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W
DOMHMENA KAMPULO-

GRAMMA ORIODETA PLEGMATA
STO EPIPEDO

P SunalloÐwth dianusmatik  b�-
sh (d.b.): Se k�je shmeÐo tou domhmènou
plègmatoc stì epÐpedo (x, y), aut  orÐzetai apì
ta dianÔsmata b�shc

−→g 1=
∂−→r
∂ξ

=(xξ, yξ), −→g 2=
∂−→r
∂η

=(xη, yη)

Oi sunalloÐwtec (covariant) metrikèc deÔterhc
t�xhc orÐzontai wc

gij=−→g i ·−→g j

dhlad 

g11=x
2
ξ+y

2
ξ , g22=x

2
η+y2η, g12=g21=xξxη+yξyη

To di�nusma
−→
A analÔetai sth sunalloÐwth d.b.

wc

−→
A =Ai−→g i

ìpou Ai eÐnai oi antalloÐwtec sunist¸sec tou.
−→r eÐnai to di�nusma jèshc k�je shmeÐou.

P AntalloÐwth d.b.: OrÐzetai apì
ta dianÔsmata b�shc

−→g 1 =∇ξ=(ξx, ξy), −→g 2 =∇η=(ηx, ηy)

∗
Το τυπολόγιο αυτό αποτελεί το μοναδικό βοήθημα

των σπουδαστών κατά την εξέτασή τους στη σχετική ύ-

λη. Είναι πιθανό να υπάρχουν λάθη. Είναι ευθύνη του

κάθε σπουδαστη να το ελέγξει με βάση το βιβλίο και τις

σημειώσεις του. Ο διδάσκων παρακαλεί να του δοθούν

οποιεσδήποτε διορθώσεις.
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Oi antalloÐwtec (contravariant) metrikèc deÔte-
rhc t�xhc orÐzontai wc

gij=−→g i ·−→g j

dhlad 

g11=ξ2x+ ξ2y , g22=η2x+ η2y, g12=g21=ξxηx+ξyηy.

To di�nusma
−→
A analÔetai sthn antalloÐwth d.b.

wc

−→
A =Ai−→g i

ìpou Ai eÐnai oi sunalloÐwtec sunist¸sec tou.

P Basikèc Sqèseic: EÐnai

−→g i ·−→g
j =δji

ìpou δji eÐnai to sÔmbolo tou Kronecker. Apì

aut n prokÔptei ìti Ai=
−→
A ·−→g i kai A

i=
−→
A ·−→g i.

An

J=xξyη−xηyξ

eÐnai h Iakwbian  orÐzousa tou metasqhmatismoÔ
(x, y)↔(ξ, η), tìte

ξx=
yη
J
, ξy=

−xη
J

, ηx=
−yξ
J
, ηy=

xξ
J
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AntÐstoiqa,

g11=
g22
J2
, g22=

g11
J2
, g12=

−g12
J2

To stoiqei¸dec m koc tìxou eÐnai ds2 =gijdξ
idξj.

Dipl� epanalambanìmenoc deÐkthc shmaÐnei �-
jroish.

P DiaforikoÐ Telestèc: H klÐsh
bajmwt c sun�rthshc Φ gr�fetai wc

∇Φ=
∂Φ

∂ξi
−→g i

H apìklish dianusmatik c sun/shc
−→
A gr�fetai

∇·−→A =
1

J

∂(JAi)

∂ξi

O telest c Laplace efarmozìmenoc se bajmwt 
sun/sh Φ dÐnei

∇2Φ=
1

J

∂

∂ξi

(
Jgij

∂Φ

∂ξj

)

ìpou ξ1≡ξ, ξ2≡η.

P Par�gwgoi thc sunalloÐwthc
d.b.: EÐnai

∂−→g i

∂ξj
=Γkij

−→g k

ìpou emfanÐzontai ta sÔmbola tou Christoffel
deÔterou eÐdouc, ta opoÐa orÐzontai wc

Γkij=Γkji=
1

2
gmk

(
∂gim
∂ξj

+
∂gjm
∂ξi
− ∂gij
∂ξm

)

P Elleiptikèc Mèjodoi Gèneshc
Oriìdetwn Kampulìgrammwn Plegm�-
twn: EpilÔontai oi exis¸seic

∇2ξm=fm

oi opoÐec metasqhmatÐzontai sto (ξ, η) wc ex c:

gij
∂2−→r
∂ξi∂ξj

+f i
∂−→r
∂ξi

=0

Oi sunarthseic fm eÐnai oi mhqanismoÐ elègqou
thc poiìthtac tou plègmatoc. Gia 2D plègmata,
oi sqèseic anaptÔssontai wc:

g22xξξ−2g12xξη+g11xηη+J2f 1xξ+J
2f 2xη = 0

g22yξξ−2g12yξη+g11yηη+J2f 1yξ+J
2f 2yη = 0

W
DOMHMENA KAMPULO-

GRAMMA ORIODETA EPIFANEIA-
KA PLEGMATA

P Pr¸th Jemeli¸dhc Morf  thc
Epif�neiac: Se k�je shmeÐo epif�neiac pou
perigr�fetai me thn parametropoÐhsh (ξ, η), orÐ-
zetai h pr¸th jemeli¸dhc morf  thc epif�neiac
I wc

I=d−→r ·d−→r

EÐnai

I=Edξ2+2Fdξdη+Gdη2 =gijdξ
idξj

ìpou

E=g11 =−→r ξ ·−→r ξ
F =g12 =g21 =−→r ξ ·−→r η
G=g22 =−→r η ·−→r η

eÐnai oi pr¸toi jemeli¸deic suntelestèc thc e-
pif�neiac sto shmeÐo autì. H posìthta I eÐnai
analloÐwth, �ra anex�rthth thc ek�stote para-
metropoÐhshc (ξ, η), all� oi pr¸toi jemeli¸deic
suntelestèc (  sunalloÐwtec metrikèc deÔterhc
t�xhc) exart¸ntai apì thn parametropoÐhsh. Su-
nart sei aut¸n ekfr�zetai h epifaneiak  Iakw-
bian  wc

Js=
√
EG− F 2 =

√
g11g22 − g212

P K�jeto MonadiaÐo Di�nusma
Epif�neiac: Se k�je shmeÐo epif�neiac me
parametropoÐhsh (ξ, η), orÐzetai to k�jeto sthn
epif�neia monadiaÐo di�nusma

−→
N =

−→r ξ ×−→r η
|−→r ξ ×−→r η|
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P DeÔterh Jemeli¸dhc Morf 
thc Epif�neiac: Se k�je shmeÐo epif�neiac
pou perigr�fetai me thn parametropoÐhsh (ξ, η),
orÐzetai h deÔterh jemeli¸dhc morf  thc epif�-
neiac II wc

II=−d−→r ·d−→N =d2−→r ·d−→N

EÐnai

II=Ldξ2+2Mdξdη+Ndη2 =Ωijdξ
idξj

ìpou

L =Ω11 =−−→r ξ ·
−→
N ξ=−→r ξξ ·

−→
N

M =Ω12=Ω21 =
−1

2

(−→r ξ·−→N η+−→r η·
−→
N ξ

)
=−→r ξη ·

−→
N

N =Ω22 =−−→r η ·
−→
N η=−→r ηη ·

−→
N

eÐnai oi deÔteroi jemeli¸deic suntelestèc thc e-
pif�neiac sto shmeÐo autì. H posìthta II eÐnai
analloÐwth, �ra anex�rthth thc ek�stote para-
metropoÐhshc (ξ, η), all� oi deÔteroi jemeli¸deic
suntelestèc exart¸ntai apì thn parametropoÐh-
sh.

P Kampulìthtec: An C eÐnai kampÔ-
lh epÐ epifaneÐac S parametropoihmènhc me (ξ, η),
to di�nusma thc k�jethc kampulìthtac (normal

curvature vector)
−→
k n sth C, se èna shmeÐo thc

P , isoÔtai me

−→
k n=(

−→
k ·−→N )

−→
N

ìpou
−→
k to di�nusma thc kampulìthtac thc C sto

P .
H k�jeth kampulìthta (normal curvature) κn

orÐzetai wc

κn=
−→
k ·−→N =

II

I

kai wc phlÐko anallÐwtwn posot twn eÐnai kai
aut  analloÐwth.
'Olec oi kampÔlec thc epif�neiac S pou dièr-

qontai apì to P kai, ekeÐ, ef�ptontai sthn Ðdia
eujeÐa èqoun thn Ðdia tim  k�jethc kampulìthtac.
K�jeth tom  (normal section) epif�neiac sto

P eÐnai k�je kampÔlh thc S h opoÐa prokÔptei
apì thn tom  thc me èna epÐpedo pou emperièqei

to k�jeto monadiaÐo di�nusma
−→
N sto P .

H kampulìthta miac k�jethc tom c thc S sto
P isoÔtai me thn k�jeth kampulìthta sto P , h
opoÐa eÐnai analloÐwth, gia thn upìyh tom .
PrwteÔousec kateujÔnseic (principal dire-

ctions) eÐnai oi kateujÔnseic dξ :dη sto P stic o-
poÐec to κn gÐnetai mègisto kai el�qisto. Oi antÐ-
stoiqec k�jetec kampulìthtec lègontai prwteÔ-
ousec kampulìthtec (principal curvatures). Oi
prwteÔousec kampulìthtec κ (èstw κ1 kai κ2)
eÐnai oi lÔseic thc exÐswshc(
EG−F 2

)
κ2−(EN+GL−2FM)κ+

(
LN−M2

)
=0

H mèsh kampulìthta (mean curvature) µ se è-
na shmeÐo P epif�neiac S isoÔtai me to hmi�jroi-
sma twn topik¸n prwteuous¸n kampulot twn,

µ=
1

2
(κ1+κ2)=

EN+GL−2FM

2(EG−F 2)
=

1

2
gijΩij

ìpou oi antalloÐwtec metrikèc deÔterhc t�xhc
sqetÐzontai me tic sunalloÐwtec me tic sqèseic

g11 =
g22
J2
s

, g12 =−g12
J2
s

, g22 =
g11
J2
s

en¸

gikg
kj =δji

H kampulìthta Gauss (Gaussian curvature)K
se èna shmeÐo P epif�neiac S isoÔtai me to ginì-
meno twn topik¸n prwteuous¸n kampulot twn,

K=κ1κ2 =
LN−M2

EG−F 2
=

Ω11Ω22−Ω2
12

g11g22−g212
Se k�je shmeÐo epif�neiac, h mèsh kampulì-

thta kai h kampulìthta Gauss eÐnai kai oi dÔo
analloÐwtec posìthtec.

P Exis¸seic Gauss-Weingarten:
Exis¸seic Gauss:

−→r ξξ = Γ1
11
−→r ξ+Γ2

11
−→r η+Ω11

−→
N

−→r ξη = Γ1
12
−→r ξ+Γ2

12
−→r η+Ω12

−→
N

−→r ηη = Γ1
22
−→r ξ+Γ2

22
−→r η+Ω22

−→
N

 

−→r ,ij =Γkij
−→r ,k+Ωij

−→
N
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ìpou ta Γkij eÐnai ta epifaneiak� sÔmbola Chri-
stoffel deÔterou eÐdouc). Analutik�, eÐnai:

Γ1
11 =

GEξ−2FFξ+FEη
2(EG−F 2)

Γ2
11 =

2EFξ−EEη+FEξ
2(EG−F 2)

Γ1
12 =

GEη−FGξ

2(EG−F 2)

Γ2
12 =

EGξ−FEη
2(EG−F 2)

Γ1
22 =

2GFη−GGξ+FGη

2(EG−F 2)

Γ2
22 =

EGη−2FFη+FGξ

2(EG−F 2)

 

Γkij=Γkji=
1

2
gmk

(
∂gim
∂ξj

+
∂gjm
∂ξi
− ∂gij
∂ξm

)
Exis¸seic Weingarten:

−→
N ξ = β1

1
−→r ξ+β2

1
−→r η

−→
N η = β1

2
−→r ξ+β2

2
−→r η

 

−→
N ,i=βji

−→r ,j
ìpou

β1
1 =

MF−LG
EG−F 2

β2
1 =

LF−ME

EG−F 2

β1
2 =

NF−MG

EG−F 2

β2
2 =

MF−NE
EG−F 2

Apì sustol  (contraction) twn exis¸sewn
Gauss me ta gij prokÔptei ìti

gij−→r ,ij−gijΓkij−→r ,k=gijΩij
−→
N =2µ

−→
N

P Qr simec Sqèseic: ApodeiknÔe-
tai ìti

∂giδ

∂ξk
=−gαδΓiακ−gαiΓδακ

∂Js
∂ξi

= JsΓ
j
ji

P Telest c Beltrami: O telest c
Beltrami   epifaneiakìc telest c Laplace eÐnai

∇2
s()=

1

Js

∂

∂ξi

(
Jsg

ij ∂()

∂ξj

)

ApodeiknÔetai ìti

∇2
sξ
m=−gαβΓmαβ

P Elleiptikèc Mèjodoi Gèneshc
Oriìdetwn Kampulìgrammwn Epifa-
neiak¸n Plegm�twn: Epib�llontac ìti

∇2
sξ
m=fm

prokÔptei h

gij−→r ,ij+fk−→r ,k=2µ
−→
N

 

gij
∂2−→r
∂ξi∂ξj

+f i
∂−→r
∂ξi

=2µ
−→
N
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