference
(FD) method and (Continuous or Discrete) Adjoint method. The Finite Difference
method estimates the Sensitivity Derivative (SD) by calculating the difference in the
quantity of interest for an original design parameter value and a slightly perturbed
value. This difference is then divided by the magnitude of the perturbation, yielding
an approximation to the sensitivity. While this method is straightforward and easy
to implement, it may require multiple evaluations of the objective function, which
can be computationally expensive, especially for complex systems.

On the other hand, the Adjoint method is particularly advantageous when dealing
with problems that involve multiple design parameters. This approach formulates
the sensitivity analysis in terms of adjoint equations, allowing for the simultaneous
computation of sensitivities with respect to all design parameters in a single run. As
a result, the Adjoint method is often proven to be more efficient and less demanding
in terms of computational resources compared to the Finite Difference method and
other popular sensitivity analysis techniques. By leveraging the mathematical prop-
erties of adjoint equations, this method not only reduces the computational cost but
also enhances the accuracy of sensitivity predictions, making it the preferred choice



in almost all cases.

1.2 Failure of Conventional Sensitivity Amnalysis

Methods in Chaotic Problems

In cases in which the objective function represents a long-time average of chaotic
problem solutions, the Finite Difference (FD) method becomes impractically costly,
and the Continuous Adjoint (CA) method often fails altogether, resulting in mean-
ingless SD values. This limitation poses significant challenges in real-life applications
that involve physical phenomena exhibiting chaotic dynamics. For instance, in sim-
ulations of chaotic flows, such as those encountered in aerodynamics, the objective
function might be defined as the long-time average of lift or drag forces acting on
an object, such as an airfoil. The inherent chaotic nature of these systems means
that even infinitesimally small changes in initial conditions or design parameters
can lead to dramatically different outcomes. This sensitivity to initial conditions
characteristic of chaos, leads to a tendency of small perturbations to escalate and
amplify, causing the solutions to diverge exponentially over time.

1.3 The Least Squares Shadowing (LSS) Algorithm

In order for sensitivity analysis method to yield valid results, small changes in the
initial conditions and design variables need to amount to small changes in the solu-
tion and consequently the objective function. This necessity is satisfied in the Least
Squares Shadowing (LSS) algorithm, proposed in [5, 33, 34. 26, 4. 10} [6], [7, 13, 19, 32],
which overcomes these problems and produces precise SD values with limited com-
putational cost. It is based on the ergodicity of such systems, a property of most
natural systems, which implies that for a sufficiently large averaging interval, the
objective function is independent of the initial conditions. This allows for the use
of different initial conditions for the solution of the problem with the perturbed
design parameter, evaluated by means of a least-squares minimization problem that
guarantees the proximity of the non-perturbed and perturbed parameter solutions
(trajectories) for the entire time interval. A meaningful comparison of the trajecto-
ries can be made then, a result of which is the correct SD value.

In this thesis, the failure of conventional sensitivity methods to produce accurate SDs
and the success of the LSS method is demonstrated using two small chaotic systems
(Lorenz 1963 and Rossler equations), and another non-chaotic though challenging
system, the Van Der Pol equations. It is shown that the Adjoint method collapses
entirely and the FD method, although it does not collapse, becomes extremely
inefficient and costly, which in larger problems would render it unusable. The LSS
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algorithm is then used to produce valid SDs at limited cost, and the effect of some
relevant hyper parameters is studied. Also, a Discretely Consistent version of the
LSS algorithm (DCLSS) is developed which is proven to be more accurate in most
test cases. The DCLSS algorithm guarantees that the FD schemes used to discretize
temporal derivatives in the governing equations, are consistent with each other,
which results to increased accuracy and precision.

1.4 Data Assimilation

The potential of data assimilation methods to overcome the issues caused by the
unavoidable uncertainties in models of physical phenomena, is also examined in this
thesis. Complex systems, such as turbulent flow, are especially hard to model as
they are inherently non-linear and extremely sensitive to initial conditions, making
accurate predictions challenging to achieve. Data assimilation aims to improve the
prediction accuracy of such models by integrating measurements or experimental
data into the procedure, by means that utilize the information provided by the
model and observations in a most efficient way. The uncertainty of the model and
the observational data is managed so that the assimilated state that is produced
is more accurate than either of those. The data assimilation process examined in
this diploma thesis is called filtering, and essentially introduces data in the sim-
ulation while the solution is propagated forward in time, in order to correct the
model prediction at run time. The Extended Kalman Filter is applied to the Lorenz
1963, Rossler and Van der Pol systems, and its ability to overcome the model and
observation errors (introduced manually for the purpose of demonstration) is suc-
cessfully showcased. It is worth mentioning that DA is also applicable to chaotic
systems, as shown in the Lorenz 1963 and Rossler cases, and it manages to over-
come their massive unpredictability. Furthermore, parametric studies are preformed
in order to examine the dependency of the assimilated state’s accuracy to several
hyper parameters.

1.5 Flow Solution Using Physics-Informed Neural
Networks

Physics-Informed Neural Networks (PINNs) have emerged as a promising tool for
solving Ordinary Differential Equations (ODEs) and Partial Differential Equations
(PDEs), by embedding physical laws directly into the neural network loss func-
tion [28]. First introduced in [28] (2017-2019), PINNs leverage automatic differen-
tiation to compute derivatives efficiently and enforce governing equations, bound-
ary conditions, and initial conditions during training. Unlike traditional numerical
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methods, which rely on discretized grids, PINNs provide a grid-less alternative that
can generalize across different problem settings [22]. The application of PINNs to
fluid dynamics and flow-related problems has gained significant attention due to
their ability to handle irregular geometries and provide smooth and continuous so-
lutions [§]. However, challenges such as convergence difficulties, boundary condition
enforcement, and computational cost remain key limitations [29]. Recent advance-
ments, including adaptive learning strategies [24], domain decomposition [15], and
hybrid approaches combining PINNs with numerical solvers [25], have improved their
accuracy and robustness [I], 23], 35], 2], 14]. This thesis explores the use of PINNs for
solving the PDEs governing two types of flow. Firstly, a pseudo-1D, steady, inviscid
flow of an incompressible fluid through an axisymetric duct of varying cross-sectional
area is solved, along with the adjoint equations derived using the continuous adjoint
method within the context of a shape optimization loop. Then, a steady, 2D, lami-
nar flow of an incompressible fluid through a duct of varying cross-sectional area is
solved, and compared to the results from in-house GPU-enabled CFD code PUMA



Chapter 2

Least Squares Shadowing (LSS):

Application to the Lorenz ’63

Problem

In this chapter, the Least Squares Shadowing (LSS) method for evaluation of the
SDs of long-time averaged quantities w.r.t. a design variable in chaotic problems,
is presented. For clarity, and in order to avoid presenting an abstract mathematical
theory, the Lorenz 1963 system with three ODEs (Eq. is used as a working ex-
ample. The chapter includes an assessment of the SDs computed in such a problem,
using the Continuous Adjoint (CA) method [I8] and Finite Differences (FD) [1§],
and the failure to obtain meaningful derivative values using the adjoint method
along with the costly success of FD are discussed. LSS is then presented, which is
used to successfully compute the SDs.

2.1 The Lorenz 63 Problem

The Lorenz 1963 system of ODEs is a well-known example [21], 34, [5] of chaotic
systems, comprised of three ODEs in time, and their initial conditions. The system
is of ergodic [3] nature, which means that irrespective of the initial conditions used
to compute the state variables, long-time averaged functions of the state variables
converge to the same value.

This system is a suitable example to demonstrate the failure of adjoint sensitivity
analysis methods to compute meaningful derivatives, and the potential of the LSS
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algorithm to resolve this issue with acceptable computational cost, contrary to the
FD method, which is prohibitively costly even at small mathematical systems. The
Lorenz '63 system of equations is given below:

Z—f =o(y — x), z(0) =z (2.1a)
Yooy, 0) = o (2.10)
% =2y — fz, 2(0) = zo (2.1c)

In this diploma thesis, the parameter p is seen as the design variable in a hypo-
thetical optimization problem, in which an objective function (to be developed in
a subsequent subsection), cast in the form of a time integral of the state vector
u(t,p) = [x(t,p),y(t,p),z(t,p)]T and possibly the design variable p itself, should
be minimized. Quantities o and § are constants, equal to 10 and 8/3 = 2.6667,
respectively.

The behavior of the Lorenz system for values of p in the range 0 to 100 is the
following [4]:

1. p€[0,1]: Stable fixed point attractor at @ = (0, 0,0).

2. pe(1,24.74) : Two stable fixed point attractors at z =y = /S(p — 1),z =
p— 1

3. p€(24.74,31) :  Quasi-hyperbolic strange attractors.

4. p € (31,99.5) : Non-hyperbolic quasi-attractors.

5. p €199.5,100] : Periodic limit cycle attractors with an infinite series of period
doubling.

Fig. shows the solution to the Lorenz ’63 equations for some p values in the
aforementioned intervals, using a Runge Kutta 4" order method [I7] with N =
50000 and At = 0.001 time unit, thus the integration time is T' = NAt = 50 time
units. The initial conditions are iy = [xg, Yo, ZO]T = 11,2, SO]T.

Fig. illustrates the chaotic behavior of the system by comparing the z component
of two solutions of the Lorenz ’63 problem, for p = 28.00, and 28.01, obtained using
the same 4" order Runge-Kutta method. Initially, the two solution trajectories are
very close to each other. After that, however, due to the chaotic nature of the Lorenz
system, they differ greatly.
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28.01 (in orange), with the constants and initial conditions described in the text.



2.2 Continuous Adjoint Sensitivity Analysis

Throughout this analysis, for the purpose of demonstration, the objective function
F is defined as:

F(o) = 7 / 2(t, p) dt (2.2)

F is the long-time averaged z, and, as already stated, the design parameter vector
is b = [bo] , bp = p. In order to formulate the CA method and compute the gradient

of F w.r.t. I;, the augmented objective function is defined as:
T — —
Fog=F+ / UTR dt (2.3)
0

where U = [U,, U, ¥.]" € R? is the adjoint variable vector field and R € R? are
the residuals of the three Lorenz equations:

B di—f—a(y—x)
R=| 2 —x(p—2)+y (2.4)
L zy+ Bz

Eq. is then written as:

1 (" T d T d
Faug:?/o z(t)dt+/0 \I/r(d—?—a(y—xo dt+/0 \I/y(d—gz—x(p—z)—i—y) dt

T dz
(2.5)

Differentiating Eq. w.r.t. p and since the operators 5% and % are interchangeable,
results in:

SFug 1 [T 6z T d (éx T d (oy T d (62
= = — dt U,— | — | dt U, — (= | dt U,—(— | dt
op T Jo dp +/o dt (5p) +/0 Y dt <5p) +/0 dt (5/))

r oxr oy ox 0z or Oy
e (5 5) (5 s o5 )

(2.6)



By integrating the time derivative terms by parts, for vy = z,y,2z and ¥, =
V., ¥, U, respectively:

T d 5uk 5uk Td\Ifk(Suk
/Oq/kdt<5 )dt {\p M} - [ (27)

After factoring out terms %f, Eq. results in:

Jo= )= vy b

OF, aug_ Téx
0

) v,
-2 -V o+ ¥ —\Ifzx) dt
0 5P( Y

75z dV¥ 1
N U, +— | dt
0 op ( dt W+ Z+T)

5yT 621" r
O 1 S
{ “op Yopl, oply Jo 7

The Field Adjoint Equations (FAEs) are determined by setting the multipliers of
5(;‘—; to zero continuously throughout the interval 0 <t < T. The Adjoint Boundary

(2.8)

Conditions (ABCs) are determined by setting the coefficients of terms %’“ to zero
at t =T. The FAEs and ABCs are:

dv

dtx =V, 0+ VY, (z—p) —V,y (2.9a)
v
% - oW, U (2.9b)
av, 1
i U,z + BY, + T (2.9¢)
W,(T) = 0,(T) = 0.(T) =0 (2.90)

which imply that, as is always the case in unsteady adjoint, the adjoint equations
should be integrated backward in time. In vector notation, Eq. is written as:

I o (z=p) =y \ _ 0 B )
=1 o a0 ). T@D)=0 (2.10)
0 x 16 %
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Figure 2.3: Lorenz 63 The solution @ = [x,y,z]T for p = 28, T = 20 time units,
and the parametric values mentioned in the text.

After eliminating the terms %L: by satisfying the FAEs and ABCs, the only remaining
term on the right-hand-side of Eq. constitutes the SD:

§F T
—_— = — Y 2.11
5 /0 y dt (2.11)

To solve the FAEs, the same 4" order Runge-Kutta method is used to integrate
Eqgs. backward in time with, of course, the same time step At = 0.001. After
having computed the adjoint fields, the SD results from the integral of Eq. [2.11}
The objective function for p = 28, T' = 20 and the parametric values mentioned in
the text, is F' = 23.34, and the corresponding SD is ‘;—1; = 341650.3, which absolutely

wrong compared to the known correct value, namely 1.01 [32].

The adjoint vector fields plotted in Fig. 2.4 and the corresponding primal solution
u(t) in Fig. Also, in Fig. the time series of W, (), z(¢) and the negative
of their product —W,(¢) - z(¢), the integral of which constitutes the SD, are plotted
against t.  Fig. m shows the cumulative integral of Eq. (—z-W,) as it is
integrated forward from 0 to ¢’ (blue curve) and backward from T to ¢’ (red curve),
where 0 < ¢ <T.

The value of the objective function F' and the absolute value of the SD %—f was
plotted against different integration times 7', in Figs. and [2.§ respectively, for

10
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Figure 2.4: Lorenz 63 The adjoint vector field components ¥, ¥, and V¥, vs. ¢, for
p = 28, T = 20 time units, and the parametric values mentioned in the text. The
three curves were integrated from right to left (backward in time).
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Figure 2.5: Lorenz ’63 Time-series of x, ¥, and their negative product (—z - V,)
for p = 28, T = 20 time units, and the parametric values mentioned in the text.
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Figure 2.6: Lorenz ‘63 Time series (—x - W) integrated forward from 0 to ¢’ and
backward from T to t/, where 0 < t' < T, for p = 28, T = 20 time units, and the
parametric values mentioned in the text. In both cases, regardless of the direction
of integration, the SD is ‘fs—l: = 341650.3.

p = 28. The values of F' do not converge even at very long integration times, but
vary between 23.50 and 23.55. Onm the other hand, the SD cannot converge to a
single value, and it increases up to the limit of what double precision can represent,
for increasing T'. The absolute values of the SDs were chosen instead of the signed
values, because the latter were both positive and negative, and the negative values
are undefined on the logarithmic scale.

The value of the objective function F' and the SD ‘;—F can be seen in Figs.

and [2.10] respectively. For each p value, both have been computed for 20 random
initial conditions. The increase of F appears to be linear, with a slope of about 1.0,
with close to no variation for different initial conditions, as it can be seen by the
vertical dots being practically indistinguishable from one another. That is expected
because the Lorenz 63 system is ergodic. However, the SD values are meaningless
and do not convey the aforementioned linearity, by being approximately 1.01, but
instead they diverge.

12
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2.2.1 Parametric Study on the Step Size At

Three of At were tested in order to determine the grid—size dependence of the primal
and CA solutions of the Lorenz '63 system. Figs. and show the z(t) time
series derived from the solution of Eq. [2.1] and the \If ,(t) time series derived from
the solution of Eq. R.9] for At = 107310~ and 10~ 5, and p = 28, T = 20 time
units. The trajectories are practically 1ndlst1ngulshable meaning that the selection
of At = 1072 did not affect the quality of the results.
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Figure 2.11: Lorenz 63 x(t) for At = Figure 2.12: Lorenz 63 W, (t) for At =
103,104 and 105, p = 28 and T = 20. 10~3,10~* and 10, p = 28 and T = 20.

2.3 Finite Differences Sensitivity Analysis

The second method used to compute the SD of Eq. is the FD method. The same
range was used for p, from 0 to 100, with step equal to Ap = 2. The perturbation
or step of the FD appears to be unexpectedly high but this will be discussed later
on. The formula for the second-order, central FD method is:

OF _ F(p+Ap) —F(p—Ap)
op 2Ap

(2.12)

In Fig. [2.13] the SD for p = 28 was evaluated for different integration times T
ranging from 1 to 2000 time units, with Az = 0.001 time units. It should be noted
that the SDs computed are meaningful, unlike the CA method (Fig. [2.10)), and are
in fact close to the correct value of around 1.01, and seem to converge to that value
for integration times above T" = 1800 time units. As was mentioned previously,
however, integration times that long are extremely costly and impractical for real-
world problems.
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Figure 2.13: Lorenz ’63 SD computed using FD, for values of integration time
T ranging from 1 to 2000 time units, for p = 28, Ap = 2, and the same initial
conditions.

The effect of the perturbation Ap used in Eq. on the SD value can be seen
in Fig. 2.14] where the SD was plotted against corresponding values of Ap ranging
from 107% to 2.0, for p = 28. It is shown that, for values of Ap between 1.0 and 2.0,
the SD value is more or less stable, and close to the reference value of 1.01 [32]. As
a result, the perturbation was chosen to be Ap = 2. Figs. and show, in
more detail, the SDs at 107 < Ap < 1072 (Fig. and 0.5 < Ap < 2.0 (Fig.

2.16)), also for p = 28.

In Fig. the SD is computed using FD for integration time 7" = 20 time units(in
blue) and 7" = 2000 time units (in red), for 0 < p < 100. At each p value, the SD
for 20 random initial conditions was plotted. The SD values of the larger integra-
tion time are obviously more accurate and with minimal deviation, compared to the
smaller integration time, and they are both very close to the previously known cor-
rect value of approximately 1.01 [32]. However, the FD method is computationally
expensive as it requires a very long integration time to compute useful derivatives.
It should be noted that in more complex real applications, namely CFD simulations,
such integration times are prohibitive.
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105 :
1 '
< 3
10* ~
10% 4
o ) | | St
10 4
10t 34—
04 - I il
H) L] L
fL S . - - - ) | |
2 = = 2 - T T - . T - . T
107 W 10~ 10~ 107 0.6 0.8 1.0 12 14 16 18 2.0
o&p ap

Figure 2.15: Lorenz 63 SD for 107¢ <
Ap <1072

Figure 2.16: Lorenz 63 SD for 0.5 <
Ap < 2.0.

17



2.0 4 1 1 1 | s |

1.5 1

1.0 1+

aF
dp

0.5 4

0.0 947

—0.5 4

T
0 20 40 60 20 100
P

Figure 2.17: Lorenz '63 SD (vertical axis), using FD with step Ap = 2, for p values
ranging from 1 to 100 (horizontal axis). The blue points correspond to integration
time 7" = 20 and the red ones to 7" = 2000.

18



2.4 Least Squares Shadowing (LSS) Sensitivity Anal-
ysis

The Least Squares Shadowing (LSS) algorithm [5], 211 33], @, [34], 26, [4), T3], 10}, [7], 13, 32]
aims at overcoming the difficulties faced by Adjoint methods and produce meaningful
SDs of long time averaged quantities w.r.t. a design parameter. It requires the basic
assumption of ergodicity of the system, meaning that the long time behavior of
the system is independent of the initial conditions. This assumption enables the
“comparison” of two trajectories, one with an unperturbed (p) and another with a
perturbed (p+dp) parameter value, with different initial conditions. In this context,
a trajectory refers to w(t), for 0 < ¢ < T, where u(t) = [z(t), y(t), z(t)]T, computed
for some value of p. The perturbed parameter trajectory, computed for p + Ap, is
its “shadow trajectory”.

This way, a different initial condition and a time transformation 7(¢) can be chosen
for the shadow trajectory, so that the two trajectories remain close to each other
throughout 0 <t < T'. The reference trajectory u, for design variable value p and
the shadow trajectory 4 for p + dp, as well as t and 7(t), need to be very close to
each other in order for the LSS method to compute a meaningful SD.

The existence of a shadow trajectory @ and its convergence to the reference trajectory
i, for 6p — 0 is guarantied by the shadowing lemma [3], which states:

2.4.1 Shadowing Lemma [3]

Consider a reference solution u, to

— Fliiy, p) (2.13)

If this system has a hyperbolic strange attractor and if some system parameter p
is slightly perturbed by some Ap: For any § > 0 there exists € > 0, such that

for every i, that satisfies ||du,./dt — f(u,.,p)|| < €, there exists a true solution u
and a time transformation 7(t), such that ||@(7(t)) —u,.(t)|| < 6, |1 —dr/dt| < § and

—

di/dr — f(u, p+Ap) = 0, where ||-|| is the L2 norm in phase space. The trajectories
U and U, symbolize the perturbed and unperturbed trajectories respectfully.
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2.4.2 Computing the Shadow Trajectory as a Minimization
Problem

In order to find the shadow trajectory «(¢) and a time transformation 7(t) so the
reference and the shadow trajectory remain close to each other, a constrained min-
imization problem is solved:

1T P dr\” dit .
min @ (7(t) =t ||*+a” | 1 — g dt, st. — = f(u, p+dp), 0<t<T
uw,n 0

—

where f(i, p) denotes the right-hand-sides of Eq. :

f(ﬁv ,0) = [f1<ﬁ7 p)?fQ(ﬁv p)7f3(ﬁ> p)]T = [U<y - ZL’),Z’(p - Z) — YTy — ﬂZ]T (215>

Eq. ensures that the two trajectories u(t) and w,(t), as well as 7(¢) and t,
remain as close to each other as possible for all 0 < ¢ < T'. The time transformation
is defined as:

7(t) = (L +n(t) op)t, n(0) =0 (2.16)
which is also guarantied to be close to t by Eq. [2.14. Parameter « is a weighting

parameter chosen so that the terms || —%,||* and o? (1 — %)2 are of the same order

of magnitude [13]. In the case of the Lorenz '63 equations, a = 30.

I

In order to solve Eq. [2.14] this is processed, as in Appendix A.1l. The resulting
minimization problem is:

| 2,2 dv af af
in - U dt t. — U+ == 0<t<T (217

or in Einstein notation:

1 T 2 2 9 dUi afl 8]‘}
in — . dt t. = ;
Eo 2/0 v db, ° dt  Ou;j v dp

+nfi 0<t<T (2.18)

where v; = da The constraints in Eqgs. [2.17 and [2.18| correspond to the Direct Dif-
ferentiation (DD a.k.a. Tangent) equation, which functions as the primal equation

in the above optimization problem.

The Karush-Kuhn-Tucker (KKT) equations that correspond to the minimization
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problem of Eq. are derived in Appendix A.2, and in Einstein notation are:

dv; 8fi afi

= ; ; 2.1
dt  Ou; vt op Tl (2.19a)
d;;i - —gifwj + o (2.19h)
1
n= Ewifi (2.19¢)

The equivalent of Eq. in vector notation is:

aw  of . of -

7950 T, (2-20a)
-~ T
dii of\ .
1 =
n=—u'f (2.20¢)
@(0) = @(T) = 0 (2.20d)

The problem consists of a system of three equations and an equal number of un-
knowns, @ € R? (3 by 1 vector), v € R? and n € R.

It should be noted that the KKT equations admit two Boundary Conditions (BCs)
for @, determining its first and last values, namely @(0) = @(7T") = 0. However, Eq.
is a first degree ODE of « and Eq. is also a first degree ODE of ¥ and no
BC is directly defined for ¢. In order to resolve this issue, one could use a shooting
method and impose a BC for ¢ at ¢ = 0, the value of which would be computed
with trial and error until @ = 0 at ¢ = T'. To avoid this impractical procedure, an
idea proposed in [4] is to transform the initial value problem into a boundary value
problem in time, in terms of @, which easily accommodates the two BCs. Thus,
the KKT system becomes well-defined. In order to solve Eqs. [2.20, they are be
combined into a single second order ODE of @, as in Appendix A.2:

- T - - T - A T -
40 of of | aw | d [of of (of 1 oor| o Of
" (%) “od| @ " a(% Toa\oa) @779,

wW(0) =wW(T)=0

(2.21)
This is a second-order ODE which corresponds to a boundary value problem in
which, the BCs can be properly imposed. As shown in Appendix A.2, Eq. can
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be simplified to:

d*w dd o = . =
7 tA— +Bi-C=0, = u|_y=0

— N T N T - N T -
2 _dfofy _offofy _ 1z ~_of
where: A = 55 <8ﬁ> - B=y (871) 9i (aa) 2/ O=5,

(2.22)
The simplified expressions of the coefficients A, B and C for the Lorenz '63 system
are also found in Appendix A.2.

In order for Eq. to be solved, it is discretized using 2" order central FD, for
N timesteps with interval size At. For nodes 0 <7 < N — 1:

R;

w; — 0, fori=20
Wiy — 20 + Wi
B At

w; — 0, fori=N—1

!

0.5y + 0.5,
A,
+ At

S,

soTiey

(2.23)
which can be written as:

, fori=0
= (I — O5AtAl) 1172'_1 + (—2] + AtQBZ) wi_l + (] + 05AtAl) wz‘_;,_l — AtQéi, fO’l“ 1 S 1 S N -2
Wi, fori=N—1

S, S,

[R=s/ias]

(2.24)
where I is the 3 by 3 unit matrix.

To solve the discretized system of equation the Block TriDiagonal Matrix Al-
gorithm (BTDMA) is employed. The system can be written in the following form:

Mw = G (2.25)

where M is s a N by N tridiagonal block matrix, with block size 3 by 3, wisa N x 3
matrix that holds the w values for each time-step, and G is the right-hand-side term
of the system equation, and is also N x 3, with each row being G; = At2C;. Matrix
M contains the following elements:

M,; =1, fori=0andi=N —1
Mi,i—l =1- O5AtAz, Mi,i = —2] + At2Bi, Mi,i—H =1+ 05AtA“ fOT' 1 S 1 S N —2
(2.26)
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2.4.3 Evaluation of the Sensitivity Derivative

After solving Eq. [2.25] time-series ¢ and 7 can be computed for each node, as in
Appendix A.3. Afterwards, the following equation is used to evaluate the SD.

SF 1 /T I r
— == v, +nz) dt — — ndt/ z dt 2.27
op T Jo ( ) 1 Jo 0 ( )

Eq. is derived in Appendix A.4.

2.4.4 The LSS Flowchart

The implementation of the LSS method for the computation of the SD ‘;—I; can be
broken down into the following steps:

1. Solve the Lorenz equations (Eq. using a forward-in-time, fourth order
Runge-Kutta scheme, and store the g—é and g—i time-series.

2. Solve the boundary value problem of Eq. using the BTDMA algorithm,
as in Appendix A2, and store ().

3. Evaluate the SD using Eq. [2.27, without needing to store the ¥(t) and n(t)
time-series, while computing ¢(t) and 7(¢) as in Appendix A.3.

2.4.5 Results from the LSS Method

Fig. shows the reference and shadow trajectories #, and @ with blue and red
color respectively, for integration time 7' = 15 time units, p = 28 and o = 30.
It can be observed that they remain close to each another for the entire time as
intended, regardless of the chaotic nature of the Lorenz '63 system. Fig.
shows component z(t) for the reference and shadow trajectories in blue and black
respectively, which is in stark contrast with Fig. which shows the perturbed and
unperturbed trajectories for p = 28.01 and p = 28.00 respectively, that were not
computed using the LSS method.

The left axis of Fig. shows the SD in black, and the right axis shows the ratio

lla—dr|?
a2<1—‘;—’;>2
initial conditions. It can be observed that the SD fluctuates less for 40 < a < 100,
for detail see Fig. [2.22] and it is approximately 1.0140.02, in accordance to previous
findings. In this area of « values, the fraction is approximately 1.0, which means that
the numerator and the denominator are of the same order of magnitude, as required
by the LSS theoretical foundation [4]. This suggests that a SD value produced by

LSS is more accurate for ratios closer to 1.0.

in red, for a ranging from 0 to 2000, for p = 28, T" = 20 and 20 random
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Fig. shows the SD values produced using LSS for 5 < T < 350, for o = 30
and p = 28. The SD is less accurate for 5 < T < 15 due to transient effects, as
can be validated by Fig. that shows the Lorenz 63 solution for integration
time 0 < T < 15 (blue part) and 15 < T < 35 (red part). The blue part of the
curve has clearly not reached the right-side attractor, unlike the red part that has
entered the alternating phase between the two attractors every one round, as is
typical for the Lorenz '63 system at p = 28. However, for 7' > 20, the SD is within
the interval 1.01 4+ 0.01, which is far more accurate than the corresponding CA and
FD cases, see Figs. 2.8 and respectively. Similar precision was achieved using
FD for integration time 7' > 400 (20 times longer than LSS), which is impractically
expensive, as previously emphasized in the text.

Fig. [2.20] shows SD values computed using the LSS method for p between 0 and
100 using 20 random initial conditions for each p value, for integration time 7" = 20
time units (blue), and 7' = 2000 time units (red), and o = 30. It can be deduced
that the SD values for T" = 20 are far more precise than those produced at the same
integration times at Figs. and [2.17], for the CA and FD methods respectively.
It should be noted that the quality of SD values is better for higher integration times
T.

— N
—an

Figure 2.19: Lorenz 63 Components
2-(t) and z(t) of the reference and shadow

Figure 2.18: Lorenz 63 The reference trajectories in blue and black color re-
and shadow trajectories in blue and red gpectively, for p = 28, integration time

respectively, for p = 28, integration time 7 _— 1 5, and o = 30
T =15 and o = 30.

2.4.6 Discretely Consistent LSS (DCLSS)

sure the consistency of term 22 originating from Eq. b and the time-differentiated

dt

A Discretely Consistent version of the LSS algorithm (DCLSS) was developed to en-
ﬁ2.20b
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for p between 0 and 100, with 20 random Figure 2.21: Lorenz 63 Values of SD in
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points correspond to integration time

T = 20, and the red ones to T" = 2000,
and o = 30

a ranging from 0 to 2000 and for p = 28,
T = 20 and 20 random initial conditions,
computed using the LSS method.

Eq. [2.20a. It was derived in order to be used for the tests of the next subsection. In
classic LSS, when deriving Eq. the coefficients of the terms ij—”f were factored

out, thus making the assumption that ‘2—1‘7 from Eq. - is identical to the one
from Eq.. However, in DCLSS Eq. 2.20h was discretized using backward FD

dw

and Eq. o using forward FD. So, from a discrete point of view, the terms </ are
not identical, and the resulting 2"¢ order ODE is different. The DCLSS algorithm
is presented in Appendix A.5, denoting forward FD using a right-pointed arrow and
backward FD using a left-pointed arrow. Central FD is used only for the discretiza-
tion of the 2" order term % and is not denoted with an arrow. The system and
the corresponding 2"¢ order ODE are:

v of . Of 1 oo

S G A R 2.2

- 36U+8p+o¢2ffw (2.28a)

— T

dw of L

@(0) = @(T) = (2.28¢)
‘e e

d?w di dis .
L L A— — Ay +Bu= 2.2
gz Ty ey TBU=C (2:29)

where the coefficients are shown in Appendix A.5. The DCLSS trajectories of ¥ and
w are compared with the respective LSS ones on Figs. and It should be
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Figure 2.22: Lorenz 63 Values of SD in '
S o2
black, and the ratio g“;_“;ﬂ in red, for Figure 2.23: Lorenz 63 SD values for
5 < T < 350, for « = 30 and p = 28,

computed using the LSS method.

dt
a ranging from 40 to 100 and for p = 28,
T = 20 and 20 random initial conditions,
computed using the LSS method.

40
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\\\\\— Gforo=T=15 //30
-15 = 20
-10 -5 0 —— uUforl5=T=35

5 g P
10 e -10
% 35 s 50 y

Figure 2.24: Lorenz ’63 Solution for integration time 0 < t < 15 (blue part) and
15 <t < 35 (red part), for « = 30 and p = 28.

noted that the SD value is very similar. For the classic LSS, SD = 1.00966 and for
DCLSS SD = 0.99961 which are both sufficiently close to 1.01.

Comparison of LSS and DCLSS

In order to examine the effect of « in the precision of the SDs evaluated using DCLSS
compared to classic LSS, the SD for different values of o was plotted in Fig. for
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Figure 2.26: Lorenz 63 Comparison of
trajectory of w using LSS and DCLSS,
for a = 1 and parameters found in the
text.

Figure 2.25: Lorenz 63 Comparison of
trajectory of ¢ using LSS and DCLSS, for
a = 1 and parameters found in the text.

LSS (in blue) and DCLSS (in red) for 7" = 20 time units, p = 28 and the parameters
found in the text. Although the classic LSS is less sensitive to the choise of different
ICs in this case, it is less accurate for larger values of v and begins to produce
increasingly lower SD values than the reference of 1.01. The majority of the DCLSS
runs however, for each « value are closer to the SD = 1.01 line and show no quality
deterioration in the SD values produced for larger values of a.. Fig. shows the
SD values for p values ranging from 0 to 100, using 20 random initial conditions at
each one, for integration time 7" = 20 time units (in blue) and 7" = 2000 time units

(in red).

Consistency of the Solutions of the Boundary Value Problem using DCLSS

In order to examine the consistency of the solutions resulting from Eq. com-
pared to those from Eq. the time-series @ computed from Eq. [2.29 was used to
evaluate time-series ¢ from the discretized form of Eq. [2.28h, using the forward and
backward Euler methods. The process is repeated twice, using as initial conditions
for Eq. the values ¥(0) and (T") (for the forward and backward Euler method
respectively).

Fig. [2.29| compares time-series ¢ from the Euler method with that of DCLSS, using
forward Euler. It can be observed that further away from the initial conditions, the
trajectory diverges exponentially. However, as can be seen in Fig. [2.30 near the BC
the two trajectories are very close to each other. Similar dynamics can be observed
for the backward Euler method, in Figs. and [2.32] Those findings suggest that
regardless of the discretization scheme that is used, it is not feasible to solve Eq.
forward or backward in time without fixing its first and last values using BCs
at t = 0 and t = T (as is guaranteed by Eq. , because the chaotic nature
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Figure 2.27: Lorenz '63 The SD for vari-
ous « values found using LSS (in blue)
and DCLSS (in red) for 7' = 20 time
units, p = 28 and the parameters found
in the text.
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Figure 2.28: Lorenz 63 The SD values
for p values ranging from 0 to 100, using
20 random initial conditions at each one,
for integration time 7" = 20 time units (in
blue) and 7' = 2000 time units (in red)
and the parameters found in the text.

of the system renders it very sensitive to error accumulation during the forward or

backward time marching.

BO0000 T from classic LSS | | [ | [

—— ¥, from DCLSS using forward Euler |
400000 1

200000 — | | ! ! | | o

o
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PO 1 N T N T A |
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Figure 2.29: Lorenz 63 Comparison of
trajectory v using forward Euler method
with time-series w known from DCLSS,
for a = 1 and parameters found in the

text.
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Figure 2.30: Lorenz 63 Detail of the
comparison of trajectory v using forward
Euler method with time-series w known
from DCLSS, for ¢ = 1 and parameters
found in the text.
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Figure 2.31: Lorenz 63 Comparison
of trajectory v using backward Euler
method with time-series @w known from
DCLSS, for a = 1 and parameters found
in the text.
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Figure 2.32: Lorenz 63 Detail of the
comparison of trajectory ¢ using back-
ward Euler method with time-series w
known from DCLSS, for ¢ = 1 and pa-
rameters found in the text.
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Chapter 3

Application on the Van der Pol
Problem

3.1 The Van der Pol Problem

The Van der Pol problem is another suitable example to demonstrate the failure of
the Continuous Adjoint method to provide useful derivatives of long-time averaged
quantities w.r.t. a design variable, and the superiority of the LSS algorithm to
provide correct values, at lower cost compared to the Finite Differences method. It
is chosen because of its challenging-to-capture dynamics, although it is not chaotic
and it converges to a limit cycle, see Fig. [3.1] The problem is described by a single
27 order ODE that is given below:

dPx dx
L B

Eq. can be written as a system, and will be treated as one in this thesis:

dx

priak z(0) = xo (3.2a)
d

L= —r+b(1—a)y, y(0) = 4o (3.2b)

The design variable is b, which lies within the interval 0.2 < b < 2.0. Fig.
shows the solution to the Van der Pol Equation for b = 1.2, using a 4" order Runge-
Kutta method with N = 50000 time-steps and At = 0.001 time units. Fig.
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illustrates the solutions x(¢) and y(t) for b = 2.0, obtained using the same Runge-
Kutta method.

T T T T
=20 =15 =10 =05 0.0 0.5 1.0 1.5 2.0

Figure 3.1: Van der Pol Solution for b = 2.0 and initial condition @y = [zg,yo]" =
[0.1,0.1]7, using a 4" order Runge-Kutta method with N = 50000 time-steps and
At = 0.001 time units.
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Figure 3.2: Van der Pol Solutions z(t) (blue) and y(¢) (red) of the Van der Pol
system for initial condition @y = [xg, yo]* = [0.1,0.1]" for b = 2.0, using a 4" order
Runge-Kutta method with N = 50000 time-steps and At = 0.001 time units.

3.2 Continuous Adjoint Sensitivity Analysis

Throughout this analysis, for the purpose of demonstration, the objective function

F is defined as:
1/8

Fo) = (7 [ wieoy ) (33)

F is the L” norm, where p = 8, of the long-time averaged 8" power of y, and the
design parameter vector is b= [bo] ,bo = b. In order to formulate the Continuous
Adjoint method and compute the gradient of F' w.r.t. l;, the augmented objective
function is defined as:

T
Fog=F+ / VTR dt (3.4)
0

where ¥ = [¥,, w,]" € R? is the adjoint variable vector field and R € R? are the
residuals of the now two Van der Pol equations:

dx
R= dt ) 3.5
(%’—l—x—b(l—xﬂy (3.5)

33



Eq. is then written as:

1 [T . 1/8 T dr T dy
Frwo = | = t,b))° dt U, (——y)dt v, (= —b(1 -2y ) dt
o= (7 [ wewnr )+ [ (G- u) e [ (-0 - ay)
(3.6)
Differentiating Eq. Wrt b and since the operators 5 and . are interchangeable,

results in:

0Fng OF (T d (dx T d (éy T T )
== Wy~ U, — 0, (— U, (r —b(1 —
5b 5 +/0 7 (5@) dt+ /0 v <5b) dt+/0 + (=) dt+/0 y (z—b(1—2%)y)dt

(3.7)
By integrating the time derivative terms by parts, for vy = z,y and ¥, = ¥,, U,
respectively:
T
Uy — dt = |Vp—— ——dt 3.8
/0 d(éb) {’“] /dtab (3:8)

It is also true that:

SF 11 (T o N /" 7

After factoring out terms 2 5, Eq. results in:

6 F g "oz [ dv,
= — v, (142
5 /o 6b< T g (1+ ba:y)) dt

Toy [ dv, 1. /1 [T /8
- 1 — 72 _ e 8
—l—/o o\ " —b(1 —2%)0, \le+Ty (T/o y dt> dt
A 0y 4
ob |, Yob |,
T
—/ yv, (1—3(;2) dt
0
(3.10)

The Field Adjoint Equations (FAEs) are determined by setting the multipliers of
5"’“ to zero continuously throughout the interval 0 < ¢t < T. The Adjoint Bound-
ary Conditions (ABCs) that accompany the FAEs are determined by setting the
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coeflicients of terms ‘%k to zero at t =T. The FAEs and ABCs are:

dv,
el U, (1+ 2bzy) (3.11a)
—7/8
d\ij 2 1 7 1 /T 8
— = (1 — v, — U — — 11
L i (Toydt (3.11b)
U,(T) =0, (T) =0 (3.11¢)

which imply that, as is always the case in unsteady adjoint, the adjoint equations
should be integrated backward in time. After eliminating the terms ‘S;L—b’“ by satisfying
the FAEs and ABCs, the only remaining term on the right-hand-side of Eq.
constitutes the Sensitivity Derivative (SD):

T
= —/0 yU, (1 —2%) dt (3.12)

To solve the FAEs the same 4" order Runge-Kutta method is used to integrate
Eqgs. backward in time with, of course, the same time step At = 0.001. After
having computed the adjoint fields, the SD results from the integral of Eq. [3.12]
The objective for 0.2 < b < 2.0, T' = 50 and the parametric values mentioned in
the text, is seen in Fig. 3.3 Fig. [3.4] shows F for different values of integration
time T" and for several values of b. The value of the objective converges at T = 1000
t.u. and remains essentially the same for larger 7. The SD for 0.2 < b < 2.0 and
T = 50 is seen in Fig. 3.5 In both figures, for each value of b, 20 random initial
conditions in the interval 0 < xg,y9 < 1 are plotted. The SD values found using the
CA method are meaningless, and follow a pattern of exponential increase similar to
the Lorenz '63 case. The findings are consistent with those of [34].
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Figure 3.3: Van der Pol The objective function value for 0.2 < b < 2.0, T' = 50
and the parametric values mentioned in the text. For each b, 20 random initial
conditions are plotted

26974 1 g—4—4—4—% ¢ 4—— b=o02
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Figure 3.4: Van der Pol The objective function value for 0.2 < b < 2.0, T' = 50
and the parametric values mentioned in the text. For each b, 20 random initial
conditions are plotted
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Figure 3.5: Van der Pol The SD value for 0.2 < b < 2.0, T" = 50 and the parametric
values mentioned in the text, using the CA method. For each b, 20 random initial
conditions are plotted

3.3 Finite Differences Sensitivity Analysis

The second method used to compute the sensitivity derivative of Eq. w.r.t. b
is the Finite Differences (FD) method. The same range was used for b, from 0.2
to 2.0, with perturbation Ab = 0.05. The formula for the second-order, central FD
method is seen in Eq. 2.12]

In Fig. the SD is plotted for 0.2 < b < 2.0 and for several values of 0b. The
SD values for b < 0.05 are meaningless, which is consistent to the trend observed
in the Lorenz ’63 case, that in order for the SDs to be accurate, db has to be very
large compared to what is customarily used. This appears to be the case, because
as the denominator of the right-hand-side of Eq. decreases, the numerator does
not also decrease, as it should for the SD value to be correct. This implies that
infinitesimal changes in b do not correspond to infinitesimal changes in the SD, but
rather significant ones, which is attributed to the unpredictable nature (not quite
chaotic though) of the Van der Pol system. In Fig. the SD for 0.2 < b < 2.0 1is
plotted for integration time of 7" = 50 (in blue), 7" = 5000 (in red) time units and
0b = 0.05, using 20 random initial conditions for each value of b. It is obvious that
in order to get accurate SDs, the integration time 7" has to be impractically large.

37



38

175  2.00
, where T" = 50, for different

1.50

<b<20

0.75 1.00 1.25

0.50

0.25

= AN
=g
o]
OF:-
=
—
L o0
~ o
o
S w
0 3
(=] : ~
L © +~
] s sesmme sss » (o] T % ISP PRSI RApPAp S . . L s
.o <% - . o o o o <
55 - s e @E- . ° et - ol 0 a s A
e srmam - — = e -
m m + commpem s o 0 mu <) ;i‘ootiii.h__u .h__u .n__u .h__u .h__u
_._n_J_._ﬂ . 4r e G mmye -~ hL.hbhd »e . Ton v v v
— — - -
. = e Trem— - W o A.abb gy - o
= 8 4 semmsseman = = [ S — . s & s ®
-~ B e e e e
. * eee Beee & sme o o
. . - .. . = -0 = o [ )
. . pul . L 2 [a\] m o - - e . .
= H - - -
e mEme - <_ o m e s mmmime EeMER S gem mmER - -
e e =@ - s
Be 4 ememmd s & e = A.m 0 P—
- s Es ms & [T} /\_ O ) *| Eneee SermmEE cEDen s ¢ SEES = (WS ¢
D ] m o - —— o+ s -
- mes m we . — 2 A..U. . smw e |4
DRI T ) o N oA B o e e N 6 ed 00 B On G
LR Ty £ o m = 4 eE— s e G e PO W - = =GR
- - s BB RS & o O — m -
. e - - o = © ] -
e e G— — 5] > —_— - bt |
- |ow o cpmam e =R B meEsEEESS oH G HGS B Gou  meEES=S B
o o osumens o o ﬂa m o S R O G M S Sess W
S = . - e
s smpmens v wme i o ll=
N Py . L~ = R et LI T SR e
- e e S D m o ope— N
*  mm sess s N < m * -
= O - .
sassssmAnes - [ = - e seames
. DT T . o = (@} & -l o P
* inlniiuint niumiii N T o < B i sl
| ®eE WMl e S ~ o — LY TTY - — s
C . ® s semEm  mes S = o e Eeees MM SIS SeSEHBSE 1 OGEENS ©
S e s m s e P N - g e 4 &
.. . -ee e ve men LRI P = - - -
. . . .o s mmr v amee - = - e - o e
N g 8
(=] =
L ~ o @ o =+ ~ [=] 3 n -+ il i — = [ ~
H - - - - - | |
— = — =] =] =] S =] Va 1% o) =1 S =1 =1 =1 = o o
fa}
de — 8
.. = as
El3 6 o
S 3
g9
=
=
20 m

values of db, and the parametric values mentioned in the text, using the FD method.

For each b, 20 random initial conditions are plotted.

Figure 3.7: Van der Pol The SD value for 0.2



3.4 Sensitivity Analysis with Classic vs Discretely
Consistent LSS

In this section, the original version of LSS will be compared to DCLSS in order to
evaluate the SD of Eq. w.r.t. b. The analysis and development of equations is
already presented in a generalized manner for the case of the Lorenz 63 problem.
In the Van der Pol problem, the coefficients of Egs. and are derived in
Appendix [B] In Fig. the SD for 0.2 < b < 2.0 is evaluated for integration time
T = 50 time units using LSS (in blue) and DCLSS (in red). It is apparent that the
Discretely Consistent version of the LSS algorithm (DCLSS) is much more precise
than classic LSS, and it produces SD values with minimal deviation for different
ICs, which is a very important attribute of the algorithm in terms of avoiding extra
computational cost while achieving very high precision.

= T =50tu LSS .
T = 50 t.u. DCLS5
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Figure 3.8: Van der Pol The SD value for 0.2 < b < 2.0, where T' = 50 time units,
and the parametric values mentioned in the text, using LSS (in blue) and DCLSS
(in red). For each b, 20 random initial conditions are plotted.
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3.4.1 Consistency of the Solutions of the Boundary Value
Problem using DCLSS

A similar analysis to [2.4.6] regarding the consistency of the Solutions of the Bound-
ary Value Problem using DCLSS, is performed for the Van der Pol system. Fig.
shows the first component v, of the time-series vector ¥ using DCLSS (in black
dots), and using the forward (in blue) and backward (in red) Euler method. The
time-series are identical with one another, which translates to the 2"¢ order Eq.
being consistent with the system of Eq. 2.28 The previous findings indicate that,
contrary to the Lorenz 63 and Rossler systems, the non-chaotic nature of the Van
der Pol equations allows the system of Eq. to be solved forward and backward
in time without the need for the double bounding enforced by Eq.

Wy

—— forward Euler
—— backward Euler
DCLSS

0 10 20 30 40 50

Figure 3.9: Van der Pol Comparison of v, evaluated using DCLSS (in black dots),
forward (in blue) and backward (in red) Euler.
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Chapter 4

Application on the Rossler

Problem

4.1 The Rossler Problem

The Rossler problem is yet another suitable example to demonstrate the failure of
the Continuous Adjoint method to provide useful derivatives of long-time averaged
quantities w.r.t. a design variable, and the superiority of the LSS algorithm to
provide correct values, at lower cost compared to the Finite Differences method.
The problem is described by a system of three ODEs that is given below:

dx

pril z(0) = xo (4.1a)
d

d—?z =2+ ay, y(0) = yo (4.1b)
d

d—j = b+ 2(z —c), 2(0) = z (4.1c)

The design variable is a, which lies within the interval 0.1 < a < 0.4. Fig. shows
the solution to the Rossler Equation for a = 0.2, using a 4" order Runge-Kutta
method with N = 1000000 time-steps and At = 0.001 time units. The integration
time 7" = Ndt = 1000 time units is quite large compared to the previous cases. That
is because the Rossler system has larger time-scales (pseudo-period) than the Lorenz
'63 or the Van der Pol systems, and in order to capture the system’s dynamics, the
integration time has to be significantly larger than its largest time-scale. Fig.
illustrates the chaotic behavior of the system by comparing z(t) for two very similar
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design variable values a = 0.20 and a = 0.21, obtained using the same Runge-Kutta
method. Initially, the two solution trajectories are very close to each other. After
that, however, due to the chaotic nature of the system, they differ greatly.

The behavior of the Rossler system for different a values is the following:
1. a € (—00,0] :  Stable fixed point attractor (NOT chaotic).
2. a=0.1: Unit cycle of period 1 time unit (NOT chaotic).

3. a € (0.13,00) :  Chaotic, increasingly so for larger a values.

Figure 4.1: Rdssler Solution for ¢ = 0.2 and initial condition @y = [xoyo20]T =
[0.10.10.1]7, using a 4" order Runge-Kutta method with N = 300000 time-steps
and At = 0.001 time units.
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Figure 4.2: Rdssler Solution for initial condition @y = [xoyoz0]? = [0.10.10.1]7 and
for a = 0.20 (red) and a = 0.21 (blue), using a 4" order Runge-Kutta method with
N = 100000 time-steps and At = 0.001 time units. The difference is subtle at first,
but it increases with ¢, as is expected from the chaotic nature of the system.

4.2 Continuous Adjoint Sensitivity Analysis

Throughout this analysis, for the purpose of demonstration, the objective function

F is defined as:

Fb) = % /0 b di (4.2)

F is the long-time averaged z, and the design parameter vector is b= [bo] , bo = a.
In order to formulate the Continuous Adjoint method and compute the gradient of
F w.r.t. b, the augmented objective function is defined as:

T
Fpg=F + / U7 R dt (4.3)
0
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where U = [0, ¥, ¥.]" € R? is the adjoint variable vector field and R € R? are the
residuals of the three Rossler equations:

+y+z

R= Zgz —z—ay (4.4)

Zf{—b—z(az—c)

Eq. is then written as:

1 [ T (dx
Faung i z(t,b) dt + i v, dt+y+z dt

T dy T dz
v, — dt U, | — —b— — dt
+/0 (dt T ay) +/0 (dt 2(x c))

Differentiating Eq. w.r.t. a, and since the operators 2 i and 4 5
able, results in:

6Fpy OF T d (dx T d 6y T d (o2
Zowg _ T2 U, v dt U, dt
5b 5a+/0 dt(éa) dt+/0 o (5 +/0 “i \ Sa
T T T
+/ U, (y+2) dt—l—/ U, (—x — ay) dt—l—/ U, (=b—z(x—c)) dt
0 0 0
(4.6)

(4.5)

; are interchange-

Integrating by parts, for vy = z,y,2 and ¥y, = V,, ¥, ¥, yields:
Uy dt = |¥ — dt 4.7
/0 dt<5> [’“5@]0 o dt da (4.7)
After factoring out terms %, Eq. results in:
6 Fyug Tox [ d¥, Ty [ dv,
= — | — =V, — U,z dt —=(—+V,—a¥, | dt
op /0 oa ( dt v Z) +/0 oa dt Ve —al,
sz AV 1 A oy T 621"
-2V, -V, (x — — ) dt+ |V,— v, —= v, —
+/0 5(1( dt (@ C>+T) +{ (5a10+{ y(5ah+{ 6a1

0
T
—/ v,y dt
0
(4.8)

The Field Adjoint Equations (FAEs) are determined by setting the multipliers of
{;*—a’f to zero continuously throughout the interval 0 < ¢ < T. The Adjoint Bound-
ary Conditions (ABCs) that accompany the FAEs are determined by setting the
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coeflicients of terms ‘Sg‘—ak to zero at t =7T. The FAEs and ABCs are:

av,
W = —\Ify — \IJZZ (49&)
dv
v, 1
— =V, -V, (- - 4.
= (x —c)+ T (4.9¢)
U, (T)=¥,(T)=V,(T)=0 (4.9d)

which imply that, as is always the case in unsteady adjoint, the adjoint equations
should be integrated backward in time. After eliminating the terms ‘S;L—a’“ by satisfying
the FAEs and ABCs, the only remaining term on the right-hand-side of Eq.
constitutes the Sensitivity Derivative (SD):

§F r
o /0 U,y dt (4.10)

To solve the FAEs the same 4" order Runge-Kutta method is used to integrate
Eqgs. backward in time with, of course, the same time step At = 0.001. After
having computed the adjoint fields, the SD results from the integral of Eq. [4.10]
The objective for 0.1 < b < 0.4, T" = 1000 (in blue) and 7" = 10000 (in red)
and the parametric values mentioned in the text, is seen in Fig. 1.3l The SD for
those values of a and 7" = 1000 time units is seen in Fig. 4.4l In both figures,
for each value of a, 20 random initial conditions in the interval 0 < x¢,yo, 20 < 1
are plotted. The SD values from the CA method for 0.1 < a < 0.13, where the
Rossler system is not chaotic, are meaningful although false, as will be discussed
in section 4.5, where for comparison, they are plotted against those from FD and
LSS. However, for a > 0.13, where the system begins to present rapidly increasing
chaotic behavior, the SD values computed using the CA method are increasingly
meaningless, diverging to infinity, which is a behavior consistent with the previous
cases.
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Figure 4.3: Réssler F for 0.1 < b < 0.4, "= 1000 (in blue) and 7" = 10000 (in red)

and the parametric values mentioned in the text.
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Figure 4.4: Rdssler The SD for 0.1 < a < 0.4 using CA, for the parametric values

mentioned in the text
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4.3 Finite Differences Sensitivity Analysis

The second method used to compute the sensitivity derivative of Eq. w.r.t. a
is the Finite Differences (FD) method. The same range was used for a, from 0.1 to
0.4, with perturbation Aa = 0.001. The formula for the second-order, central FD
method is seen in Eq. 2.12

In Fig. the SD for 0.1 < a < 0.4 is plotted for integration time of 7" = 1000
(in blue) and 7" = 10000 (in red) time units, using 20 random initial conditions
for each value of a. The values produced are meaningful throughout the interval of
0.1 < a < 0.4, but it is obvious that in order to get accurate SDs, the integration
time 7" has to be impractically large. For larger values of a, there is increased
variation of the SD value, with extreme “hills” and “valleys”. This is attributed to
the rapidly increasing chaotic nature of the system and not to a possible failure of
the FD method, as even with an extremely large integration time (7" = 1000 time
units), there is no mitigation of the phenomenon.
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10? 4
10 3
(= 10° 5
=N =] &

1071 5

10-2 4 —

1073 3 i ::

Figure 4.5: Réssler The SD value for 0.1 < a < 0.4, where 7" = 1000 (blue) and
T = 10000 (red), and the parametric values mentioned in the text, using the FD
method. For each a, 20 random initial conditions are plotted.
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4.4 Sensitivity Analysis with Classic vs Discretely
Consistent LSS

In this section, the original version of LSS will be compared to DCLSS in order to
evaluate the SD of Eq. w.r.t. a. The analysis and development of equations is
already presented in a generalized manner for the case of the Lorenz 63 problem.
In the Réssler problem, the coefficients of Egs. and are derived in Ap-
pendix [C] In Fig. the SD for 0.1 < a < 0.4 is evaluated for integration time
T = 1000 time units, using LSS (in blue) and DCLSS (in red). For 0.1 < a < 0.13,
where the system is not chaotic, the LSS and DCLSS methods produce meaningless
SD values. However, for larger a values where the Rossler system is chaotic, they
produce meaningful ones. DCLSS has less variation in the SD values due to different
ICs, which means it is more precise than classic LSS. A better comparison between
the two variations of the algorithm is made with a detailed view in Fig. [4.7]

1032 +— : T T * T=1000 t.u. LSS
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Figure 4.6: Rossler The SD value for 0.1 < a < 0.4, where T" = 1000 time units,
and the parametric values mentioned in the text, using LSS (in blue) and DCLSS
(in red). For each a, 20 random initial conditions are plotted.

48



107 3 g g

ke « T=1000tu. LSS . .
. + T=1000 tu. DCLSS e %

102 5
101 4

-

S8 1075 Y
107t 4
1072 4

1073 1 ; ; R ; ; ;

0.10 0.15 0.20 0.25 0.30 0.35 0.40

Figure 4.7: Rdssler The SD value for 0.1 < a < 0.4, where T' = 1000 time units,
and the parametric values mentioned in the text, using LSS (in blue) and DCLSS
(in red). For each a, 20 random initial conditions are plotted.

4.4.1 Consistency of the Solutions of the Boundary Value
Problem using DCLSS

A similar analysis to[2.4.6] regarding the consistency of the Solutions of the Bound-
ary Value Problem using DCLSS, is performed for the Rossler system as well. Fig.
shows the first component v, of the time-series vector ¢’ using DCLSS (in black)
and forward Euler (in blue). Also, Fig. [1.9] shows the first component v, of the
time-series vector ¥ using DCLSS (in black) and backward Euler (in blue). In both
figures, it is evident that, due to the extremely chaotic nature of the Rossler system,
it is not feasible to solve Eq. forward or backward in time without fixing its
first and last values using BCs at ¢ = 0 and ¢t = T, as is guaranteed by Eq. [2.29
These findings are consistent with those of the Lorenz 63 case.
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Figure 4.9: Rdssler Comparison of v, evaluated using DCLSS (in black) and back-
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4.5 Conclusions

A very important observation that was made is that in the interval 0.1 < a <
0.13 where the Rossler system is not chaotic, the CA and FD methods produced
meaningful SD values, and in 0.13 < a < 0.4 where the Rossler system is chaotic,
the CA failed to produce meaningful SD values. However, only the SD values from
FD seem to be correct. On the contrary, the classic and Discretely Consistent LSS
methods presented the exact opposite behavior, meaning that they failed produce
meaningful SD values for 0.1 < a < 0.13, but succeeded for 0.13 < a < 04,
and DCLSS even more precisely so. In Fig. the SD value was plotted for
0.1 < a < 0.13 using the CA, FD and LSS methods, for 7" = 1000 time units
and parameter values found in the text. Only the SDs produced using the LSS
method seem to be in accordance with those from FD. Fig. [4.11| shows the SD
value for 0.13 < a < 0.4 where the Rossler system is chaotic, using the FD, LSS
and DCLSS methods, for 7" = 1000 time units and parameter values found in the
text. The DCLSS method is more accurate and presents the least variation due to
random initial conditions. It should be emphasized that, as can be seen in Figs.
and [£.11] due to the extreme chaotic nature of the Rossler system, the SD values
produced by all methods are very sensitive to parameter changes.
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Figure 4.10: Réssler The SD value for 0.1 < a < 0.13, where T = 1000 time units,
and the parametric values mentioned in the text, using CA (in blue), FD (in red)
and LSS (green). For each a, 20 random initial conditions are plotted.
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Chapter 5

Data Assimilation

5.1 Increased Prediction Accuracy with Data As-
similation

Data Assimilation [27, 12], 20, BT, IT] is a technique that combines both observa-
tional (experimental) data and mathematical (theoretical) models to improve the
accuracy and reliability of predictions about a system’s state. In real-world ap-
plications, experimental measurements are often noisy and prone to errors, while
simulations based on mathematical models can be sensitive to assumptions and ap-
proximations that may not fully capture the complexities of the system. Because
of these limitations, relying solely on one source—either the measurements or the
model—can lead to suboptimal results.

Data assimilation works by integrating observational data into the model in a way
that allows both data sources to inform and correct each other. This iterative pro-
cess improves the model’s predictive power and enhances the analysis of the system’s
current and future states. Essentially, data assimilation provides a framework where
observations constrain and correct model predictions, while the model offers struc-
ture and continuity to the often sparse or irregularly spaced data measurements.

This approach is particularly powerful in fields like meteorology, oceanography, and
environmental science, where it’s common to have an underlying set of governing
equations (such as the Navier-Stokes equations in CFD) along with large sets of
observational data. In these fields, data assimilation can be used to refine state
estimates of the atmosphere, ocean, or other complex systems by continuously up-
dating model states with new observations as they become available. In general,
data assimilation is applied to all kinds of physical systems that are imperfectly
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modeled, both chaotic and non-chaotic, where measurements have the potential to
compensate for that loss of information and contribute to the evaluation of a more
precise estimate of the true state.

One of the key concepts behind data assimilation is that it generates a probabilistic
estimate of the system’s state, often using statistical tools like Bayesian inference
to combine model and data uncertainties. This helps quantify the reliability of
predictions and allows for a best estimate that minimizes error across both sources.

In this thesis, data assimilation will be applied to the Lorenz 1963, Rossler, and Van
der Pol systems. The first two are chaotic systems, while the latter is not. Across
both categories, the effectiveness of data assimilation in addressing errors, regardless
of a system’s complexity, will be demonstrated. These three systems serve as repre-
sentative examples of more complex unsteady phenomena, such as turbulent flows,
highlighting the potential applications of data assimilation techniques in complex
real-world scenarios.

Data assimilation involves two types of computations. Those that aim to compute
the best estimate by assimilating the current measurement into the current model
prediction, and fall within the Static Data Assimilation category, and those that
aim to predict the present state using the best estimate of the previous system
state and its quantified uncertainty. The latter fall within the Dynamical Data
Assimilation category. Specifically, filtering will be used to estimate the present
state of the system, by continuously updating predictions based on new observations
and past data. Both categories will be analyzed thoroughly in the following sections.

5.2 Notation and Definitions

Consider an unsteady system, the true state of which i.e its state variables, at a fixed
point in time, is described by the vector @' € R™, where n € N and ¢ stands for true.
For example, in the case of the unsteady flow around an airfoil, the state vector
is 4 = (p, pvx,pvy,E)T € R", n = 4. Consider also a model, such as the Navier-
Stokes (N-S) equations, the numerical solution of which approximates the true state
of the system as @™ € R", where m stands for model, along with measurements
or observations ¥ € R like those made inside a wind tunnel, M is the number
of quantities measured at each measurement. The true state cannot be calculated.
Instead its best estimate ©@® € R™ is computed, where a stands for assimilated, is
the result of a combination of the information contained in the model estimation
(N-S) and the available observations (experimental data). The model equation, that
proceeds from time-step k — 1 to time-step k can be written in the form:

Uy =M (ﬁlgfl> (5.1)
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where M(-) is the model operator, which propagates the state forward in time.
Notice how the input to the model at the time-step k is considered to be the assim-
ilated state at this instant. If no data assimilation has taken place at the previous
time-step, the best estimate of the state is:

@ =M (@) (5.2)

The model is subject to error, thus the true state of the system at time k can be

expressed as:
ﬁlﬁ =M (ﬁlg—l) + € (5.3)

The observations are given as a function of the true state as:
v=H(i')+¢é° (5.4)

where €° is the observation error, and H(-) is the interpolation operator. The latter
has a dual purpose; It performs interpolation from the grid nodes to the observation
sites, and it also might include transformation of the state variables to observations
that might be expressed differently. For example, in case the state variables are
conservative and the observations are non-conservative [31](p.11). In general, the
observation operator, as well as the model, is non-linear, and this will be the case
for this analysis. However, in the simple case where the state is being measured at
grid points, H(-) degenerates to the identity operator, and Eq. merely becomes:

7=t e (5.5)

5.3 Errors and Auto-Covariances

The model estimate as well as the assimilated state and the observations are all
subject to errors, that are assumed to follow the normal distribution [20]. This
assumtion is very realistic, as it has been observed that most quantities measured at
experiments follow the normal distribution or approximate it very closely, and even
if the do not, they can undergo a mathematical transformation so that they do [30].
Also, for simplicity, and without loss of generality, it is assumed that all components
of each state and observation vector share the same variance. The relevant errors
are defined as:

Model estimate error: e =at—u" (5.6a)
Assimilation error: ¢t =t —u” (5.6b)
Observation error: e’ =v-H (a") (5.6¢)
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It is assumed that the observation error €° is random, meaning that the observa-
tions v are subject to unbiased random error. Thus, its mean or expected value is
zero. The variance of €° is constant, equal to 0,, meaning that all the e! € €° are
independent from each other. This is equivalent to:

mean(€°) = E(é°) =0 (5.7a)
cov(€®) = E (€¢°T) = 0.1 = C° (5.7b)
or: €2~ N (6, CO) (5.7¢)

where C° is the auto-covariance matrix of €°. Similarly, the model error is assumed
to have zero mean and a diagonal auto-covariance matrix:

mean(€™) = E(e™) =0 (5.8a)
cov(@™) = E (eme"") = o2 I=C™ (5.8b)
or: €M™ ~ N (6, Cm> (5.8¢)

The assimilated state this analysis aims to compute should be unbiased, therefore
its mean or expected value should be equal to the true state: E(d*) = ", and the
assimilation error should have zero mean. Also, the assimilated states should be
independent of each other , yielding a diagonal auto-covariance matrix.

mean(€®) = E(€*) =0 (5.9a)
cov(€) = E (¢°¢*T) = 021 = C* (5.9b)
or: €4~ N (6, Ca) (5.9¢)

It should be noted that the Initial Conditions (ICs) are also subject to error, which
is considered to be similar to the observation error, because, in most real world
applications, ICs result from observations. Hence:

mean(€'°) = E(¢1°) =0 (5.10a)
cov(@’) = E (e'9e'“T) =021 =C° (5.10b)
or: €19~ N <6, C°> (5.10¢)

Variance o, is assumed to be known, which is typical procedure followed by exper-
imentalists. On the other hand, o,, stands for the model variance and is usually
approximated based on prior empirical information.
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5.4 The Extended Kalman Filter (EKF)

In data assimilation, the observations usually correspond to a very small subset of
the total grid points and time steps. They need to be dynamically incorporated into
the simulation process and, in this thesis, the selected method to do so, is the filtering
algorithm, specifically the Extended Kalman Filter (EKF) [31]. As the simulation
progresses, the model state and the observations (whenever and wherever they are
available) are combined to produce the assimilated state which replaces the current
state. By keeping track of the accumulated error due to model and observation
uncertainties, thus practically utilizing all observations until that instant, the as-
similation process extracts information from the model and the measurements with
mathematically proven optimality. The assimilated state is assumed to be equal to
the model estimate plus a correction term, weighed by an optimally selected relax-
ation coefficient matrix K a.k.a the Extended Kalman Filter (EKF). The correction
term consists of the difference of the observation and the model prediction, and,
depending on the case, the latter should be brought at the temporal or spatial loca-
tion of the observation, as well as the variable type, using the H(-) operator. This
is expressed as:

ut=u"+K(@—H(um)) (5.11)

The goal of this analysis is to calculate K, so that the following two conditions are
satisfied:

e The assimilated state error ¢“ is unbiased (meaning that E(d®) = u', or

E(€%) = 0).

e The assimilated state error variance is the minimum among all other estimates
[11].

The first condition is already satisfied, as is proven below:

E

E@"+K(@—H(@m)— (@ +e&m)
=E(@"—ua")+KE (0 —KE (H (a™)) (512)

E(@E™) +KE (e°+H (a') —KH (a™) '

0-KH (@™)+KE (€°) + KE (H ("))
i™) + KO0+ KE (H (')

H(
— KE (H (@) - KH (i™)
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Note that, since the model estimate @™ is a deterministic quantity, and H(:) a
deterministic operator, then H (¢™) is a deterministic quantity, and:

E(H@™)=H (@™ (5.13)

E(@m™) =a" (5.14)

To further simplify Eq. , due to the presence of E (H (u")), the nonlinear
operator H (-) has to be linearized, because the non-linear evolution of the probability
distribution H (¢') can result in a non-Gaussian output, even though the input is
Gaussian [31]. The non-linear operator H(-) can be linearized around @™ as:

H (@) = H (@") + VH|g,, (@' = ") + O (@' —a")") (5.15)

where VH|_,, is the Jacobian of H(-) evaluated at u™:

OH
Hzn = 5= 5.16
VH|zm = - o (5.16)
Thus, Eq. becomes:
E(e") =KE (H (i')) - KH (@™) =KH (@') — KH (™) = 0 =
. (5.17)
E@@*)=0

However, K is still unknown. In order to compute it, one should take into account
the second condition, which states that the assimilated state error €* needs to have
the minimum variance among all other estimates of the true state. The mathe-
matical equivalent of this, is that the sum of the diagonal elements of the error
auto-covariance matrix C?, i.e its trace tr (C?) which consists of the squared sum
of the variances of each element of €, needs to be minimized. The derivation of K
can be found in full detail in [D.4], but a shorter version of it is also presented in the
following part of the current section. In order to derive C?, ¢* has to be derived
first. For the present state, at time k, it can be shown that:

go = (1 _K, VHyﬁkm) (vw% g +em 1) — K,e? (5.18)

Having derived ¢, C?, = E (¢2¢¢") can also be derived, Kj, to minimize ||&2]|? =

> (5&)2 = tr (C?;), as mentioned previously. As shown in |D.4;

T
= (1-K, VH,, ) O (1- Ky VH|, ) +KCRKT (5.19)
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Satisfying tr (C) = 0 yields:
-1
K = C™ VH|],, |VH|;, C™ VH[L,, +C°| (5.20)

All quantities in Eq. refer to time-step k, so the corresponding index is omitted.
Therefore, K depends on H(-), C° and C™, which are known.

In the simple case that H(-) is the identity operator and, as previously explained,

Eq. holds, Eq. becomes:

o
K=—"-1I 5.21
o2 + o2 (5:21)
Similarly, Eq. becomes:
U =u +K<U—u ):U +0'1%1——7:0'(2)(U_u ): 1/0_1%:77“_’_1/0_30 (522)

Eq. suggests that the assimilated state @ is the weighted (by means of the in-
verted squared variance) sum of the model estimate @™ and the measurement ¢. The
assimilated state depends more heavily on the component with lower uncertainty.
For instance, the more uncertain the model estimate, the more the assimilated state
depends on the observation, and vice-versa.

It is also important to keep track of the assimilated state error covariance at each
time-step, so having derived K, C? can be expressed as a function of the model esti-
mate error auto-covariance matrix C™ and K, as shown in[D.4] Since all quantities
correspond to the same time-step, index k is omitted, similar to Eq. [5.20]

Cc*=(1-KVH|,,)C™ (5.23)

It should be noted that C* depends on C™ and K, which in turn depends on C™
and C°. By keeping track of C* in every time-step, the propagation of the variance
of each component of the assimilated state vector @ through time is known, which
is critical information that quantifies its precision, necessary in many applications
like robust design.

In the case where Eq. holds, Eq. can be written as:

a m 07271 2 a 0-12710-3
C*=(I-KVH|,)C™= <I—03n+0211) o’1=C = 0_31 (5.24)



5.5 The Data Assimilation Algorithm

Data assimilation consists of two main processes. The static analysis, and the dy-
namic analysis. The static one aims to produce the best estimate of the system state
by combining the model estimate of that state and an observation, all corresponding
to the current moment in simulation time, denoted by the subscript k, hence the
term “static”. The dynamic one aims to compute the estimate of the system state
corresponding to the next moment in simulation time, k& + 1, by utilizing the best
estimate of the model state at time k, propagating the state forward in time, hence
the term “dynamic”. The static analysis takes place when there is an available
observation, which are usually much less than the total simulation time steps, and
consequently is less frequent than the dynamic analysis. Also, since the EKF is a
function of the model estimate error auto-covariance, the latter has to be calculated
at each time step, regardless of whether static analysis takes place or not. Moreover,
keeping track of the error auto-covariance provides insight into the model’s accuracy
and the potential build-up of error through simulation time steps, which is invalu-
able information for any engineering application. The data assimilation algorithm
is summarized in Algorithm [T}
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Algorithm 1 Extended Kalman Filter (EKF)
Initialize: 4", C* = CP* = CI°
for k=0to N —1do
if ¥ exists then
Static Analysis:
*K; = Cp VH|],, | VH|,, C VH|,, + Cg|
{ Calculate the EKF using Eq. |5.20}

1

o U =u" + Ky (U — H ("))
{Compute the assimilated state using Eq. |5.11]}

oCa (1 _K, VHyﬁkm> cr
{Compute the assimilated state auto-covariance matriz using Eq. 5.19]

Dynamic Analysis:
o uylty = M (uy)
{Cualculate the model estimate for the next time step using Eq.

T
e Ciiy = VMlegil Ck VM’@,;QI + G
{ Estimate the optimal state auto-covariance for the next time step using Eq.

D.21)

else
Dynamic Analysis:
o Uy, = M (uy")
{Calculate the model estimate for the next time step using Eq. where
the current optimal state is W] since no assimilation took place at time k}
e Ciy = VM|71]371 Ck VM’:%&I + G
{Estimate the assimilated state auto-covariance for the next time step using
Eq. where the optimal state at time k is the current model prediction
since no assimilation took place at time k}

end if
end for=0
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5.6 Demonstration in the Van der Pol System

The data assimilation process is applied to the Van der Pol system using the Ex-
tended Kalman Filter. The governing equations are shown in Eq. [3.2] which is
equivalent to:
du . . L,
pri f(u), u(0) = (5.25)

where f(-) is given by Eq. In order to express Eq. in the form of Eq. [5.1]
it will be discretized using the Euler method:

D1 = g + (s — t) (@) = F (@) (5.26)

Eq. describes the perfect, error free, model of the discretized Van der Pol
system. However, in real world applications, models are subject to error, as previ-
ously explained. In order to simulate this, a Gaussian error ;" will be artificially
introduced into F'(), in the form of Eq. , using an RNG based on the Gaussian
(Normal) distribution, with mean value 0 and variance o,,. The imperfect model
can be expressed as in Eq. where:

M (i) = g + (teyr — ) f (@) + & (5.27)

The observation equation is given by Eq. [5.4] where €° is artificially introduced,
similarly to €. In this case, for simplicity’s sake, the observation operator H(-) is
reduced to the identity operator:

H (@) =4, H:R*>—R? (5.28)

which means that the observations are directly of the system state itself, and taken
at the simulation nodes, but with Gaussian error, as previously discussed. Hence,
the Jacobian of the interpolation operator is constant and equal to the identity
matrix:

oOH
1 2
ou (5:29)

Thus, the EKF is constant too, and is given by Eq. |5.21} The assimilated state and
its error auto-covariance matrix are given by Eqgs. and respectively. The
Jacobian of M evaluated at @ = 4 is:

VH‘a‘km -

VM|

oM 0
o — — —Q t _ t —a —m
it T Pap _66,3 [y + (trrr — ) f (@) + "] = (5.30)

VM|;0 =T+ (b1 — t) VE
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where Vf is given by Eq. [B.2

The initial conditions used are iy = [0.1, 0.1], with N = 50001 time steps, each of
size dt = 0.001 time units, so T = (N — 1)dt = 50 time units. Also, b = 2. The
true state was evaluated via the Euler method at all time steps in order to provide
reference and a basis upon which the observation database was assembled. The
latter consists of samples measured every N; time steps and infused with Gaussian
error whose variance is o,. The model error variance is o,,. It should be noted that
the magnitude of the variances should be selected considering the magnitude of the
state.

Fig. (Upper) shows the true state (in black), the observation points (in red
dots), and the assimilated state (in blue), for Ny = 100, 0, = 0.01 and o, = 0.05.
In order to visualize the observations’ importance in balancing out the model error,
Fig. [5.1| (Lower) shows the true state (in black), the observation points (in red dots)
and the assimilated state (in blue), where the parameters are kept the same except
for o,, which was reduced to half of its original value, so ¢,, = 0.005, and data was
used only for the first half of the simulation, i.e for up to 25 time units. After that,
the assimilated state corresponds to the model state. It is clear that without the
observations, the model error leads to a completely erroneous state, showcasing the
importance of data assimilation even with very small model error. It should be noted
that the Van der Pol system is not considered chaotic, but it is strongly non-linear.
This indicates that even in cases where the system is less sensitive to error than a
chaotic one would be, the model error very quickly renders the results unusable, and
data assimilation is vital in order to capture the state precisely enough for any kind
of analysis.
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Figure 5.1: Van der Pol Upper: The true state (in black), the assimilated state
(in blue) and the observations (in red dots) for the x-component of the Van der Pol
system solution, for four parameter values mentioned in the text. Lower: The true
state (in black), the assimilated state (in blue) and the observations (in red dots) for
the x-component of the Van der Pol system solution, where for time larger than 25
time units, the assimilated state is reduced to the model state, and no observations
are used. The parameters were kept the same except that o, = 0.005.
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5.7 Demonstration in the Lorenz 63 System

The data assimilation algorithm using the EKF' is also applied to the Lorenz ’63
system, defined as in Eq. Similarly to the Van der Pol case study, the ground
truth is given by Eq. [5.26] where f(-) is given by Eq. [2.15] The model operator is
given by Eq. [5.27], and its Jacobian by Eq. where Vf is given by Eq. The
observation operator is the identity operator in this case as well, and the expressions
of the assimilated state, the EKF and the auto-covariant matrices are kept the same
too, with the difference that vectors are now of length 3 instead of 2, and matrices
are of shape 3 x 3 instead of 2 x 2.

The initial conditions used are @y = [1, 2, 30], with N = 20001 time steps, each of
size dt = 0.001 time units, so 7' = (N — 1)dt = 20 time units. Also, o = 10, § =
8/3 = 2.6667, p = 28. The true state was evaluated via the Euler method at all time
steps in order to provide reference and a basis upon which the observation database
was assembled. The latter consists of 100 samples measured every N; time steps and
infused with Gaussian error with variance equal to o,. The model error variance is
Om-

In Fig. [5.4] the true state is plotted along with the assimilated states and the
model state which consists of the (erroneous) model predictions without any data
assimilation. Clearly, the model fails to estimate the true state quite early in terms
of simulation time, while on the other hand, the assimilated state for the most part
succeeds to capture its characteristics (‘peaks’ and ‘valleys’). This showcases the
impact that data assimilation can have in trying to capture complex, sometimes
chaotic, unsteady phenomena.

In Fig. , the true states were plotted for all time steps (i.e the true trajectory)
in black, and the error variances were given the values o, = 0.1, o, = 0.5. Obser-
vations were used every N; = 200 time steps. The x-component of the true state
is plotted in black, the assimilated state in blue and the data points are marked
by red dots. The process is repeated for eight different Random Number Generator
(RNG) seeds, while all other parameters are held constant, in order to examine the
effect of randomness on the data assimilation process. The varying precision of the
results is a testament to the dependence of the process on the stochastic factor.

In order to examine the effect of the observation error variance o, on the precision
of the assimilated state, three values were tested, and the results are plotted on Fig.
.3l Once again, the other parameters are held constant and the assimilated states
are marked by blue, green and magenta for o, = 0.2, 0.5, 0.7 respectively. The blue
line, i.e the assimilated state for o, = 0.2 stands out as the most precise one, as one
can see it has captured the peak at around ¢ = 8 and 16 time units, contrary to
the other two. This is expected, as it shows that the smaller the observation error
covariance, the more precise the assimilated state will be. It should be noted that
at some regions of the trajectory, the other two assimilated states are more precise,
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Figure 5.2: Lorenz 63 The true state (in black), the assimilated state (in blue) and
the observations (in red dots) are plotted for eight different RNG seeds, showcasing
the randomness of data assimilation. The parameters used are mentioned in the
text.

like at around ¢t = 11, but this is significantly rarer and is attributed to randomness.
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Figure 5.3: Lorenz '63 The true state (in black), the observations and the assimilated
states for o, = 0.2, 0.5, 0.7. The parameters used are mentioned in the text.
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Figure 5.4: Lorenz '63 The true state (in black), the model state (in green), the
measurements (in red) and the assimilated state (in blue) for o, = 0.3 and o,,, = 0.1.
The parameters used are mentioned in the text.
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5.8 Demonstration in the Rossler System

The data assimilation algorithm using the EKF is also applied to the Rossler system,
defined as in Eq. Similarly to the Lorenz '63 case study, it is expressed as in
Eq. .26, where f(-) is given by Eq. [C.1] The model operator is also given by Eq.
[5.28] and its Jacobian by Eq. [C.2] The observation operator is the identity operator
in this case as well, and the expressions of the assimilated state, the EKF and the
auto-covariant matrices are kept the same too.

The initial conditions used are iy = [5, 5, 5], with N = 30001 time steps, each of
size dt = 0.001 time units, so T = (N — 1)dt = 30 time units. Also, a = 0.2, b =
0.2, ¢ = 5.7. The true state was evaluated via the Euler method at all time steps
in order to provide reference and a basis upon which the observation database was
assembled. The latter consists of samples measured every N; time steps and infused

with Gaussian error whose variance is o,. The model error variance is o,,.

In Fig. the true state were plotted for all time steps (i.e the true trajectory)
along with the assimilated state. The error variances were set to o, = 0.01, 0, = 0.3
and observations were used every N; = 50 time steps. The z-component of the true
state is plotted in black, the assimilated state in blue and the data points are marked
by red dots. The process is repeated for four different RNG seeds, while all other
parameters are held constant, in order to examine the effect of randomness on the
data assimilation process. Also, the peaks are captured very well, even with limited
data at the region on and around them, which showcases the precision of the data
assimilation process.

Fig. (Upper) shows the x-component of true state (in black), the corresponding
assimilated and model states in (in blue and green respectively) and the measure-
ments (in red). The model state completely fails to estimate the true dynamics,
but the assimilated state manages to almost coincide with it. It should be noted
that the Rossler system is significantly more chaotic than the Lorenz '63 system,
thus more sensitive in discrepancies due to error, so in order for decently accurate
results to be produced, the variances have to be lower and the measurements more
frequent.

In order to examine the effect of the model error variance o,, on the assimilated state
accuracy, in Fig. (Lower), three different assimilated states can be seen that
correspond to three different values of the model error variance, namely o,, = 0.01
in blue, o, = 0.02 in green and o, = 0.03 in magenta, while the other parameters
are held constant and equal to the values mentioned in the previous paragraph. All
three variances in the observation error result to assimilated states very close to the
true state. There are a few mostly imperceptible fluctuations for o, = 0.02 and
0.03 in the assimilated state, however, that are not present for o, = 0.01. This
is natural, since the measurements are very precise in the latter case. It should be
noted that both the Rossler and the Lorenz '63 systems, being chaotic, are extremely
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Figure 5.5: Rdssler The true state (in black), the assimilated state (in blue) and
the observations (in red dots) for the solution’s z-component, for four different RNG
seeds.

sensitive to initial conditions, and the results of both cases showcase the potential
of data assimilation to capture complicated dynamics with reasonable cost because
due to data collection. Also, the variances selected for the Lorenz 1963 and the
Rossler problems differ by one order of magnitude. The reason for that lies on the
magnitude of the system state, which is approximately one order smaller in the
Rossler system, thus the variance has to be adjusted.
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Figure 5.6: Rdssler Upper: The true state (in black), the assimilated state (in blue),
the model state (in green) and the observations (in red dots) for the solution’s x-
component are plotted for o, = 0.01 and 0y = 0.3. Lower: The true state (in
black), the assimilated state (in blue) and the observations (in red dots) for the z-
component of the Rossler system solution are plotted for three different observation
error variances, namely o, = 0.01 in blue, o, = 0.02 in green and o,, = 0.03 in
magenta.
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Chapter 6

Flow Solution Using

Physics-Informed Neural

Networks (PINNSs)

6.1 PINNs as Flow Solvers

Physics Informed Neural Networks or PINNs are a class of neural networks that
solve differential equations by minimizing a loss function that consists of the resid-
uals of those equations and the boundary conditions that accompany them. The
architecture of the PINNs 77 used in this thesis is based on the Deep Neural Network
(DNN) model type, which consists of feed-forward input, hidden and output layers.
Contrary to traditional numerical methods which rely on discrete equations and do-
main, PINNs are analytical models and therefore continuous. This implies that they
can directly output field values at any point within that domain without the need
for interpolation. Moreover, the derivative values that are needed for the residuals’
computation are computed using automatic differentiation, which, as an exact and
continuous process, eradicates the need for discretization schemes. However, PINNs
have certain limitations due to the significant amount of calculations needed 7?7,
as stability issues that often arise in some cases. In this thesis, PINN solvers are
developed for two applications. The first one is an optimization case, where the pri-
mal problem consists of a steady, quasi-1D, incompressible and inviscid flow through
a duct of varying cross-sectional area. The objective function is minimized when
a given (target) pressure field is achieved, as in an inverse design problem. which
relies on the duct shape that in turn is described by the design vector. In this case,
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a distinct PINN is developed for each problem: one for the primal and another for
the adjoint problem. The adjoint equations are derived using the continuous adjoint
method, which is necessary, as the adjoint PINN solves continuous equations in a
continuous domain. The desired pressure field is, then obtained successfully at the
end of the process. The second case is a 2D steady, laminar flow of an incompressible
fluid through a duct of varying cross-sectional area. A PINN is developed in order
to solve the Navier-Stokes equations and the accompanying boundary conditions,
and the solution is compared to that produced by in-house GPU-enabled CFD code
PUMA, developed and maintained by the PCOpt/NTUA.

6.2 PINN Model Architecture

The training configuration used in this thesis is shown in Fig. [6.1 The training
dataset simply consists of randomly chosen collocation points inside the domain,
on which the PINN solves the equations. In each training step, only one of these
collocation points, denoted as Z, is used as input for the PINN. After the forward
propagation through the hidden layers, the state vector @ (i.e. velocity components
and pressure) at that node is output. Keep in mind that the input layer is depicted as
a single node for simplicity, but it is comprised of as many nodes as the dimension of
the position vector Z, i.e. if & = (z, y)T then the input layer has two nodes. Similarly,
the output layer is also comprised of as many nodes as the dimension of the state
vector @, i.e. if 4 = (u, v, p)T then the output layer has three nodes. The derivatives
g—g and % are then computed using automatic differentiation. The loss consists of
the weighted mean squared sum of the governing equations’ residuals evaluated at
all nodes, as well as the boundary conditions. The weights of the loss components
depend on the specific dynamics and are chosen empirically. In this thesis, for
both cases, the equation residuals’ weights are a; = 1, and those of the boundary
conditions (BCs) are a; = 4. The increased weight on the BCs is introduced in order
to tackle the issues caused due to the boundary nodes being a small percentage of
those of the inner domain, causing the information they carry, although crucial for
the problem physics, to be underrepresented, leading to difficulties in convergence.
After computing the loss, automatic differentiation is used to evaluate the gradients
of the loss with respect to all trainable parameters (weights and biases).
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Figure 6.1: A general diagram of the training process of a PINN that solves for the
laminar flow of an incompressible fluid.

6.2.1 Quasi-1D Flow Case

The first application of the PINN as flow solver is the quasi-1D, steady, incompress-
ible and inviscid flow through a duct with varying cross-sectional area (see Figl6.2)),
denoted as S(x), which is given by the following formula:

S(z) =by (2 — ) + by (2* — 2) + 0.1z + 0.3 (6.1)

where b = (b, by)" is a parameter vector to be used as a design vector within an
optimization loop. It should be noted that the parametrization does not affect the
inlet and outlet diameter, which are both constant.

Figure 6.2: The duct used in the quasi-1D flow case.
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Primal Equations

Since the problem is quasi-1D, # = x € R}, 0 < < 1. The governing equations,
i.e. the continuity equation and the momentum conservation, are:

d(vS) 0
dv d]élp (6:2)
ks S
pvdx + dx

The state vector is 4 = (v, p)T € R?, where v is the velocity and p the pressure.
Since the flow is incompressible, the density remains constant, and for simplicity it
is considered p = 1kg/m?3. The boundary conditions are:

u(zx =0)=upc =1m/s
plx =1)=ppc =0N/m? (6.3)

where p = 0 N/m? is the reference pressure.

The amount of layers used in the PINN model used to solve Eq. was b, each
containing 64 neurons. The input and output layers contained 1 and 2 neurons re-
spectively. For each of the hidden layers, tanh(-) was used as the activation function,
whereas in the output layer, no activation was used. In total, 5000 epochs were per-
formed, and the training duration was 1.3 min. Exponentially decreasing learning
rate was used, ranging from 0.001 down to 0.0001 withing the first 2000 epochs, after
which it remained constant. The amount of collocation points was 501, and they
were introduced batch-wise to the input layer of the PINN, thus taking advantage
of the optimized TensorFlow operations. The resulting flow field, plotted alongside
a reference field obtained via numerical solution of Eq. is shown in Figl6.3] The
two sets of fields are indistinguishable, showcasing the precision achieved by the
PINN.
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Figure 6.3: Primal 1D: Velocity (in blue) and pressure (in red) fields obtained
using the PINN (line) compared to numerical solution (dash-dot).

Adjoint Equations
For the optimization that follows in the next subsection, the objective function is
defined as:

F(B) = % /0 (p— pron)? da (6.4)

where p;. is a target pressure distribution that corresponds to the target design
vector by, = (0.2, 0.3)T. This was selected in order to have an entirely reproducible

target for reference purposes. According to the continuous adjoint methodology, the
augmented objective function is:

- . Y /d(wS ! dv 1d
Faug(b):F<b> +/0 Ve <%> dx+/0 Pa (vé%—;ﬁ) dz (6.5)

where v, and p, are the adjoint velocity and adjoint pressure fields respectively.
Differentiating Eq. w.r.t. the design vector components b,,n = 1,2, and since
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the operators % and % are interchangeable, results in:
n

%:/Ol(P—ptar)%dx—i-/olva% (%) dx—l—/olpa% (UZ—Z+/1)Z§) dr
foomce [ (50) - [ ((2) 2 () »
:/OI(P—ptar);Tidx—i-[UQ(S%+U%>]1_/OI%(S§TU+ :555) dr
+/1 ;h’;; da:+[av%};—/old%< )(;Sbnd +1{ ;ﬂo_ﬁ/o Cg;?;zf dr
<[ (o) e [ (e )

1 1 1
+ [(vas + pav) 61}} + [vav 55} + [paé—p}
nlo

0b 0b

(6.6)

The Field Adjoint Equations (FAEs) are determined by setting the multipliers of 5“’

to zero continuously throughout the interval 0 < x < 1, while the Adjoint Boundary

Conditions (ABCs) by setting 5“1 to zero at the interval boundaries x = 0 and x = 1.
The FAEs and ABCs are:

dpa dv,
de —|—de =0
1 dp, B
odr (p — Ptar) =0 (6.7)
—PaV
Ua‘le = S ) pa‘x:[) = 0
r=1

After satisfying the FAEs and ABCs, the only remaining terms on the right-hand-
side of Eq. constitute the sensitivity derivatives (SDs):

5F U du, 68 597!
m = —/0 ’U%@ dx + |:UaUE:|O (68)
where:
oby T
ﬁ o (6.9)
0by N
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Figure 6.4: The pressure field reached by the optimization process (in blue) vs the
target pressure field (in red dash-dot).

Optimization Process

The optimization problem, with the objective function of Eq. [6.4] aims to reach a
certain pressure distribution that depends on the cross-sectional area of the duct,
which in turn is given by Eq. and depends on the design vector b= (b1, bg)T. A
simple steepest descent optimizer was used to update the design vector according

to:
oF

ob,’

After only 13 cycles, where during each of those the primal and adjoint PINNs were
re-trained, the objective function reached the lower threshold value chosen to be
Fihreshola = 5-107° and the optimization process was stopped. The resulting pressure
distribution is shown in Fig. where it is determined that the optimization
process was successful.

bzew — bzld —n

n=12 n=0.1 (6.10)

6.2.2 2D Viscous Flow Case

The second application of the PINN as flow solver is the 2D steady viscous laminar
incompressible flow through a duct of varying cross-sectional area. The governing
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equations are the incompressible Navier-Stokes equations, and the flow is considered
to be laminar with Re = 120. In vector form they are given by:

V-ui=0
1 1 6.11
Vi — —V?i+-Vp=0 (6.1)
Re P
where @ = (u,v)" and in Einstein notation:
du;
az- =0
Lo L0 (0w 1op 012
70r;  Redx; \ Ox; pOx;
where: UL
Re = pT (6.13)

and p = 1 kg/m3 for simplicity, U = 2 m/s is the inlet velocity, u = 0.01 kg/ms
the dynamic viscosity and L = 0.6 m the inlet diameter of the duct. The Boundary
Conditions used were:

1. Inlet: wu=1andv =0
2. Outlet: p =0 (reference pressure) and g—; = g—; =0
3. Walls: u = v =0 (no-slip condition)
The hyper-parameters used for the solution using the PINN model, were:
1. 5000 inlet collocation points
5000 outlet collocation points

10000 collocation points for each one of the upper and lower walls

= W

23649 randomly spaced collocation points for the internal region, sampled from
a uniform distribution

ot

7 layers of 128 neurons each

6. tanh(-) activation in all layers, except the output layer which has no activation,
a.k.a. “linear” activation

7. initial learning rate 0.002, exponentially decreasing to a minimum of 0.0001
at 2000 epochs, whereon it remains constant

The duct exhibits axial symmetry, and its main dimensions are shown in Fig. [6.5]
The collocation points at which the PINN was trained, are shown in Fig. [6.6] The
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Figure 6.5: The duct geometry used in the 2D flow solution via PINN.

collocation points are twice as dense at a region defined as —0.1 < y < 0.1, in
order to allow for the flow to fully develop in this region. Also, as it is shown
in Fig. the region 0.0005 m below the top wall and above the bottom wall,
is devoid of any collocation points, the reason being that if there were any, they
would interfere with the collocation points placed exactly on the boundary. This
is because the boundary collocation points are treated differently from the internal
collocation points. Their only contribution to the loss function comes from enforcing
the boundary conditions, whereas the internal collocation points contribute through
the residuals of the Navier-Stokes equations.

After the PINN solution converged, for demonstration and comparison purposes, the
PINN model was called on the points corresponding to a structured H-type grid,
on which the flow was solved using the in-house GPU-enabled CFD code PUMA.
Figs. and show the horizontal velocity, vertical velocity and pressure
fields respectively, visualized using Tecplot 360, with the PINN results on the top,
and those from PUMA on the bottom. Fig. [6.11| shows a detail of the vectorised
velocity field near the wall, where it can be observed that the boundary layer is
very well-formed. In order to further compare the PINN to the PUMA solution,
vorticity is plotted along the upper and lower walls, as shown in Vorticity, in
the general, is defined as:

W=V xu (6.14)

In this case, the flow is 2D, so vorticity is a scalar:

Jv  Ou

Blue dots were used in case of the PINN solution and red dots in case of the PUMA
solution. It can be observed that the two vorticity fields practically coincide. Since
vorticity is a delicate quantity, consisting of derivatives which tend to amplify nu-
merical errors, those results are indicative of the high quality of the PINN solution.
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Figure 6.6: The collocation points used in training for the 2D duct flow case. The
internal points are marked in black dots, and the boundary points in blue dots.
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Uniformly Random Points in a Rectangle
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Figure 6.7: Detail near the upper wall, of collocation points used in training for the
2D duct flow case. The internal points are marked in black dots, and the boundary

points in blue dots.
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Figure 6.8: Horizontal velocity field of the PINN (upper) and PUMA (lower) solu-

tion.
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Figure 6.10: Pressure field of the PINN (upper) and PUMA (lower) solution.
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Figure 6.12: Vorticity field of the PINN (upper) and PUMA (lower) solution.
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Chapter 7

Conclusion

7.1 Overview

In this thesis, the failure of the conventional sensitivity analysis methods to produce
meaningful sensitivity derivative values when applied to chaotic systems is demon-
strated. A solution to this problem is explored, in the form of the Least Squares
Shadowing (LSS) algorithm, proposed by Q.Wang et al. [5, 33} [34] 26, [4 [10, 6], [7,
3, 19, 32]. LSS produces a solution for the chaotic problem that corresponds to a
perturbed parameter value, which is bound by means of a constrained least squares
problem to be close to the trajectory (solution) corresponding to the unperturbed
parameter value, for the entire time interval. This perturbed trajectory is guarantied
to exist according to proven mathematical theory included in the text, and in effect
utilizes the property of ergodicity that characterises many chaotic systems, which
states that long-time averaged quantities of those chaotic systems are independent
of initial conditions. Thus, the perturbed trajectory is legitimately forced by the
minimization problem to accept different initial conditions in order to stay close
to the unperturbed trajectory. The comparison of the perturbed and unperturbed
trajectories then yields the correct sensitivity derivative value. LSS was first applied
on the chaotic system of the Lorenz 1963 equations, and proven to overcome the
difficulties faced by the continuous adjoint and finite differences methods. Several
parametric studies were performed in order to demonstrate the effect of the size of
the time-step, the total integration time and the weight parameter a of the LSS con-
strained minimization problem on the precision of the sensitivity derivatives. Two
other problems were also tested for consistency reasons, the chaotic Rossler system
and the Van Der Pol system. Similar parametric studies were performed for those
as well.
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7.2 Conclusions

This process showed that the continuous adjoint method failed completely at each
case to produce meaningful derivatives, yielding values that neared the upper limit
of double precision numbers. The finite differences method, although it managed
to produce meaningful but imprecise sensitivity derivatives, required an extremely
large averaging window, which renders it impractical even for small-scale problems
such as those explored in this thesis, let alone for orders-of-magnitude more demand-
ing real-life applications. As far as LSS is concerned, it was demonstrated that far
less integration time that the FD method was sufficient for high-precision SDs, and
the time-step size did not affect the precision of the SD quite as much as in the
FD method. The a hyper-parameter also did not greatly affect SD values. These
observations overall render LSS a very robust method. However, in most cases the
developed DCLSS method appears to yield better results in most cases, requiring
less total integration time than classic LSS and producing more accurate SD values
due to the consistency of the utilized discretization schemes applied for each of the
three LSS equations. Overall, LSS is a robust and reasonably inexpensive method
that succeeds in producing precise sensitivity derivatives where other methods ei-
ther fail altogether or become prohibitively expensive. Additionally, the DCLSS
method developed in this thesis is in most cases an improvement over the classic
LSS algorithm, providing increased precision at lower computational cost.

Additionally, the Extended Kalman Filter (EKF) method for data assimilation was
applied in the Lorenz 1963 and Rossler chaotic systems, as well as the strongly non-
linear but not chaotic Van der Pol system. It successfully managed to overcome
the Gaussian error that was introduced in the model and observations, yielding an
assimilated state that captured the true dynamics very accurately. It was shown that
although the more chaotic a problem is, the less tolerant is the procedure to both
the model and the observations’ error, great results can be achieved with minimal
data, showing potential for larger scale applications such as chaoitic flows.

Finally, Physics-Informed Neural Networks (PINNs) were employed as solvers for
steady incompressible flow problems, demonstrating their capability to model fluid
dynamics without relying on discrete domain numerical methods. Two applications
were explored: a quasi-1D inviscid flow optimization problem and a 2D viscous flow
case. For the first application, PINNs were successfully utilized to solve the primal
and adjoint equations, allowing for the optimization of the duct shape based on
a target pressure field. The second application involved solving the Navier-Stokes
equations for a 2D duct flow, comparing the results against the GPU-enabled CFD
solver PUMA. The findings showed that PINNs effectively capture the flow char-
acteristics and align well with conventional CFD solutions. However, challenges
such as computational cost, training stability, and boundary condition enforcement
remain open research areas. This work highlights the potential of PINNs as alter-
native and/or supportive solvers for fluid flow problems and underscores the need
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for further improvements in efficiency and robustness for practical applications.
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Appendix A

Development of the LSS Equations For
the Lorenz 63 system

A.1 Derivation of the Final Minimization Prob-

lem

The minimization problem is defined as:

1T T dr\” dit B
min — @ (r(t)—u,||*+a” (1 — =) dt, st. — = f(u, p+op), 0<t<T
0

an 2 dt

(A.1)
Eq. ensures that « and ., as well as 7 and ¢, remain close to each other for all
0 < ¢ < T. Parameter « is selected so that ||@(7(t)) — @,||? and o? (1 — %)2 are of
the same order of magnitude. Using Einstein notation, Eq. can be written as:

1 /7 dr\? duy;
min —/ (u; — u,.,i)2+a2 (1 — —T) dt, st i filtd,, p+dp), 0<t<T
0

an 2 dt dr
(A.2)
where #, 1s the solution of: ;
-~
L= fi(u Al
o = it p) (A.3)
and (t) is the shadow trajectory. The time transformation is defined as:
() = (L+n(t) op)t,  n0(0) =0 (A.4)
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In order to write Eq. |A.1]in terms of %“i = v;(t), it is divided by dp?. Taking the
o
limit as dp — 0, it is:

T— / [(um(t» el ) + ot

1 T
0

op—0 um 1) u,m

where the following identities were used:

) . o ou(T(t) —uni(t)  Ouy
R

= v;(t) (A.6)

The constraint of the minimization problem is derived in a similar fashion:

1 dul duri -
= lim — _ (i N i .
0 5;3105p{<dt fz(u,p+5p)> (dt fl(ur,p)>}
g S L (L dwduny (filipt 8p) — fildrp)
o0 | 8p \1+0pn dt dt 5p

~ 50 | 1 +d0pn \ dt dp T anU] dp '

_dv, duz_% _ﬁfz

T 8ujvj dp
dv; afz'v 3fi

By combining equations and [A.7] the minimization problem defined in Eq. [A.T]
which was cast in terms of « and constrained by the primal equation, is transformed
to a new minimization problem in terms of %’? = v;(t), constrained by the equation

of ¥. The new minimization problem is essentially the DD equation of .

1 [T . . A
minE/O [v? + a??] dt, s.t. dvi _ 9f; v+ gfp;

i t<T (A.
i @ o, +nf, 0<t<T (AB)
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A.2 Derivation and Solution of the Karush-Kuhn-
Tucker (KKT) equations

The Lagrangian for the minimization problem, in Einstein notation, is defined as:

T
1 2 1 2 9 dUi 6fl 8fl

= SV T3 i~ — Wi U — Sowg — nw;fi | dt

L /0{21),%-20477 +w i waujvj 8pw nw; f,

T
= SV T35 — Vi — Wi U — o —w — nw; fi| dt
/0 {2111 + SO T Vit W aujv] 8pw nw; f,

+ wiU¢|T — ’U)Z”Ui|0

for which the KKT equations are:

( aﬁ_o_dwz afjw'_v'
an o dt 8uz I ‘
oLy _du of, o
dw,  ©_dt o 9p M (A.11)
oL 1
an =0=n-Suwifi
[ Wily—g = Wil,—p =0
The equivalent of Eq. in vector notation is:
N T
oty i (1Y
ov - dt ou
oc  dv of . of -
G_M_O_g 25 p nf (A.12)
oL 1 ;2
W(0) =w(T)=0

In order for the system of Eq. to properly admit the two BCs, as explained
in the text, the KKT equations are combined in a single second order ODE of .

Differentiating Eq. w.r.t. t gives:

201y, . ) ) .
dw; d <8fj) 8fzdwz+dvz (A13)

dr ~ dt\ow; )" ou; ar | dt
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Then, replacing < d”l in Eq. with Eq. , gives:

Pw;  dOf ofi dw; ~ Of; ofi

S - i 2y A.14
dt? dt auiw] Ou; dt * 8ujv * dp ol ( )
After replacing v; in Eq. using Eq. [A-10R, it becomes:
a2 8uz T Ouy dt Ouy [ dt o Oup 7] 3p
- =N - i - =0
izt [5’1@- (9%} a [ (aui du; o~ @2?i| T nfi =
(A.15)
to be solved with the two already known boundary conditions:
t=0 t=T
For simplicity, Eq. can be written:
dzwi dwl
W—I—AiE-I—BﬂUi—Ci =0, wi|t:0 = wi|t:T:O
f;  0f dof; 0fiof; 1 ofi
h Az: S B,L:— J _ ]__i' =
where Ju;  Ouy’ dt Ou;  Ouj Ou, anfj’ ¢ op
(A.17)
The equivalent of Eq. in vector form is:
d*w dw - ~ ~
W+AE+Bw C=0 W|,_y = W|,_r =0
S AT -
aof af d (0f 8f 0f 1 2o - Of
h A = = B=—|[-= - — ==
where: (m) o7’ dt <8ﬁ ~ o\ o a2l ap
(A.18)

The coefficients A, B and C for the Lorenz 63 equations can be simplified as follows:

The Jacobian of the right-hand-side of Eq. w.r.t. 4, in the Lorenz '63 problem,
is: o on o

— — 0

of | 8 o % o0

o g_;;z g_f; g_f (o2 -1 -2 (A.19)
w oW P vl

94



-~ T P
Thus, the coefficient A = <8—£> a]i can be written as:
0 p—z—0 Yy
A= o—p+z 0 2x (A.20)
—y —2x 0

The time derivative of the transpose of the Jacobian of the right-hand-side of Eq.
2.1 is:

af 0 iz d_? 0 ﬁz_xy x(p—z)—y
d 9] = 0 0 % |=10 0 o(y —x) (A.21)
Y 0 —% ¢ 0 o(x—1y) 0

It is also quite simple to show that:

f j 202 —o(p—2z+1) o(r —y)
( ): —olp—2+1) (p—22+1+2> ylp—2) +z(B-1)

0a \ o oe-y)  ylp-2+a(B-1) Pt
(A.22)
Matrix —é f fT can be written as:
R L L[ 2 hfe Afs
—Eff =-= fo | (A o f3)= 2 fifa f3 0 fofs (A.23)
3 fifs fofs  f3
Thus, by taking into account Eqs. [A.21} [A.21] and |A.21] it is:
d (of\" of (of 1
_ Y Yy - 7T
B=a (aa) i (m) ell i (A24)
—202—2—12 Bz—ay+olp—z+1)— L a(pz) —y — Lf
B=1| o(p—2+1)-Lf *(P*Z)Qflfu’ﬂ?*f*2 oly—a)—ylp—2)—2(B-1) -
—o(e—y) =L oly—2)—ylp—2) —a(B-1) - L& —@ 4P+ ) - 4
(A.55)
In this problem, vector C is:
< OF _(on on on \T_ T
C’:a—p:<a—pa—pa—p)—(0x0) (A.26)
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A.3 Computation of v and 7 from w

After having evaluated w for all nodes, in order to find the time-series ¢ and 7, Egs.

|A.12|b and A.12|c have to be discretized. For the discretization of the term v, ‘é—‘f ;

in Eq. [A.12pb, forward or backward finite differences can be used. The general form

of the discretized equation is:
or\
i v; A2
i + ( 812) w (A.27)

For forward finite differences, Eq. is equivalent to:

dw

(e
dt

—

4 S —0 p—Z Y
U; = Ty o -1 T w;, fori=20
At
0 -z -p
) (A.28)
- —0 pPp—Z Y
=" 0 g @, for1<i<N-1
At
L 0 -z; -p

For ¢ = 0 backward finite differences were used. For backward finite differences, Eq.

is equivalent to:

ﬁi:L—i— o -1 X w;, for0<i1 <N -2
At
0 -z -8
) (A.29)
- —0 pPp—Z Y
@:%—l— o —1 X w;, fori=N-—1
L 0 -z -8

For i = N — 1 forward finite differences were used. The discretized form of Eq.
[A. 12 is: ]
ni = a2 A;‘Ffi (A.30)

A.4 Evaluation of the Sensitivity Derivative

Supposing J = z(t), the objective function F' for the reference trajectory can be
written as:

P = (5 [ s i) (A3)
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where p € I — {0}. then the objective function for the shadow trajectory corre-
sponding to an input parameter perturbed by dp is:

1 T B p
F(p+6p) = (F /0 J(d,p+dp) dT) (A.32)
where T” is the shadow averaging window:

T
T'=7(T)=T+p¢, C:/o n dt (A.33)

The corresponding perturbation of the objective function can be written as:

_<% /0 " i) dt>p (A.34)

p

AF = Fp+3p)—F(p) (% /0 I(@.p + 6p) dT)

Assuming dp < 1 and dpP = 0, for p > 2:

p 1 T p
AF op)— dt — (= iy, p) dit
(e | w@rrma) - (7 [ o)
p
F=
=9 Tp—i—éppCTpl{(/o J(u, p—l—(Sp)dt)
T p-1 T p
+5pp</ J(ﬁ,p+5p)dt> </ J(ﬁ,p+5p)ndt>
0 0
3p p¢ /T , ’
(1+ - ) (T i J(t,, p) dt
Dividing by dp and taking the limit as dp — 0:
§F AF 1 1 T P T P
= lim — 7 dt | — i, p) dt
5 i 5~ D (5 | Jeera) - ([ @)
p—1 T
+p</ J(U,p—l—ép)dt) (/ J(ﬁ,p+(5p)ndt)
0 0
T p—l T
—p(/ J(ﬁ,p+5p)dt> (/ J(ﬁr,p)dt>}
0 0

(A.35)

N[

(A.36)
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Using the following identities:

lim 4(7(t)) = u,.(t), lim 7(¢) =t (A.37)
6p—0 6p—0
and:
. JW,p+dp) — J(U,p) oJ ou, — 9J oJ oJ
1 = — = (== — A.
P 5p G T, " ety A8

([ ) ([ (o ([ )
([ o) ([ )

(A.39)
In the case of p = 1, Eq. can be written as:
oF oJ 9] — = dJ
5 = o <8ﬁr,v>+n [Zhar v (A.40)

The overbar is defined as: T = & fOT x dt. For J = z(t), the following simplifications

T
hold:

B =k [1[% % % va
aﬁ'r7 _T 0 8x’8y’8z
1 T
= ?/ [0’07 1] [Umyvy,vz]T dt (A41)
0
1 T
= — . dt
T/O v
oJ o (1 [T
9 o\ T dt | = A.42
dp  Op (T/o : > 0 ( )
1 T
=5 /0 1z dt (A.43)
_ 1 [T
J = T/O zdt (A.44)
Thus, Eq. can be written as:
oF 1 /T 1 /T T
~— =7 v, +nz)dt — = [ ndt | zdt A.45
op T Jy ( ) 72 J, o ( )
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A.5 Derivation of the DCLSS second Order ODE

The equivalent form of Eq. [2.20} using right arrows to denote forward differentiation
and left arrows for backward differentiation, is:

F

v _of . Of 1o

dt  o0u +8p a2ff v

@i (of\ s (A.46)
a ~ \oz) 7"

@(0) = @(T) = 0

Differentiating Eq. [2.29b using backward FD results in:

I
eo_ T (of\" o @ e
a2 dt du O dt — dt '
<
Substituting % using Eq. [2.29a gives:
— AT A—
d* d (0f of dw  of f
— = | =5 U— =5— + S0+ =— A4
T dt(&ﬁ) YT oia Taa' Ty T a i (A.48)

which can be written as:

N T +— — — A T - AT -
dcd  (of\ di  ofdw  |d (0 of (o Lo | 0
E§+<4>———4—ﬂ——<l>—~£<§>——#Fww:4f

ou dt  Ou dt dt \ ou ou \ ou a? dp
(A.49)
which is equivalent to:
— —
d?w dw dw =
——A Bw =C A.50
gz Ty T A TR (A.50)



where:

ram
U
y . T (A.51)
B= i 8_f _ % 6_f _ ifJFT =
~dt \ ou ou \ ou a?
. of
c=
J
and:
dQU_j . U_))ifl - 2’(171 + ’U_J’Z'+1
e |, dt?
T — —
w W; — Wi—1
| = A.52
ar |, dat (A-52)
_—»> — —
d_w _ Wiyl — Wy
dt |, dt
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Appendix B

Derivations in the Van der Pol case

In the Van dre Pol system, the vector of unknowns is bidimentional: @(t) = [z(¢)y(t)]"
The right-hand-side of Eq. is:

()= (i)

The Jacobian of Eq. is:
£ oh  oh
g_{: oh o :( 1 02b b(11 2 > (B-2)
i oL oh —1 — 2bxy —x?%)

B.1 Coefficients of the second Order ODE (LSS)
By substituting the previous section’s expressions in Eq. the formula of the
coefficient A is evaluated:

A 6_fT_8_f_( 0 —2(1—|—bxy))
-\ ou ou  \ 2(1+bxy)

0 (B.3)

For B, it can be shown that:

B-— 1= 5ff 2P+ (e bx(1—2*)xy)a) = b(1 —2°) — 5 fif
- ( b(1—22) — Lfofy —2bwy — (1 + 2bay)” — 0> (1 —2?)° — L f3 )
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Also:

—

C=(0a-a%y)" (B.5)

dz
dt it

worth noting that the terms 4 b
finite differences.

where 2 and % were substituted using the analytical expression of Eq. . It is

w

g 2nd

and 4 < were discretized using order central

t

B.2 Coefficients of the second Order ODE (DCLSS)

The coefficients A; and A, of Eq. are:

A T
C(of\ [0 —1—2bxy
A1 = (%) = < 1 (1 — 2 ) (B:6)
of 0 1
Az = o ( —1—2bzy b(1 — 2?) ) (B.7)
It is true that:
T (of\" (o —2b (B, + Ylsly) B3
at\oz] ~\o b (Rt ()
= A T
of (of\ -1 —b(1 - z?) B9
_% % = b(1—1’2) —(1—|—2bxy)2—52 (1—1‘2)2 ( . )
Loor L (12 fifo
_Eff T2 ( f2}1 13 ) (B.10)
Thus:
B:( —1- L2 =20 (Ut + B ) —b(1 = 2?) = S fife )
b(1—a%) — L fofi —2bw; (Hu=L =8 L) — (1+2b:vy)2—62(1—932)2—%J"“z2
(B.11)

and, identical to the previous section:

C= (0(1— x2)y)T (B.12)
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B.3 Sensitivity Derivative

The Sensitivity Derivative is given by differentiating Eq. w.r.t. b. According to
Eq. [A:39] for p = &:

SF 11 (T o N\ 1ol . — _ 97
—=—|= — -7 — B.13

where J = ¢% and J = %fOT Y8 dt. Also,

oJ 0y 0y®
57 = 5 oy ) = 0 .
0J
<%,v> = [08y"] [vev,]" = 8y™v, (B.15)
a7 T
(%,v) = %/ Sy"v, dt (B.16)
0
g—‘g —0 (B.17)
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Appendix C

Derivations in the Rossler case

In the Rossler system, the vector of unknowns is: @(t) = [z(t)y(t)z(t)]". The right-
hand-side of Eq. is:

L[ on on on

Br Oy 0z

C.1 Coefficients of the second Order ODE (LSS)

By substituting the previous section’s expressions in Eq. the formula of the
coefficient A is evaluated:

AT > 0 2 z+1
C(or\ ar ]
A_<a—ﬁ> 8—27( 2 0 0 ) (C.3)

—z—1 0 0
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For B, it can be shown that:

—a—Sfofi —1—a*— 5f} —Z—éfbf?,2
J,’—C—é'fgfl —z—éfgfg —y—2z—2>—(x—c) —%fg

( —2— L2 a—Ssfife  b+(+1)*(@—c)— Hfifs )
B (C.4)

Also: .
C=(0y0)" (C.5)

where fl—f, % and % were substituted using the analytical expression of Eq. .

C.2 Coefficients of the second Order ODE (DCLSS)

The coefficients A; and A, of Eq. are:

AT 0 1 z
A, = (%) R (C.6)
ou -1 0 z—c
e 0 1 1
A, = A ( -1 —a 0 ) (C.7)

It is true that:

S o\ 00 % 00 2=
%(%)(oo%)(oo 0 ) (C.8)
00 % 0 0 ==t

r AT 2 -1 c—x
—g—‘i (g—{) = a 1+a? z (C.9)
Ao c—x z 24 (c—2z)
1 - 1 f12 flf2 fS
I == | Bh £ b (C.10)
fsh fafe f3
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Thus:

—2— L f2 a— 25 f1fo Aol b —c— 5 fifs
B=| —a—Z%fhfi —-1-d—2%f3 —z— 25 fafs
r—c—Lhfs —z—Lhfs EEL 22 (c—1) - L f3
(C.11)
C=(0y0)" (C.12)

C.3 Sensitivity Derivative

The Sensitivity Derivative is given by differentiating Eq. w.r.t. a. The objective
function is identical to the one from the Lorenz ’63 case, and so is the formula for

the SD: . T T
SF 1 1
— == 8 dt — — dt dt C.13

5a T/O(U+”Z) ), " /OZ (G13)
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Appendix D

Formulas Used in Data Assimilation
Derivations

D.1 Sample Variance

Supposing a set of N samples x; with mean value T = Zfil x;, the variance o2 can
be calculated from:

o’=FE[(x—FE [x])z} ~(r—1T) = ﬁ Z (z; — T)° (D.1)

It should be noted that in the denominator of Eq. N — 1 is used instead of
N. This is called Bessel’s correction, and it aims to correct a bias that arises when
estimating the variance of a population from a sample [12].

D.2 Covariance Matrix

The auto-covariance matrix for a sample Z can be calculated as:

N

C—E|@-EB@)@-E@) |~ (#-7) (F-7) - HZ@—%) (&-7)"

(D.2)
The auto-covariance matrix contains the covariances between each pair of scalar
elements of 7 [12]. When two statistical quantities, vector or scalar, are uncorrelated,
their covariance matrix is zero projected on a proper dimension.
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D.3 Trace of a Matrix

The trace of a (n x n) square matrix A, denoted as tr (A) is the sum of the elements

of its main diagonal:
n

tr(A)=>_aj (D.3)

=1

where a;; denotes the entry on the 7, row and i;, column of A. Some of the basic
properties of the trace of a matrix are shown below [16]. Assuming A, B and X are
matrices of dimensions such that the following expressions are defined, and a and b
are scalars:

e Linearity: tr (aA + bA) = atr(A) + btr(B)
e Immune to transposition: tr (AT) = tr (A)
e Immune to rotation: ¢r (ABX) = tr (BXA) = tr (XAB)

Also, the following identities hold for derivatives of matrices involving traces:

& [XAXT] =X (AT +A)

D.4 Derivation of the Extended Kalmal Filter (EKF)

Having derived the assimilated state as a function of @™, v and K, the value of
the latter is not yet known, the second condition, which states that the assimilated
state error € needs to have the minimum variance among all other estimates of the
true state, has to be utilized. This suggests that the sum of the diagonal elements
of the error auto-covariance matrix C?, i.e its trace tr (C?) which consists of the
squared sum of the variances of each element of €¢, needs to be minimized. In order
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to derive C?, € has to be derived first. For the present state, at time k:

& = uf — uy
=M (i@}_,) + &y — @ — Ky, (0 — H (@)
0 (@) - M (a¢) + &, — K (H (@) + & — H (@)

BIUM,. Ey + & — K (H () + & — H ("))

(D.4)
UM, 6+t — K (VHIg @+ 6)
= UM, 80+ & — Ky VH| . 8 — Ky
VM 6 - K (VH g (VMg a6 + )
Solving Eq. for e gives:
éﬁz(I—Kkvm%O(VMM&fKJ+%Z>—Kﬁf (D.5)
In the derivation of Eq. the following expressions were used:
am = M (@) (D.6)
By subtracting Eq. from Eq. .3

&' =M (@) — M (@) + &,
Similar to H(-), the non-linear operator M(-) can be linearized around @ ; as:

M (@) = M (G,) + IMg, | (@, — i) +0 (@, - a)°) =
M (@)_y) = M (@) + VM. (@, —ug,) = (D.8)
M (i) ~ M (i) + VM. &y

where: oM
VM|ﬁ,§,1 =57 (D.9)
=Up—1
Thus, Eq. becomes:
e = VM|ﬁ,§gl e +ery (D.10)

111



Similarly to Eq. D.8

H (@) ~ H (a") + VH|; . & (D.11)

where: oK
VH]|.,, = — D.12
o = | (D.12)

k

Having derived €, C*, = E (€,§€,§T) can now also be derived, so that the value
of K can be computed such that it minimizes ||€¢(? = >, (6&)2 = tr (C?), as
mentioned previously.

—a=al __
k*“k -
_ (1 ~ K, VHW) (VM|ﬁ,:,1 ga 5,:11> — K&y
1T
(1 _K, VH|W> (VMH el 1) C Ky
_ o ) (D.13)
= [(1- %0 VI ) (IM] e+ ) — K
T
{(VM@_I g+ & 1) (1 _K, VH|~m) - 5,5%{{}
—T1+T2+ T3+ T4
where:
T1 = (I _ K, VH\ﬁg,L) (VMMI &+ 5,?11)
T T
(VMg e +m) (1- Ky VHg)
T T
T2 — —K,&? (VM‘%‘LI g+ 5,:11> <I _ K, VHW) (D.14)
T3 = — (1- Ki VH . ) (VM @, +an, ) & K]
T4 = K &0e? TKY
It follows that:
C* = E (¢lel") = E(T1)+ E(T2) + E(T3) + E (T4) (D.15)

112



The expectation of T1 can be written as:

T T
VMl G+ at) (T- Ke VH g, ) >
~a'l T sm T T
Cr—1 VM|1‘[’§_1 + ek_1> (I - Kk VH|ﬁkm>
>a —>m —>a T T —mT T
ﬁa,1 ekfl + ek71> <6k71 VM|17;?,1 —+ ek‘fl )) (I — Kk VH|ﬁ];m>
= (1-Ki VH| ) B (VMo &,étt VML + OM, aenl+

T
>m —aT T >m o>mT
et VML, + ek,lek,1> (1 ~ K, VH\ﬁkm)

T
_ (1 _K,VH uk) <VM‘@$&1 E(e,e%) VML, +0+0+ C{;il) <I ~ K, VH\W)
T
= (1- K VHIg,. ) (VM5 €,y WML, +Cpy ) (T- Ki VHI, )
(D.16)

Keep in mind that, in Eq. , the uncorrelated terms, namely €2 /"7 and
e, €1, have zero covariance thus they cancel out. This is the case, as the errors
are not directly dependent to one another. The expectation of the second term can
be written as:

E(T2) =

T
sozaT T sozaT >mT
(~Kwepat wMIE, | - K hant) (T- Ky VHIg,)

~K B (5060 h) VML, — KB () e f) (1 _ K, VH

T
)

T
~K -0 VML, —K;- oa;z{) (1 ~ K, VH|W>

T
(1- K, VH,. )

Il
o O N —

(D.17)
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The expectation of the third term can be written as:

- (1-K, VHW) E (VM|ﬁa 5,3 ETKT 1 &m *OTKT>

VM| B (") KL+ B (e ) K

) (
i) (VMg OK{ +0K])
)0

=—(I-K;
=0
(D.18)
Finally, the expectation of the third term becomes:
E(T4) =
= F (Kepe? "Ky
(Kuciceil K (D.19)

=K,.E (epe ™) Ky,
= K,CoK;

Combining the expectations of the four terms yields Cg:

T
= (1- K VHI,. ) (VMg €y WML, +Cy ) (T- Ky VH ) +KCEK]

(D.20)
In order to further simplify Eq. [D.20] it can be proven that:
- VM‘ﬁk{l k-1 VM’%LI + Gy (D.21)
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_E <(VM!@31 G+ an) (VMg Ee, + 5,;nl)T)

= (VMg a e (6 vMIG +ary))

= B (VMg 16 VMG, + VMg & aer ]+ e VMG, + e
= VM|, E(§,&0) VMg + VM. E(§,&"]) +

—-m =a T —m  —m
E (&™) VM|a,g_1 +E (e e])
= VM|, C: ,VM|., +VM|,. -0+0-VM|., +C™
ag Tkl Up_1 U1 Ug—1 k-1
a T m
— VM|7I];Z_1 Ck—l VM|E£_1 + Ck—l

(D.22)
Thus, Eq. can be written as:
T
Ci = (1- Ky VH|; ) O (T-K; VHI; ) + K CPK] (D.23)
In order to derive tr (C), C} is expanded:
T T
a _ (ckm ~ K VH],.. ckm) (1 _K, VHW) + K, CoK!
_ (ckm ~ K, VH,,. c;y) (I - vH[L, K;{) + K, CoK? D24)

—Cr-Cp VH|§£,L Kj, — K;, VH|;,. Cf + K VH|;.. C'+
K, VH|, . C VH|§km K! + K,CeK!

Now that the assimilated state auto-covariance matrix C§ is known, its trace tr (C§),
i.e the squared sums of the assimilated state error vector components, is also known.

.. otr(Cg ) .
In order to determine the value of K, that minimizes the trace, t;&:) is set to zero.

otr (Cg)

__ 9 (
IK,, K,
_ 9 (Kk VH|,.. ckm>
(

tr (Ckm VH|£km> KZ)

K,
0
K,
+ 2 (KxCRK})
aKk kM

(D.25)

+ e tr (K, VH] . C VHIL,, Kf)
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The first term is equivalent to:

0
IKj

tr ((c;:l vm%n) K{) —C vHL,, (D.26)

The second term is equivalent to:

0
IKj,

tr (Kk VH|,,. Ckm) 2 <VH|W ckm>T (D.27)

The third term is equivalent to:

T (Ke VHI,, O VHIL, KT ) ZK, [(VH|W Ci VH[},. ) + (VH|;, C VHIL,) ]
(D.28)

Since VH|ﬁkm and C' are both symmetric matrices by definition, meaning that

VH|;,. = VH[L, and C* = C" it will be shown that <VH|ﬁkm cr VH|§km> is

also a symmetric matrix, and thus Eq. can further be simplified to:

T T
(VH, cpvnl.) = (vl (cp vH)) =
k k P4 .
T (D.29)
(cp valL,) V[, = V|, cp" VH[L, = V. Cf VH,

As a result, Eq. can be expressed as:

0
0Ky,

tr (Kk VH|,. CP* VH|L, KZ) — 9K, (VH|ﬁkm cm VH|§?) (D.30)

Similarly, since Cy, is also symmetric by definition, the fourth term is equivalent to:

0
tr (K. CoK?) 2ok, cp (D.31)
K,
Overall, by setting % =0:

- 1 T
2K | VH,,. CF VH|L,, + Cg| = (VH\W c;;l) +CP VH[,. =

2K, [ VH|,,. Cf VH[], + Cg| = Cp" VH[, + +CF VH[L,, """ (D.32)

2K, | VH|,, C* VH|L,. + Cg| = 207 VHIL,
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And, finally, the Extended Kalman Filter (EKF) K corresponding to time-step k,
where observations are available and data assimilation is performed, is given by:

-1

K = C™ VH|,, | VH], C™ VHIL,, + C°| (D.33)

All quantities of Eq. [5.20refer to time-step k, so the corresponding index is omitted.
Therefore, K depends on H(-), C° and C™. The auto-covariance matrices C° and
C™ are of known value, given by Eq. and respectively. Also, the assimilated
state error auto-covariance matrix C* can be derived:

™ (I - K VH|;,.)" + KC°K”
= (1- VH|, K") + KC°K”

~ K VH|,,)C™ VH|,, KT + KC°K”
(I-K VH|,,.)C™ VH|., — KCO} K’

—(
-

m [Cm vH|., - K (VH\W c= vH[L, + 00)} K!
—0

=I-KVH]|,.
21—~ K VH|,,.
=(I-KVH|..) C™
(D.34)
Thus, the assimilated state error auto-covariance matrix is:
C*=(I-KVH|,.) C™ (D.35)
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Kegpdhawo 1

Eicaywyn

H Simhwpatind| epyaocta e€etdlel Tpelc oUyypovee utohoyio Té uedodoloyieg mou o-
TOXTOVV oWEAVOUEVO EVBLOPEROV, GTOUC ToUElc TNng avdhuong evancinoiog (Sensitivity
Analysis) egapuoloviac tov ohyopriuo Xxiaone Ehoylotwv Tetpaydvov (Least Squa-
res Shadowing, LSS), tnv Agopoiwon Aedopévev (Data Assimilation, DA) yuo e~
tiwon e axpifelag meEoBredne povtédwy, xou T Evnuepwuéva and tn Puowr tov
Podv Nevpwvixd Aixtuo (Physics-Informed Neural Networks, PINNs) yia tpocoyot-
WOOEIC PONC Ywpelg TAEY M.

Or nopadootoxée pédodol avdhuong evoncinciog, 6Twe oL TENEQUCUEVES BLUPORES XAl Ol
ouluyeic pédodol, amoTUYYAVOLY GE YAUOTXE CUOTALATO AOYW TNG EXVETIXAC OmOXAL-
O”NG TV TEOYIWY UE ATELR0OTA dapopeTinég moapapetpous. H pédodog LSS npoopépet
Lot EUG TOMY| KOl OLXOVOULXT) EVIAAUXTIXY), AVABLUTUTIOVOVTAS TNV avdhuoT evoncinciog
o¢ TEOBANUa Behtiotonoinong und meplopiopols. EmmAidov, avortiooeton 1 Ataxpl-
6 Yuvenhc LSS (Discretely Consistent LSS, DCLSS), mou Behtidver v aprduntxi
oxpifBelor xodwg eyyudton cuyPototnTo ota oy fuata dwxpitonoinong. Ou 600 mapoA-
Aoryég tng wevddou mpoypaupatiCovion ot YAOooo Teoypauuatiopol C4+ xon e@op-
uolovTon ETMTUYOS OF YordnuaTixd TEoBAAUoToL.

H epyaota diepeuvd entiong tnv agopoinon dedouévmy yia T Bedtinon Tov TeolAédewny
OE YPOVIXS UN-UOVIUES TpocouolnoEls. Xenowonoteitan to Extetouevo Piitpo Kalman
(Extended Kalman Filter, EKF) yio tnv evowudtwon yetpioewy ye Yopufo ot oprd-
unTixd povtéla enfong e 9opufo, odnynmviag o mo oxelBY| aroteréouata and O,T
Ol HETEHOELS 1) ToL HOVTEND UTtopolV Leywpelotd va tpocgépouy. [poypauuatilovtal oe
YAwooo Tpoypauuatiopol Python egapuoyéc oe podnuotind mpoBAfuota, UEcw Tov
omoiwv e€eTdlETA 1) AMOTEAEOUATIXOTNTA TNG UEVHOOU.

Téhog, eletdleton 1 yeron twv PINNs w¢ emhutodv poric ywplc 0 yeron mAéypatog
1) dtoxprtonoinong twv e€lowoswy. To PINNs evowuathvouy Tic dlopopinés e€l60OoELS
XL TG OLVOPLUXEG CLVITXEC TOLU DIETOLY Vol TEOBANUA, OTY CUVEETNOT ATWAELLDY
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EVOS VEUROVIXOU OLXTUOU, YENOWOTOWWVTAS AUTOUTY BLopOELOT) Yidl TOV UTOAOYIGUO
mopaywynv.  Hpoyeauuatilovtoan oe yAoooo mpoypauuotiogot Python PINNs 8o
poixd mpofaruota: uia peudo-1D acuurnicotn por| xou plo 2D otpwty pory o aywYo.



Kegpdhaio 2

Yxtaon Ehaylotwyv Tetpaydvwy:
Ecopapuoyn oto IlpdBAnua Lorenz
’63

Y10 xe@dhono autd mopovatdletan 1 uédodog Xxioone Erayiotwy Tetpaydhvev (Least
Squares Shadowing, LSS) yto tov unohoylopd napory@ywy guoncdnoioc tne yeovixhc
HEoNE TWNAC TOCOTATLY, EkNuUévne ot emapxy| Ypovxd opilovta. T v amoguyn
YEVIXWV HoINUATIXGDY EXPEACEWY, YIVETOL EQUEUOYY| TévVw oT0 TedBANua Lorenz 1963,
OV EXPEALETIL WG

é—f =o(y —x), z(0) = zg (2.1e)
% =z(p—2) —y, y(0) = yo (2.18))
% =uxy — Bz, z2(0) = 20 (2.1y)

H nopduetpog p hoaufdver, og authAy 1 SIMAOUATIXT, TO PORO TNG UETABANTAC Oy EDLO-
opol (design variable) oe éva npdBinua BeATioTOTOINONG UE AVTIXEWWEVIXH CUVERTNO
Teo¢ ehaylotonoinon Ty F' mou eivor 1) ypovixr uéom tydy| Tou z(t) oe enapxr Ypovixo
oplCovTa:

Fip) = 7 / 2(t, p) dt (2.2)

O nopduetpol o xou [ eivar otodepée xan toolvton pe 10 xar 8/3 = 2.6667 avti-
otolywe. H xatdotaon tou cuothuatoc meptypdpeton ond to Sidvuouo U(t, p) =

3



[z(t, p),y(t, p), z(t, p)]". Lo Ty. cpocivsrou 10 2(t) Yo p = 28.00 xou p = 28.01, pe
oxomnd va yivel éugpacn oo 6Tt ot 500 TpoyLEs Eextvolv amd To (Bto anuelo (iBteg apyixég

Guvﬂv’]xsg) xou €C0PYMC TUPAUUEVOUY OYETXE OUOLES UAAS G TABLIXE DLopOEOTOLOVVTOL,
00TWE WOTE 08 TOAY Alyo ypovo va eivor teheing Otapopetinés. Autd To Qouvouevo
elvon eXORAWOT TNG Ya0TNE QOGNS TOL TEOPBAAATOS. Loupuva ue T Bihoypapia, 7

Yynuo 2.1: Lorenz '63 H ypovooepd z(t) yio p = 28.00 (o€ pmie) xou p = 28.01 (ot
TOPTOXVAL).

OVTIXEWEVIXT) CLUVEETNOY EIVOL TPOGEYYIG TXE YRUUUIXTY], ETOUEVWS 1) TORAYWYOS EVL-
odnoioc (SD) % Vo émpene vo ebvon epimou fon ue 1.01 [7]. Xenowonoteiton n Xuveync
Yuluyhc Médodoc (Continuous Adjoint Method, CA) yux tv ebpeon e SD, ahkd
amoTUYYAVEL Vo TNV uTohoyloel e€aitiog Tou yaoTiXoU yopaxTiea Tou TEofBARuATOC,
%o TEOXOTTOUV Ol UN-QUOIXES TYES TOu Y. . Xenowpomoolvton enlong Ienepo-
ouévee Awgopéc (Finite Differences, FD) pe 6vo OLapopeTIN00G YpovixoUg opllovTeg
ohoxhpwong, T' = 20 xa T = 2000 povddeg ypdvou, oL oToleg BiVOLUY IXUVOTIOLNTIXN
axpBetar TNV avopevouevn T e SD, oAl pe aolu@opo UTOROYIOTIXG XOGTOG, O-
XOUOL XL OE AUTO TO amAG Hordnuotixd meoBinua. H pédodoc tne Xxloone Eraylotov
Tetpaywvwy (Least Squares Shadowing, LSS) anooxonel vo Eenepdoet tic duoxohieg
g oLLLYHOY UEVOBWY xou Vo ToRdEel op¥éc THéS Tapaywywy evatoinciog yeovixd
UECWY TOY TOCOTATWY KOS IO XAmoLo(ec) UETOBANTH(EC) oyedloouol, Ue AydTERO
x60710¢ amd Tic Henepaouéveg Atagopéc. Baowr| npolindieor etvor to cbotnua vo gtvor
epYodix6 (ergodic [I]), mou onuoiver Toe yio dpXETE UEYEAO YpdVO OhoXhpwoNg, 1) o-
VTIXEWEVIXY) OUVAETNON VoL ebvor aveldoTnTy TwV apyX®Y cLYVINXOY Tou TEOBAUNTOS,
©BLOTNTAL TOL YapaxTNElEL ToL TEPLOGOTERA PUOXE CUCTAUATY, OTWS TUPPMOOELS POEg
eeLoTGY. Auty) 1 undleon emitpénel T ‘olyxpelon’ BU0 TEoYIOY, plug ue Ty UETOBAN-
g oyedlaouol p (Tpoytd avopopdc Uy ), xa plag GAANG pe p 4+ Ap (oxiddng Tpoyld U
NG TRWTNG), TOL €YoLV Blopopetixéc apyixéc ouvifxes. Tnv Umopdn oxuwdous Teo-
YL yioe xdde Ty tou p eyyudton o Afupa tepl Xxioone (Shadowing Lemma) [II.
Advavtar vo emAeYolV apyxég GUVIAXES XaL EVOG YPOVIXOS UETACY NUATIOUOS T(t),
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Yyfue 2.3: Lorenz 63 H SD unoloyi-
Yyfuo 2.2: Lorenz 63 H SD unoloyl- opévn e llenepaouéves Atagpopée, yio p
ouévn ue T Yuveyr Lulnyr Médodo, ya and 0 we 100, yia 20 Tuyoleg apyinéc ouv-
p omo 0 wc 100, yr 20 tuyaiec apywéc Onxec. Ta umhe onueia avtiotoryoly oe
cuvirxec. Ypovo ohoxhfpwong T = 20 eve to xOx-
xwva oe T' = 2000 povadeg ypedvou.

€T0L WOTE 0L 000 TEOYIES VoL TAUPUUEVOLY 1) plat “%0ovTd” oTnv AN, yia xdde 0 <t < T,
ETADOVTAS TO ToPUXdTe TEOBANUA BeATioToTolNoNE UTO TEPLOPLOUOUC:

mi 1/THH( ()=t [*+o* ( 1 dr 2dt t di _ F(id, p+0p) 0<t<T
in — i (7(t))—1u, || +a - — , st. — = f(u, ,
@, 2 0 dt dT p p

(2.3)

émou 1o f(u, p) ovuBohiler o Beki uépoc e EE. . H otodepd o emiéyetan wote
Tt 800 PEAN Tou ohoxhneGUaTOS Vo efvan xovTvig Tdéng peyédoug. Alagopilovtog wg

neoc p, n EE. uetooynuotileta oe:

v of . of -

—

1 /T
min — / |7]]? + on? dt, s.t.
2 Jo

)

6Tou U = g_Z' Ou e€lowoeic mou mpoxdntouy and Tic ouvixeg Karush-Kuhn-Tucker
(KKT) etvou:

v of . af -

N T
dw af L ,
- — _ L 2.
o (86) w4+ v (2.50")
1 _ g ’
(6%
@(0) = @(T) = (2.55)
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Yo 2.4: Lorenz 63 Ou téc twv SDs ue 20 tuyale apyinéc ouviixeg yio xdije
TWr Tou p, utohoytopévee Pe TN uédodo LSS. Ta umie onuela avtiotoyolv oe ypbvo
ohoxhpwone T' = 20, evey o xdxava oe T' = 2000.

X oLy ywvevovton oe pior wovo cuviin dlapopxr) dedtepne TaEng, 1 omolo EvowUa-
tover Tig BCs ye guoxd tpomo:

N T - —
¢a | (of\ _of | dw of\ _of (of e I
" (%) oi| @ |4 <au> oi (m) -l =G, =0
@(0) = w(T) = 0
(2.6)

Katémy enthuone tne EE. , UToEOoUV Vo UTOAOYIGTOLY Yia xde ¢ Tor U xou 1. "Emetta,
n EE. diver tnv mapdywyo evonodnoioc:

sF 1 [T

Y10 mhaloto authg NG Btmhwpatixdg avamtUyUnxe plar Atoxertd Lupfoty| Stdne-
on e uevodou LSS, Discretely Consistent LSS (DCLSS), n omola hopfdver undgn
TN CUUPUTOTNTA TOV CYNUATWY BLAXELITOTOMONE TWY YPOVIXOY TORAYWYWY TOU TEO-
®x0OTTOUV GTY CLYYWVELST) TV EE. yioo TV mopaywyr) e EE. , X0l TTOEAYEL
amoteréopata Behtiwpévng oxpifelog, f xou opdd exel mou amotuyydvel n LSS.

To Xy. oelyver tic SD yia p and 0 ¢ 100 xou a = 30, ye 20 tuyoleg opyixéc
ouvirxeg yia xdde Ty Tou p, Tou TpEoxUTTOLY and TN péYodo LSS. Eivaw mpogavég
mwe 1 LSS emtuyydver va unohoyloel i owotéc SDs ue peyohltepn axpifelo and Tic
avtiotoyeg Twv Ilenepaouévmv Alapopdy.



Kegpdhouwo 3

Agouolworn AsOoOUEVWY

H Agopoiwon Aedopévwy (Data Assimilation, DA) [5] 3] 4], 6, 2] etvon pio owoyévera
ueB60wY Tou GUVBLALOLY TNV TANEOQOEA ATO TELEUUATIXG BEDOUEVA Xl LOVTENN TTOU
TEPIEYOLY GPIAU, MOTE Vo TUREEOLY AMOTEAEOUATA UE UadTUaTiXd AmOOEDELYUEV
ulmAidTepn axpifela, and excivn xdde myhc Leywetotd. Xpnoylomoleitar eVpéws ot
TOUElS OTWS 1) pETEWPOAOYiN o1 1) wxeavoypapla. Edw® yenowonoteitar 1 uédodog tou
Extetapévou Pihtpouv Kalman (Extended Kalman Filter, EKF) n onoio evoouatover
TELQOUOTLXG OEDOUEVL UE GPAAUAL XOUTA T1) DIGEXELNL YEOVIXE. UN-UOVIUNG TROGOUOlWwoTC,
Baoiouévng oe povtélo To omolo avamOPEUXT EUTERLEYEL OPIAUY, uTohoyilovTag ula
XUTYOTUOY] CLOTAUATOC PeATiwuEVNg axpifelog.

To povtého M haufdver v¢ elcodo TNy xaTdoTaon U TOU GUGTHUITOS GTO YEOVIXO Briua
k — 1, elte elvon 1 apopotwuévn (Seixtne a) eite npoépyeton and 10 povtého (Beixtng
m) o1o mponyoluevo Briua, xat Tapdyel Ty xatdotact oto Teéyov Pua k. Exeivy
elte Yo ypnoworoiniel autodol oto enduevo Briua, eite Yo cuvdvacTel Ye TelpopoTiXd
oedoyuéva (mapatnerioelc, observations) ¥y va ooy del 1 apopolwuévn xatdoToo.
To povtéro meprypdpetan and v EE. 3.1}

ap = M (d,) (3.)

O napatnenoelg ¥ divovton amd tny EE. , (¢ CLVAPTNON TNG TEAYHATIXHG XATEC T
O™¢ TOU GUC THUNTOS ut (n omola elvon mévtote dyvwotn), ue tn Pordeto evoc TEAEC TN
H, mou elvon urehuvog yia Ty mparypatonolinot TaeedBoAC 1| HETUCY NUATIONOU.

v=H(a') +e° (3.2)

6Tou €° 1o GQAAUOL TTOU GUVODEVEL TNV TUPATARNOT TWYV TELUUATIX®Y dedouévey. To
HoVTELO eTtlong UTOXELTOL OE GPAAUA, TO OTolo TEPLYPApeTUL and Tr OyEon:

iy = M (ﬁ;lll) + el (3.3)

[ euxohio, ywelg amMAEIL TNG YEVIXOTNTOS, ToL OQIAUATO TOU ToEOUCIALOVToL OF
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auTAY TNV avdAuor Jewpolvial Twe axohovioly XUVOVIXT] XATUVOUT UE UECT] TN
undév. H agouotwuévn xotdotaon (assimilated state, deixtne a), diveton and v EE.
, (¢ CLUVEETNOTN TNG TUPATAENONG X0t TG EEO00U TOU UOVTEROU:

70 =a™ + K (0 H(a™)) (3.4)

onou K etvar to EKF. O unoloyioude tou EKF arotehel tov 6t6dy0 authc Tng avdhu-
ong, xou ylveton pe Bdomn dvo mapadoyéc [2]. Ipwtov, mwe 1 agouoiwuévn xatdotoon
EYEL UEOT) TWT| TNV Y VOO TN TEAYUAUTIXY XATAC TUOT), ENOUEVKS EYEL TUY O TQIAUN UE
uéom Ty undév, xau dedtepoy Twe 1) Slaomopd (variance) tou ogdhpotog etvon 1) edyt-
o1 and xdde dGALO GUVBLUCUS TN XATACTACTC TOU LOVTEAOU XUl TOV TORAUTNRHOEWY,

xohotovtag exeivy ) Bédtiot. To EKF biveton and v EE.
~1
K =Cc™vH[, [VHLW ce vH|L, + 00] (3.5)

6mou C™ xar C° 1 (Yvwoth) Slemopd Tou GOEANLATOS TOU LOVTENOU XOL TV TORUTY)-
ehoewy, avtistolywe. Xto By. 3.1 mopatneeitor egopuoy Tne uetddou yio 1o oot
olotnua Tou Rossler:

dx

E = -y —Zz, ;U(O) = 2 (360(/)
dy ,
o = rtay, y(0) = wo (3.60)
d

d—j =b+z(x—0¢), 2(0) = 2o (3.6Y")

OTOL QUUVETAL UE TRAOIVO 1) XU TAGTAOT) TOU ETUOTEEPEL To WovTEAo Yl 0 < ¢ < 30 yowplc
xdmota B16pYwon, UE UalEO 1) TEUYUATIXY XATAOTAUCT) TOU GUOTAUNTOS, UE XOXXIVEG
XOUXIBEG Ol TEWRUUATIXES UETENOELS OTIC YPOVIXES OTLYUEG Tou efvan SLodECLUES, EVE
UE UTAE @aiveTon 1) apopolwuévr xatdotact. Mmropel xavelc va mopoatneroer mwe To
HovTélo pévo tou apyiler TOAD YEYYOopd Vo GUGGWEEVEL UN-UTOBEXTO COAAIOL, %Ol
amoTLYYAvEL v Teptypdipel To cloTnua. AVTIETWS, 1) APOUOLWUEVT) XATAOTACT, OYEDOV
TowTilEToN PE TNV TROYUATIXNT, TEQLYPAPOVTaS e LPNAT axpBeta To choTnua

10 1

\ —— true state

~10 ¥/ —— model

—— assimilated state
- measurements

Yyfuo 3.1: Rossler: H nporypotins (Lodpo), 1 apopotwpévn (UTAE), 1) xatdotaoT Tou
HOVTENOU (TPAOIVO) X0t OL TORUTNENOELS YLOL TNV & CUVIGTOO0 TOU GUGTAUOTOC.



Kegdhawo 4

Evnuepwueva and tn Puoxr twyv

Powv Nevpwvixd Aixtua

To Evnuepwuéva and tn Puoid) tov Podv Nevpwvixd Aixtuo (Physics-Informed
Neural Networks, PINNs) eivar veupwvixd dixtuo mou AOvouv Stapopixéc eElomoels
ENUYLOTOTIOLWOVTOG Lol CUVAETNOT AMWAELWY Tou TepLAopPBdver Tor uToAoLToL TV ECL-
OWOEWY XL TI CUVORLUXES ﬁ/xoa apyéc ouVIxes. Mg auTY| TN OLTAWUATIXY epyacio
Baoilovton oty apyttextovixy) v Badéwyv Nevpwvixwv Aixtiony (Deep Neural Ne-
tworks, DNNs). Ye avtideon pe tic oupfatixéc apriuntinéc pedddoug, ot Aboelg mou
mpoopepouy To. PINNs efvan avahutinée, xadiotovtog pn-avayxaio xée napeuforr. Ot
TOEAYWYOL TIOU YENOLLOTOLOLYTUL GTO UTOAOLT, UTOAOY{COVTon UG AUTOUATNG Olo-
popLoNG amogedyovIog TN YenoT oynudtey dwxpitonomong. Ilup'dha autd, too PINNs
amoutolV TOMAES TEAEELS, UE amOTEREOUA VoL AUEAVETOL O YEOVOC ETTAUCTC GE GYEOT) UE
TI¢ ouuPatinég uedosoug.

E&etdlovtar 6Uo egopuoyés: mpwtov, 1 Pehtiotonoinor deudo-1D poric péow Eeyw-
clotwv PINNs mou emhbouv o mpwtelov xou 1o culuyég TEOBANUA, TOU YENOYLo-
ToouvTal oe TEOBANUA avtioTpopou oyediaopol. Aclitepov, 1 AoT TwY EEIOMOEDY
Navier-Stokes yia 2D otpwti|, acuunieotn pot| o€ aywyd PETOBUANOUEYNS BLATOUNC,
omou T anoteréopata ouyxpivovton pe Tov GPU-emtayuvépevo CEFD xwdwo PUMA
tou PCOpt/NTUA. O ahydprduoc exnaidevonc mou yenowonoteiton gofvetar oo Ly.

.|, egappoopévoc oto 2D mpdfBinua tg deltepne egopuoyrc.
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Input Layer Hidden Layers Output Layer

B

-
1 I s
momy = U Vi +2Vp — 2 Vo

=)

1

=
BE, Dirichlet = - Upe
g |

= =

BC, Newmann = 7=~ -

Gradient
Computation
(back-propagation)

dloss

Update Trainable Variables
(ADAM optimizer)

dw,

Yo 4.1 Adrypouua tne dradixactog extatdeuong tou PINN mou Advel yio otoomti
acupnicon 2D pox.

4.1 Weuso-1D Pon

LNV TpdTN EQupUOoYT| TparyUaToToleltal enthuct Tou eultéog xou culuyolc TEOBAY|Ia-
T0¢ peudo-1D, acuunicotng uovUNng pofc HEow aywyYol PETOBANTAC SLUTOUNC, XL E-
mALVETAL TEOBANU avTiGTEOPOU GYEBLICUOY TOU ATOGXOTEl GTNY AmdOXTNoT Xoopl-
OUEVNG XuTAVOUnS Tieong

d
(v5) =0, u(lx=0) =ugc=1m/s
dv déilp (4.1)
poo—+ o =0, ple=1) =ppc=0N/m

O ouQuyelg e€iowoeig Peétnpay e ) Luveyr Xuluyh Médodo (Continuous Adjoint
Method), étot dote va etvan eqapudoues oto ouveyéc PINN. Xto My. pofveTon 1
oUyxplon Tng xatavourc Tleong mou Beédnxe ue tn Behtiotonolnon, Ue TNV xaTovour-
oTOYO (wc)\e XL XOYWVT] Y RO avriormxcx). Eivar epgavée mwe n Beitiotonolnon
ATay emTUYNC, xaddC oL Ypauués oyedoy TautilovTa.

4.2 2D Po#

211 0e0TERT EQUPUOYT ETAUETOL LOVUN, 2D, 0TEpmTA pot| douuTieoTou PEVCTOY UECW
aywyol petaBAnTAg Sotourc, Tou diétetan and T e€lonoelg Navier-Stokes, ue Re =
120:

V-u=0

1 1 4.2
Vi — —V2i+ -Vp=0 (42)
Re p
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pressure p[N/m?]

0.0 0.2 0.4 0.6 0.8
x[m]

Yynuo 4.2: H xatavoun nleong and 1o npéBinua Bedtiotonoinong (umhe) oe olyxplon

UE TNV XATavour-oTtoY0 (xOxxwvo).

Or opraxég cuvifixeg mou yenotono|nxay ebvou:
1. Elcodoc: u=1xuwv=0
2. "EEodog: p = 0 (nleon avagopdc) o 24 = 2 = ()

3. Mteped obvopa: u = v =0 (cuviixn un-oricinong)

Yo Xy [E3) B4 o gafvovton tor Tedior optldvTLac ToUTNTAC, XATAXOPUYTIC To-
yOtntag xou tieong mou npoéxuoy and ) Aban tou PINN (névw exdvec), oe obyxpton
ue ™ Aoorn tou PUMA. Eivar eugavég mog to PINN xatdgepe va Aboel pe ixavomoln-

T oxplfBetar T po).
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ek

FraUR=gnt

&

Eyhua 4.3: Opldvtia torydtnroe e Aone tou PINN (ndvew) xon tou PUMA (xdw).

Lyfuo 4.4: Kotoxdpugn toaydtnTo g
Mone tou PINN (mévew) xon tou PUMA
(x&Tw).

Yyfuo 4.5: Illeon tng Aoong tou PINN
(mdve) xon tou PUMA (xdw).
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