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Prìlogoc

To m�jhma Mèjodoi Aerodunamik c BeltistopoÐhshc ent�qjhke kai xekÐnhse na
did�sketai sto Prìgramma Spoud¸n thc Sqol c Mhqanolìgwn Mhqanik¸n tou E.
M. PoluteqneÐou, apì to akadhmaðkì ètoc 2003− 2004, wc m�jhma epilog c tou 7ou

exam nou. To Ðdio ètoc tèjhke sth di�jesh twn spoudast¸n h pr¸th èkdosh tou
parìntoc suggr�mmatoc.

H deÔterh èkdosh gÐnetai to epìmeno ètoc, diorj¸nontac l�jh kai emploutÐzontac
se paradeÐgmata kai Ôlh thn pr¸th èkdosh. To kuri¸tero eÐnai ìti h nèa èkdosh
prosp�jhse na ekmetalleujeÐ thn empeirÐa apì to pr¸to ètoc didaskalÐac tou ma-
j matoc. Plèon briskìmaste sthn tètarth èkdosh tou suggr�mmatoc, me arketèc
diorj¸seic   epanadiatup¸seic se sqèsh me tic prohgoÔmenec ekdìseic.

Epiplèon ulikì gia to m�jhma, sumperilambanomènwn paradeigm�twn efarmog c
me ègqrwma sq mata (k�ti pou dustuq¸c leÐpei apì thn paroÔsa èkdosh) brÐskontai
stouc diadiktuakoÔc tìpouc:
http://velos0.ltt.mech.ntua.gr/kgianna/
http://velos0.ltt.mech.ntua.gr/research/.

To megalÔtero tm ma thc Ôlhc kai sqedìn h olìthta twn paradeigm�twn pou
paratÐjentai eÐnai apì thn ereunhtik  ergasÐa se jèmata beltistopoÐhshc pou prag-
matopoieÐtai sto Ergast rio Jermik¸n Strobilomhqan¸n tou EMP. An�loga me to
kef�laio, h summetoq  mel¸n tou ErgasthrÐou Jermik¸n Strobilomhqan¸n tou EM-
P (upoyhfÐwn didaktìrwn kai, plèon didaktìrwn), eÐnai shmantik . Se jèmata Ex-
eliktik¸n AlgorÐjmwn anafèretai h sumbol  twn Dr. Alèxh Gi¸th kai Dr. M�r-
iou Karak�sh all� kai twn upoyhfÐwn didaktìrwn Gi�nnh Kampìlh kai QarÐkleiac
GewrgopoÔlou. Se jèmata suzug¸n mejìdwn, anafèretai h sumbol  twn upoyhfÐ-
wn didaktìrwn Dhm trh PapadhmhtrÐou, Alèxandrou Zum�rh, Barb�rac AsoÔth kai
Jwm� Zerbogi�nnh.

AÔgoustoc 2006,
Kuri�koc Giann�koglou





Kef�laio 1

H BeltistopoÐhsh sthn
Aerodunamik 

Sto pr¸to kef�laio twn shmei¸sewn aut¸n, prin kan asqolhjoÔme me tic mejìdouc
beltistopoÐhshc autèc kajautèc, ja parousi�soume epoptik� kai ja sqoli�soume mia
seir� apì praktik� probl mata ta opoÐa o gn¸sthc thc Ôlhc tou maj matoc autoÔ
mporeÐ katarq  na antimetwpÐsei. Ta probl mata aut� eÐnai antiproswpeutik� kai
èqoun epilegeÐ apì di�forec eidikìterec episthmonikèc perioqèc, oi opoÐec �ptontai
thc aerodunamik c. Se mia pr¸th kathgoriopoÐhsh, sthn parousÐash pou akoloujeÐ
sunant¸ntai probl mata beltistopoÐhshc apì to q¸ro thc exwterik c aerodunamik -
c kai to q¸ro twn strobilomhqan¸n. Sth sunèqeia, oi dìkimoi ìroi �exwterik �
kai �eswterik � aerodunamik  ja qrhsimopoioÔntai suqn�, me tic efarmogèc stro-
bilomhqan¸n na katat�ssontai profan¸c sthn eswterik  aerodunamik .

Se kanèna apì ta probl mata me ta opoÐa prospajoÔme na eis�goume �praktik��
ton anagn¸sth sto antikeÐmeno tou maj matoc, oi mèjodoi beltistopoÐhshc pou ja
didaqjoÔme den eparkoÔn ¸ste, apì mìnec touc na entopÐsoun th bèltisth lÔsh tou
probl matoc. H mèjodoc beltistopoÐhshc eÐnai to ergaleÐo pou aniqneÔei to q¸ro twn
upoyhfÐwn lÔsewn kai odhgeÐ (èxupna kai gr gora an eÐnai mia pragmatik� kal  mèjo-
doc beltistopoÐhshc) ston entopismì thc bèltisthc apì ìlec tic upoy fiec lÔseic. Oi
teleutaÐec èqoun sun jwc pollapl� �peiro pl joc kai, gia to lìgo autì, h taqÔthta
thc mejìdou beltistopoÐhshc eÐnai shmantikìc par�gwn. 'Omwc, kat� thn anÐqneush
tou q¸rou twn upoyhfÐwn lÔsewn apaiteÐtai upost rixh apì èna deÔtero upologis-
tikì ergaleÐo, autì pou ja axiologeÐ kai ja bajmologeÐ wc proc touc stìqouc pou
tèjhkan k�je upoy fia lÔsh. EÐnai gnwstì ìti, sta probl mata thc aerodunamik -
c, h an�lush miac di�taxhc   sunist¸sac wc proc ta aerodunamik� qarakthristik�
thc mporeÐ na gÐnei eÐte me to peÐrama eÐte me th bo jeia hlektronikoÔ upologist 
kai twn sqetik¸n montèlwn. Se ìti akoloujeÐ, ac jewrhjeÐ ìti oi upoy fiec lÔseic
(arqikèc, endi�mesec, telikèc) ja axiologoÔntai me th bo jeia upologistik¸n montèl-
wn, kwdÐkwn�ergaleÐwn dhlad  thc Upologistik c Reustodunamik c (Computational
Fluid Dynamics, CFD). Tètoioi k¸dikes-ergaleÐa ja onom�zontai, sth sunèqeia,
epilÔtec thc ro c. Se dÔo diaforetik� probl mata, o epilÔthc thc ro c mporeÐ na
eÐnai arket� diaforetikìc afoÔ, an�loga me thn perÐptwsh ja emplèkei diaforetikèc
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paradoqèc (l.q. ja afor� didi�statec   tridi�statec roèc, ja lamb�nei   ìqi upìyh
th sunektikìthta thc ro c, ja upojètei asumpÐesth   sumpiest  ro , klp.).

Ac gÐnei exarq c katanohtì ìti to m�jhma autì, me kanènan trìpo, den prìkeitai
na upeisèljei se jèmata Upologistik c Reustodunamik c. Aut� apoteloÔn antikeÐ-
meno xeqwristoÔ maj matoc se orismènouc kÔklouc tou progr�mmatoc spoud¸n tou
Mhqanolìgou MhqanikoÔ sto EMP. OÔte, m�lista, eÐnai proapaitoÔmenh h parakoloÔ-
jhsh tou antÐstoiqou maj matoc (ìmwc, anamfisb thta, eÐnai shmantikì pleonèkthma
gia th sunèqeia). Genik�, ìpou qrei�zetai h qr sh kwdÐkwn Upologistik c Reusto-
dunamik c, (l.q. an�gkh arijmhtik c epÐlushc twn exis¸sewn ro c gÔrw apì mia
aerotom    mia ptèruga gia na upologisjeÐ, sth sunèqeia, h �nwsh   h opisjèlkous�
thc, autì ja jewreÐtai me th gnwst  logik  tou �maÔrou koutioÔ�.

'Egine prosp�jeia h parousÐash twn paradeigm�twn na gÐnei me aplì trìpo, dÐnon-
tac ìpou qrei�zetai arketèc exhg seic. EÐnai polÔ shmantikì na katal�bei o anagn¸-
sthc ta probl mata aut�, ¸ste na diamorf¸sei mia pr¸th �poyh gia ta probl mata ta
opoÐa mporoÔn na antimetwpÐsoun oi mèjodoi pou ja didaqjeÐ sth sunèqeia. Dhlad ,
sto kef�laio autì, prèpei na dojeÐ èmfash sto ti eÐdouc probl mata kaloÔmaste
na antimetwpÐsoume, poioÐ eÐnai oi pijanoÐ�sunhjismènoi stìqoi kai sto ti anamène-
tai wc bèltisth lÔsh se aut�. Sta epìmena kef�laia ja asqolhjoÔme me tic Ðdiec
tic mejìdouc beltistopoÐhshc, dÐnontac kai to anagkaÐo majhmatikì upìbajro, ìpou
krÐnetai skìpimo.

1.1 Probl mata BeltistopoÐhshc sthn Aero-
dunamik 

1.1.1 Pr¸to Par�deigma

'Ena endeiktikì par�deigma apì to q¸ro thc exwterik c aerodunamik c eÐnai to prìblh-
ma megistopoÐhshc tou sunolikoÔ suntelest  �nwshc cL pou emfanÐzei mia aerotom 
tri¸n stoiqeÐwn, gia dedomènec sunj kec ep' �peiro ro c (sto par�deigm� mac, o ar-
ijmìc Mach thc ep' �peiro ro c Ðsoc me 0.12 kai h gwnÐa thc ep' �peiro ro c Ðsh me
17.2o). AfethrÐa gia thn eÔresh thc bèltisthc lÔshc apoteleÐ mia up�rqousa aero-
tom  tri¸n stoiqeÐwn, me dedomènh gewmetrÐa tou kurÐwc s¸matoc kai tou mprost� kai
pÐsw akropterÔgiou. Tètoiec diat�xeic qarakthrÐzontai suqn� kai wc �uperantwtikèc
diat�xeis�, onomasÐa pou aposafhnÐzei pl rwc to lìgo qr shc touc. To ìlo prìblh-
ma melet�tai stic dÔo diast�seic. To zhtoÔmeno eÐnai na upologisjeÐ h sqetik  jèsh
tou mprost� kai pÐsw akropterÔgiou wc proc to akÐnhto s¸ma thc aerotom c ¸ste
na megistopoihjeÐ h �nwsh tou sust matoc, sunolik�. H gewmetrÐa kai twn tri¸n
sunistws¸n thc di�taxhc (dhlad , ta perigr�mmat� touc) paramènei analloÐwth, bl.
sq ma 1.1. Anaferìmenoi sto emprìc akropterÔgio, h jèsh tou metr�tai wc proc
thn akm  prosbol c tou kurÐwc s¸matoc pou, ìpwc anafèrame, paramènei akÐnhto.
'Omoia, ìpwc eÐnai logikì, h jèsh tou pÐsw akropterugÐou metr�tai sqetik� me thn
akm  ekfug c tou kurÐwc s¸matoc. Epeid , sto didi�stato q¸ro, h sqetik  jèsh
enìc s¸matoc wc proc k�poio shmeÐo anafor�c metr�tai me dÔo metatopÐseic (kat� x
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kai kat� y) kai mia gwnÐa peristrof c, o sunolikìc arijmìc eleÔjerwn paramètrwn
tou probl matoc eÐnai 6 (3 gia to emprìc kai 3 gia to pÐsw akropterÔgio).

'Opwc proanafèrjhke, den ja esti�soume, proc to parìn, sth mèjodo beltistopoÐhsh-
c pou qrhsimopoi jhke kai apl� ja anafèroume ìti to upologistikì montèlo pou
qrhsimopoi jhke gia thn an�lush thc ro c (dhlad , to ergaleÐo me to opoÐo axi-
olog jhkan oi upoy fiec lÔseic)  tan oi exis¸seic Euler stic dÔo diast�seic. Dhlad 
h ro  jewr jhke atrib c.

Sq ma 1.1: To prìblhma beltistopoÐhshc (megistopoÐhshc thc �nwshc) thc uper-
antwtik c di�taxhc aerotom c tri¸n stoiqeÐwn: H di�taxh me to kurÐwc s¸ma, to
emprìc kai to pÐsw akropterÔgio. Ta perigr�mmat� touc den epitrèpetai na metab�l-
lontai. Epitrèpetai na metab�lletai mìno h sqetik  touc jèsh.

Sq ma 1.2: To prìblhma beltistopoÐhshc thc di�taxhc miac aerotom c tri¸n stoiqeÐ-
wn: Arqik  (up�rqousa, me diakekommènh gramm ) kai telik  (bèltisth, sÔmfwna me
ton upologismì pou ègine, suneq c gramm ) di�taxh tou emprìc kai pÐsw akropterÔ-
giou.

H arqik  di�taxh èdine suntelest  �nwshc Ðso me perÐpou 5.05. EÐnai shman-
tikì na tonisjeÐ ìti h tim  aut  upologÐsjhke me th bo jeia tou epilÔth ro c pou
proanafèrame, ¸ste na up�rqei sunèpeia me ta apotelèsmata thc beltistopoÐhshc
ìpou h axiolìghsh gÐnetai me ton Ðdio k¸dika. JewreÐste dedomèno ìti o epilÔthc
autìc (prèpei na) jewreÐtai axiìpistoc, dhlad  prèpei na èqei prohghjeÐ pistopoÐhs 
tou me peiramatikèc metr seic se pl joc �llwn problhm�twn (  kai sto Ðdio, an to
antÐstoiqo peÐrama eÐnai efiktì). h beltistopoÐhsh upèdeixe di�taxh me th mègisth
tim  tou suntelest  �nwshc tou sust matoc, Ðsh me perÐpou 5.25, wc apotèlesma
thc metakÐnhshc kai strof c twn dÔo akropterugÐwn me ton trìpo pou apeikonÐzetai
sto sq ma 1.2. ParathreÐste, èstw kai qwrÐc thn par�jesh arijmhtik¸n tim¸n, ìti
oi metakin seic tou sq matoc 1.2 eÐnai polÔ mikrèc all� parìla aut� to kèrdoc sthn
�nwsh eÐnai emfanèc. ParathreÐste akìmh ìti to prìblhma pou parousi�same  tan
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prìblhma enìc stìqou (ìpwc ja doÔme sth sunèqeia, ta perissìtera praktik� prob-
l mata beltistopoÐhshc èqoun perissìterouc, kai m�lista antikrouìmenouc stìqouc)
kai den eÐqe periorismoÔc. Gia plhrìthta, ac anaferjeÐ ìti kai gia tic èxi eleÔ-
jerec paramètrouc tou probl matoc eÐqan prokajorisjeÐ ta (k�tw kai �nw) ìria thc
epitrepìmenhc metabol c touc. Ousiastik�, dhlad , up rqan periorismoÐ wc proc tic
dunatèc timèc twn eleÔjerwn metablht¸n, pou upagoreÔontan apì touc mhqanismoÔc
metakÐnhshc twn dÔo akropterugÐwn.

1.1.2 DeÔtero Par�deigma

To epìmeno par�deigma eÐnai kai autì prìblhma enìc stìqou, mìno pou to endiafèron
esti�zetai ston epanasqediasmì thc morf c miac aerotom c, sÔmfwna me krit ria pou
exhgoÔntai sth sunèqeia. Tètoiou eÐdouc probl mata sun jwc onom�zontai �probl -
mata beltistopoÐhshc (aerodunamik c) morf s� (shape optimization problems). Up-
�rqousa aerotom , gnwst  wc RAE 2822, se sunj kec dihqhtik c ro c (arijmìc
Mach thc ep' �peiro ro c Ðsoc me 0.73 kai gwnÐa thc ep' �peiro ro c Ðsh me 3o) emfanÐzei
kroustikì kÔma sthn pleur� upopÐes c thc. An kai h arijmhtik  prosomoÐwsh thc
ro c aut c gÐnetai me qr sh montèlou atriboÔc ro c (epilÔthc twn exis¸sewn Euler
stic dÔo diast�seic), h parousÐa kroustikoÔ kÔmatoc epalhjeÔetai kai me peir�mata
me pragmatikì (sunektikì) reustì. Gia atribèc reustì, to kÔma eÐnai h aitÐa emf�nishc
isqur c opisjèlkousac sthn aerotom . O epanasqediasmìc gÐnetai me stìqo th meÐ-
wsh thc tim c tou suntelest  opisjèlkousac (cD), diathr¸ntac ton Ðdio suntelest 
�nwshc (cL). H teleutaÐa diatÔpwsh deÐqnei ìti, sthn pragmatikìthta, prìkeitai gia
prìblhma dÔo stìqwn: el�qisth tim  cD me amet�blhth�gnwst  tim  cL. Parìla
aut�, ìpwc diatup¸jhke kai sthn arq  thc paragr�fou h diaqeÐrish kai epÐlush tou
probl matoc ègine wc prìblhma enìc stìqou. Sugkekrimèna, anazht jhke to el�qis-
to thc sun�rthshc (cL − cL,desired)

2 + bcD, ìpou cL,desired eÐnai h gnwst  tim  tou
suntelest  �nwshc thc aerotom c anafor�c thn opoÐa epijumoÔme na diathr soume.
Prosèxte thn parousÐa tou suntelest  b (me tim  b = 10) o opoÐoc upeisèrqetai ston
orismì thc parap�nw sun�rthshc. O rìloc tou den eÐnai amelhtèoc kai h tim  pou
tou èdwse o mhqanikìc sth sugkekrimènh epÐlush kajorÐzei th sqetik  barÔthta twn
dÔo epimèrouc stìqwn (el�qistopoÐhsh cD, diat rhsh cL). 'Etsi, eÐnai profanèc, ìti
epilègontac �llh tim  tou b, h telik  lÔsh ja  tan diaforetik .

O nèoc sqediasmìc èdwse mia leptìterh aerotom , h opoÐa diathreÐ thn Ðdia tim  �n-
wshc, all� me thn exaf�nish tou kroustikoÔ kÔmatoc odhgeÐ to suntelest  opisjèlk-
ousac se polÔ qamhl  tim . H perÐptwsh analÔetai sto sq ma 1.3. Oi dÔo aerotomèc
sqedi�zontai sto Ðdio sq ma, sq ma 1.4, ¸ste na faneÐ h sqetik  allag  sth gewmetrÐ-
a.

1.1.3 TrÐto Par�deigma

To epìmeno prìblhma asqoleÐtai me thn Ðdia aerotom  anafor�c (thn aerotom RAE 2822)
all� h melèth gÐnetai jewr¸ntac pragmatikì, dhlad  sunektikì reustì. Oi sunj kec
ro c stic opoÐec gÐnetai h beltistopoÐhsh (o arijmìc Reynolds basismènoc sto m koc
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Sq ma 1.3: To prìblhma bèltistou epanasqediasmoÔ thc aerotom c RAE 2822, me
stìqo thn elaqistopoÐhsh tou cD kai th diat rhsh tou cL, se dihqhtikèc sunj kec
ro c: P�nw faÐnetai h arqik  aerotom  kai k�tw h bèltisth, sÔmfwna me ton upol-
ogismì pou ègine. Kai stic dÔo sqedi�zontai oi isoôyeÐc tou arijmoÔ Mach, ¸ste na
faneÐ h ex�leiyh tou kroustikoÔ kÔmatoc. To kroustikì kÔma faÐnetai sthn pleur�
upopÐeshc (p�nw pleur�) thc arqik c aerotom c, lÐgo met� to mèso thc qord c, wc
sugkèntrwsh poll¸n isoôy¸n arijmoÔ Mach, pou deÐqnoun thn apìtomh pt¸sh tou
arijmoÔ Mach  , isodÔnama, thn apìtomh an�kthsh statik c pÐeshc. Ta trÐgwna
pou faÐnontai sqhmatÐzoun to upologistikì plègma pou qrei�zetai o epilÔthc twn
exis¸sewn ro c kai den eÐnai anagkaÐo na exhghjoÔn perissìtero.

qord c thc aerotom c, o arijmìc Mach kai h gwnÐa ro c tou adiat�raktou reÔmatoc
aèra) eÐnai antÐstoiqa oi

Re = 6.2× 106 , M∞ = 0.75 , α∞ = 2.734o

en¸, epiplèon, epib�lletai stajerì shmeÐo met�bashc apì th strwt  sthn turb¸dh
perioq  thc ro c se k�je pleur� thc aerotom c. GÐnetai èmmesa antilhptì ìti to mon-
tèlo ro c (epilÔthc thc ro c) pou qrhsimopoieÐtai se aut  thn perÐptwsh eÐnai autì
twn exis¸sewn Navier–Stokes, antÐ twn exis¸sewn Euler pou qrhsimopoi jhkan pro-
hgoumènwc. Stic sunj kec ro c pou proanafèrame, h up�rqousa aerotom RAE 2822
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Sq ma 1.4: To prìblhma bèltistou epanasqediasmoÔ thc aerotom c RAE 2822, me
stìqo thn elaqistopoÐhsh tou cD kai th diat rhsh tou cL, se dihqhtikèc sunj kec
ro c: Ta perigr�mmata thc arqik c (suneq c gramm ) kai thc bèltisthc (sÔmfwna me
ton upologismì pou ègine, diakekommènh gramm ).

èdine suntelest  �nwshc cL = 0.748 kai cD = 0.0235.
Stìqoc  tan h beltistopoÐhsh thc morf c thc aerotom c ètsi ¸ste na megistopoi-

hjeÐ h �nwsh kai na elaqistopoihjeÐ h opisjèlkousa. Sugqrìnwc tèjhkan kai �logikoÐ�
gewmetrikoÐ periorismoÐ wc proc to p�qoc thc aerotom c. Epijum¸ntac to prìblhma
na diatupwjeÐ wc prìblhma enìc stìqou, o algìrijmoc beltistopoÐhshc pou qrhsi-
mopoi jhke anaz thse aerotomèc pou elaqistopoioÔn th sun�rthsh cD + β

cL
. O

rìloc thc paramètrou β eÐnai antÐstoiqoc autoÔ thc paramètrou b tou prohgoÔmenou
paradeÐgmatoc. Q�rin epopteÐac, h beltistopoÐhsh pragmatopoi jhke pènte forèc,
k�je for� me diaforetik  tim  tou suntelest  β. Oi timèc pou dokim�sjhkan  tan oi

β = 2 , 10 , 50 , 200 , 500

dÐnontac k�je for� diaforetik  barÔthta stouc dÔo stìqouc. Sto sq ma 1.5 sqedi�-
zontai oi bèltistec aerotomèc gia k�je tim  thc β. Gia lìgouc sÔgkrishc, sta Ðdia
sq mata parousi�zetai p�nta kai h aerotom  anafor�c. Oi timèc twn suntelest¸n
�nwshc kai opisjèlkousac aut¸n twn bèltistwn aerotom¸n dÐnontai ston pÐnaka 1.1.

OÔte ed¸ ja asqolhjoÔme me th mèjodo beltistopoÐhshc pou qrhsimopoi jhke,
sÔmfwna me thn p�gia taktik  tou eisagwgikoÔ kefalaÐou (ìpou stìqoc eÐnai na
parousiasjoÔn probl mata kai lÔseic, en¸ oi mèjodoi beltistopoÐhshc ja dojoÔn sta
epìmena kef�laia). 'Omwc, eÐnai endiafèron kai eÔkolo na katano soume ta apotelès-
mata tou pÐnaka 1.1. Aux�nontac thn tim  tou suntelest  β, upologÐzontai nèec
aerotomèc pou dÐnoun mikrìterh tim  opisjèlkousac all� sugqrìnwc kai mikrìterh
tim  �nwshc. Me �lla lìgia, en¸ belti¸netai h apìdosh wc proc ton èna stìqo
(cD) sugqrìnwc qeirotereÔei h apìdosh wc proc ton �llo (cL). H sumperifor� aut 
exhgeÐtai apì ton trìpo pou qrhsimopoieÐtai o β sth sun�rthsh pou epilèqjhke na
elaqistopoihjeÐ. An epiplèon parousiasjoÔn grafik� to apotelèsmata tou pÐnaka
1.1, tìte prokÔptei to sq ma 1.6. Parathr¸ntac ta pènte shmeÐa tou sq matoc kai
me b�sh ìsa  dh suzht jhkan, faÐnetai èna sqhmatismìc apì pijanèc lÔseic sto ar-
qikì prìblhma twn dÔo stìqwn. Anex�rthta tou pwc pro ljan (me poi�, dhlad ,
tim  tou β kat� to metasqhmatismì tou probl matoc twn dÔo stìqwn se èna prìblh-
ma enìc stìqou), parathroÔme ìti ta pènte shmeÐa tou sq matoc 1.6 èqoun ìla thn
Ðdia idiìthta: kanèna apì aut� den upertereÐ opoioud pote �llou wc proc ìlouc (kai
touc dÔo) stìqouc. O mhqanikìc pou, endeqomènwc, ja klhjeÐ na dialèxei mia apì tic
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Sq ma 1.5: To prìblhma bèltistou epanasqediasmoÔ thc aerotom c RAE 2822, se
sunj kec sunektik c ro c: Oi bèltistec aerotomèc pou upologÐsjhkan sqedi�zon-
tai tautìqrona me thn aerotom  anafor�c (arister�) en¸ dÐnontai kai oi katanomèc
pÐeshc gÔrw apì autèc (dexi�), ìpwc proèkuyan apì touc upologismoÔc enìc stìqou.
Sugkekrimèna, apì p�nw proc k�tw, k�je seir� sq matoc antistoiqeÐ kat� seir� se
β = 2, β = 10, β = 50, β = 200 kai β = 500.
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pènte bèltistec lÔseic, prèpei na apofasÐsei pr¸ta poiìc apì touc dÔo stìqouc (to
mikrìtero cD   to megalÔtero cL) eÐnai autìc pou ton endiafèrei perissìtero. Dhlad 
qrei�zetai mia epiplèon apìfash (decision), autlh thc ier�rqishc twn stìqwn, h opoÐa
den anafèrjhke ston orismì tou probl matoc.

Mia di�taxh bèltistwn lÔsewn, ìpwc aut  tou sq matoc 1.6 kai me thn idiìthta
pou prohgoumènwc anafèrjhke, apokaleÐtai sun jwc �mètwpo bèltistwn lÔsewn kat�
Pareto� (optimal Pareto front).

β cD cL
2 0.0266 1.055

10 0.0140 0.996
50 0.0108 0.914

200 0.0090 0.818
500 0.0085 0.770

PÐnakac 1.1: To prìblhma bèltistou epanasqediasmoÔ thc aerotom c RAE 2822, se
sunj kec sunektik c ro c: Timèc twn suntelest¸n �nwshc kai opisjèlkousac t¸n
bèltistwn aerotom¸n pou upologÐsjhkan, gia diaforetikèc timèc tou β.
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Sq ma 1.6: To prìblhma bèltistou epanasqediasmoÔ thc aerotom c RAE 2822, se
sunj kec sunektik c ro c: Sunolik  parousÐash apotelesm�twn apì pènte upolo-
gismoÔc beltistopoÐhshc me ènan stìqo. Eisagwg  sthn ènnoia tou mètwpou lÔsewn
Pareto.

EÐnai gnwstì ìti ìla ta praktik� probl mata beltistopoÐhshc sthn epist mh tou
mhqanikoÔ, �ra kai sthn perioq  thc aerodunamik c, emplèkoun perissìterouc apì
ènan stìqouc kai, m�lista, antikrouìmenouc. To par�deigma pou mìlic suzht jhke
upodeiknÔei touc dÔo trìpouc na antimetwpisjoÔn tètoia probl mata. O aplìc trìpoc
eÐnai sundu�zontac ìlouc touc stìqouc se ènan, eis�gontac pollaplasiastèc kat�
thn krÐsh tou mhqanikoÔ, kai epilÔontac telik� prìblhma enìc stìqou. Pleonèkthma
autoÔ tou trìpou antimet¸pishc eÐnai ìti katal goume na qrhsimopoi soume opoiad -
pote mèjodo beltistopoÐhshc enìc stìqou, apì tic pollèc pou ja gnwrÐsoume sth
sunèqeia. AntÐjeta, meionèkthma eÐnai ìti h lÔsh pou ja upologisjeÐ kai ja qarak-
thrisjeÐ wc bèltisth antistoiqeÐ stouc suntelestèc pou qrhsimopoi jhkan kai �ra
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stereÐtai genikìthtac. Ston antÐpoda autoÔ tou trìpou antimet¸pishc brÐskontai
mèjodoi pou upologÐzoun ìqi mia lÔsh all� to mètwpo twn bèltistwn kat� Pareto
lÔsewn. Prìkeitai gia mejìdouc oi opoÐec qeirÐzontai to prìblhma pragmatik� wc
prìblhma beltistopoÐhshc poll¸n stìqwn.

1.1.4 Tètarto Par�deigma

AkoloujeÐ èna par�deigma sqediasmoÔ aerotom c ptèrugac aerosk�fouc me bèltisth
sumperifor� se dÔo diaforetik� shmeÐa leitourgÐac: enìc se sunj kec apogeÐwshc,
me stìqo th megistopoÐhsh tou suntelest  �nwshc (o �logikìs� stìqoc gia sun-
j kec apogeÐwshc) kai enìc deÔterou se sunj kec eujeÐac pt shc me stìqo thn e-
laqistopoÐhsh tou suntelest  opisjèlkousac (epÐshc �logikìs� stìqoc se sunj kec
eujeÐac pt shc). Kai ed¸ to prìblhma orÐzetai kai antimetwpÐzetai stic dÔo diast�-
seic.
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Sq ma 1.7: To prìblhma sqediasmoÔ aerotom c ptèrugac aerosk�fouc me bèltisth
sumperifor� se dÔo diaforetik� shmeÐa leitourgÐac: Sqedi�zetai h aerotom  anafor�c
(suntomografik� P1 ) pou jewreÐtai ìti èqei thn epijumht  aerodunamik  sumperifor�
stic sunj kec ro c C1 (sunj kec apogeÐwshc).

Gia lìgouc plhrìthtac, parajètoume tic sunj kec ro c kai eis�goume tic sunto-
mografÐec C1 kai C2. Prosèxte ton polÔ qamhlì arijmì Mach all� kai th meg�lh
gwnÐa ro c kat� thn apogeÐwsh all� kai ton arket� uyhlì arijmì Mach kai th sqedìn
mhdenik  gwnÐa ro c kat� thn eujeÐa pt sh.

1. Sunj kec ro c kat� thn apogeÐwsh (Sunj kec C1 ):

Re = 5.0× 106 , M∞ = 0.20 , α∞ = 10.8o

2. Sunj kec ro c kat� thn eujeÐa pt sh (Sunj kec C2 ):

Re = 10.0× 106 , M∞ = 0.77 , α∞ = 1.0o

H upologistik  reustodunamik  kaleÐtai na diadramatÐsei prwteÔonta rìlo kai se
autì to prìblhma sqediasmoÔ bèltisthc aerodunamik c morf c.
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Sto par�deigma autì, o sqediasmìc xekin� èqontac wc anafor� dÔo aerotomès-
prìtupa, mia me kal  sumperifor� kat� thn apogeÐwsh kai mia �llh me antÐstoiqa
kal  sumperifor� kat� thn eujeÐa pt sh. EÔkola gÐnetai antilhptì ìti k�je mia
apì tic dÔo, en¸ eÐnai bèltisth sto èna shmeÐo leitourgÐac, ustereÐ dramatik� sto
�llo. Ideatìc sqediasmìc ja  tan na brejeÐ mia aerotom  pou na sumperifèretai
bèltista kai sta dÔo shmeÐa leitourgÐac. K�ti tètoio eÐnai mh-ulopoi simo afoÔ h
bèltisth leitourgÐa se k�je stìqo apaiteÐ antikrouìmena gewmetrik� qarakthristik�
thc aerotom c. 'Etsi, anazhteÐtai aerotom  pou ja �sumbib�zei� me ton kalÔtero
dunatì trìpo touc dÔo stìqouc.

-0.08

-0.04

0

0.04

0.08

0.12

0.16

0.2

0 0.2 0.4 0.6 0.8 1

y/
ch

or
d

x/chord

P2-Airfoil

-5

-4

-3

-2

-1

0

1

2

0 0.2 0.4 0.6 0.8 1

P
re

ss
ur

e 
C

oe
ffi

ci
en

t

x/chord

P2-Airfoil (C2)

Sq ma 1.8: To prìblhma sqediasmoÔ aerotom c ptèrugac aerosk�fouc me bèltisth
sumperifor� se dÔo diaforetik� shmeÐa leitourgÐac: Sqedi�zetai h aerotom  anafor�c
(suntomografik� P2 ) pou jewreÐtai ìti èqei thn epijumht  aerodunamik  sumperifor�
stic sunj kec ro c C2 (sunj kec eujeÐac pt shc).

Me to par�deigma autì, ja gnwrÐsoume ènan diaforetikì trìpo na jètoume stì-
qouc kat� to sqediasmì miac aerotom c. BebaÐwc, wc stìqo ja mporoÔsame na jè-
soume eÐte epijumhtèc timèc qarakthristik¸n posot twn (cD, cL)   na anazht soume
thn akraÐa tim  (mègisto   el�qisto) k�poiwn apì autoÔc. AntÐ autoÔ, ed¸ proka-
jorÐzetai apì to mhqanikì�sqediast  mia epijumht  katanom  pÐeshc (  suntelest 
pÐeshc) sto perÐgramma thc aerotom c gia tic sunj kec ro c pou mac endiafèroun
kai anazht�tai h aerotom  ekeÐnh pou, stic Ðdiec sunj kec ro c, dhmiourgeÐ thn Ðdi-
a katanom  pÐeshc. Tètoia probl mata onom�zontai probl mata antÐstrofou
sqediasmoÔ (inverse design problems). To kat� pìso mia aerotom  proseggÐzei to
stìqo pou tèjhke apotim�tai apì thn apìklish an�mesa sthn katanom  pÐeshc gÔrw
apì aut n.

EÐnai qr simo èna pr¸to sqìlio ¸ste na gÐnei katanoht  h idèa tou antÐstrofou
sqediasmoÔ. GnwrÐzoume ìloi ìti (l.q. gia sunj kec atriboÔc ro c, ìpou ìlec oi
askoÔmenec sthn aerotom  dun�meic ofeÐlontai sthn katanom  pÐeshc) an gnwrÐzoume
to sq ma thc aerotom c kai thn katanom  pÐeshc gÔrw apì aut , eÐnai jèma olok-
l rwshc ¸ste na upologisjeÐ h tim  tou suntelest  �nwshc. Profan¸c, mporoÔn na
up�rxoun pollèc (�peirec, jewrhtik�) katanomèc pÐeshc pou na dÐnoun thn Ðdia tim 
cL. 'Ara, to na orÐzetai wc stìqoc mia epijumht  katanom  pÐeshc sto perÐgramma
thc aerotom c eÐnai polÔ perissìtero perioristikì apì otid pote �llo. EpÐshc, se
sunj kec sunektik c ro c, to na epib�lletai epijumht  katanom  pÐeshc gÔrw apì
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thn aerotom  (ousiastik�, dhlad , h katanom  taqÔthtac gÔrw apì aut  � h antis-
toÐqish eÐnai eujeÐa, toul�qiston sthn asumpÐesth ro ) shmaÐnei poll� perissìtera:
o sqediast c elègqei l.q. tic topikèc epibradÔnseic thc ro c kai, sunep¸c, elègqei
endeqìmenec apokoll seic tic ro c kai tic sunepagìmenec ap¸leiec.

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.1 0.2 0.3 0.4 0.5 0.6 0.7

             

  
  

  
  

  
  

  

1

4

2

3

LD

HL

 

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Y

X

1
2
3
4

High lift
Low drag

-2

-1

0

1

2

3

4

5

6

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C
p

X

1
2
3
4

High lift

-1.5

-1

-0.5

0

0.5

1

1.5

2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C
p

X

1
2
3
4

Low Drag

Sq ma 1.9: To prìblhma sqediasmoÔ aerotom c ptèrugac aerosk�fouc me bèltisth
sumperifor� se dÔo diaforetik� shmeÐa leitourgÐac: To p�nw�arister� sq ma deÐqnei
to mètwpo twn bèltistwn kat� Pareto lÔsewn pou upologÐsjhke me mia mèjodo
beltistopoÐhshc. K�je koukÐda antiproswpeÔei mia bèltisth lÔsh tou met¸pou. Oi
dÔo �xonec deÐqnoun posotik� thn ikanopoÐhsh twn stìqwn mac. To prìblhma an-
timetwpÐzetai wc prìblhma elaqistopoÐhshc k�je sun�rthshc � stìqou. O orizìntioc
�xonac deÐqnei thn apìklish apì thn epijumht  sumperifor� stic sunj kec P1. O
katakìrufoc �xonac deÐqnei thn apìklish apì thn epijumht  sumperifor� stic sun-
j kec P2. 'Ara, jewrhtik�, bèltisth ja  tan h lÔsh�aerotom  pou antistoiqeÐ sto
(0, 0) tou diagr�mmatoc. Profan¸c, tètoia lÔsh den up�rqei. Sqedi�zontai epilektik�
orismènec aerotomèc apì autèc pou apoteloÔn to mètwpo kai o anagn¸sthc mporeÐ na
parakolouj sei thn allag  sq matoc metaxÔ twn dÔo akraÐwn katast�sewn. Oris-
mènec aerotomèc (shmeioÔmenec me deÐktec 1, 2, 3, 4 sqedi�zontai eukrin¸c sto p�nw�
dexi� sq ma en¸ sthn k�tw seir� tou sq matoc dÐnontai oi katanomèc tou suntelest 
pÐeshc pou upologÐzontai se autèc stic sunj kec P1 (arister�) kai P2 (dexi�).

Ta sq mata 1.7 kai 1.8 apeikonÐzoun tic dÔo aerotomèc anafor�c. Sta Ðdia sq -
mata faÐnetai kai h katanom  pÐeshc pou h anaparagwg  thc tÐjetai wc stìqoc thc
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beltistopoÐhshc se k�je set sunjhk¸n ro c.
EpilÔontac to prìblhma wc pragmatikì prìblhma dÔo stìqwn, autì pou prokÔptei

eÐnai èna mètwpo bèltistwn kat� Pareto lÔsewn. To mètwpo sqedi�zetai kai sqoli�ze-
tai sto sq ma 1.9. 'Enac aplìc trìpoc na allhlosusqetÐsoume tic prokÔptousec
lÔseic tou met¸pou eÐnai wc �klimkwtoÔc sumbibasmoÔs� wc proc touc dÔo stìqouc.
Dhlad , kinoÔmenoi apì k�poia se mia �llh lÔsh tou met¸pou, jusi�zoume apìdosh
wc proc ton èna stìqo gia na aux soume thn apìdosh wc proc ton �llo.

1.1.5 Pèmpto Par�deigma

To epìmeno par�deigma anafèretai sto bèltisto sqediasmì thc ptèrugac enìc epanaqrhsi-
mopoi simou diasthmikoÔ oq matoc ektìxeushc (Reusable Launch Vehicle, ja anafer-
ìmaste se autì me th suntomografÐa RLV). H duskolÐa kai to upologistikì fortÐo
pou apaiteÐtai gia thn efarmog  aut  eÐnai kat� pollèc t�xeic megèjouc megalÔtera
aut¸n twn prohgoÔmenwn efarmog¸n.

H efarmog  sqetÐzetai me touc trìpouc (�ra kai to kìstoc) ektìxeushc thlepikoin-
wniak¸n dorufìrwn pou tÐjentai se troqi� gÔrw apì th g . H sun jhc diadikasÐa
problèpei th qr sh enìc puraÔlou ektìxeushc (rocket system, booster) pou fèrei
kai jètei se troqi� gÔrw apì th g  to dorufìro (orbiter). H klasik  diadikasÐa
problèpei thn katastrof    th jèsh se troqi� gÔrw apì th g  (diasthmikì skoupÐdi)
tou puraÔlou ektìxeushc, met� thn apoper�twsh thc apostol c tou. H diadikasÐa
aut  eÐnai poluèxodh, giatÐ to kìstoc tou mias�qr shc puraÔlou ektìxeushc eÐnai
uyhlì. Ant' autoÔ, ta teleutaÐa qrìnia, q¸rec ìpwc kurÐwc oi HPA kai h Iap-
wnÐa asqoloÔntai ereunhtik� me thn idèa enìc epanaqrhsimopoi simou diasthmikoÔ
oq matoc ektìxeushc, tou RLV. H dunatìthta asfaloÔc epanaprosgeÐwshc tou oq -
matoc ektìxeushc kai epanaqrhsimopoÐhs c tou pollèc forèc eÐnai ènac kalìc trìpoc
na meiwjeÐ dramatik� to kìstoc tètoiwn apostol¸n.

Sthn efarmog  pou ja melet soume kai ja sqoli�soume sth sunèqeia (h opoÐa
ègine apì to Ergast rio Jermik¸n Strobilomhqan¸n tou EMP se sunergasÐa me to I-
apwnikì Panepist mio tou Tohoku, qrhsimopoi¸ntac sumplhrwmatikì logismikì all�
kai panÐsqura poluepexergastik� upologistik� sust mata tou IapwnikoÔ Panepist -
miou) asqoleÐtai me to sqediasmì thc bèltisthc morf c thc ptèrugac enìc tètoiou
RLV. 'Eqei tejeÐ wc stìqoc h metafor� thlepikoinwniakoÔ dorufìrou b�rouc 10 tìn-
wn kai h jèsh tou se peristrof  gÔrw apì th g . 'Eqei proapofasisjeÐ o trìpoc
prìwshc tou RLV (liquid propellant rocket engine), ìti ja pragmatopoieÐ katakìrufh
apogeÐwsh kai orizìntia prosgeÐwsh. H morf  thc atr�ktou tou paramènei stajer ,
me èna aplì kulindrìmorfo sq ma, afoÔ o rìloc thc (perièqei to sÔsthma prìwshc
mazÐ me to sqetikì kaÔsimo) eÐnai pragmatik� deutereÔwn. EÐnai gnwstì kai apod-
edeigmèno peiramatik� ìti mikrèc allagèc sto sq ma thc èqoun as manth epÐptwsh
sta aerodunamik� qarakthristik� tou RLV, ìpou ìlo to endiafèron dÐnetai sto swstì
(bèltisto) sqediasmì thc ptèrugac.

To sq ma 1.10 deÐqnei epoptik� th sunolik� diadikasÐa pt shc tou RLV, apì thn
apogeÐws  tou mèqri thn prosgeÐws  tou, me shmantikìterouc endi�mesouc stajmoÔc
thn apokìllhsh tou thlepikoinwniakoÔ dorufìrou kai thn epaneÐsodì tou sth g ðnh
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atmìsfaira.
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Sq ma 1.10: Sqediasmìc RLV me bèltista aerodunamik� qarakthristik�: Epoptik 
apeikìnish thc sunolik c poreÐac pt shc tou RLV, apì thn apogeÐws  tou mèqri thn
prosgeÐws  tou.

Se èna polusÔnjeto prìblhma beltistopoÐhshc, ìpwc autì, eÐnai polÔ basikì
na katano soume ti akrib¸c prèpei na brÐsketai sth di�jesh twn mhqanik¸n pou ja
prospaj soun na to epilÔsoun. 'Etsi, apaitoÔntai:

1. H gewmetrik  montelopoÐhsh, h parametropoÐhsh dhlad  thc ptèrugac tou
RLV, to bèltisto sq ma thc opoÐac anazht�tai. H parametropoÐhsh ja a-
posafhnÐsei tic eleÔjerec paramètrouc tou probl matoc stic opoÐec prèpei na
apodojoÔn telik� timèc pou na exasfalÐzoun bèltisth aerodunamik  sumperi-
for� (bl. epìmeno shmeÐo).

2. Oi stìqoi tou probl matoc, oi opoÐoi ja l�boun th morf  miac   peris-
sotèrwn antikeimenik¸n sunart sewn twn opoÐwn anazhtoÔme to akrì-
tato (th mègisth   el�qisth tim  kat� perÐptwsh, pou antistoiqoÔn sthn aero-
dunamik� bèltisth lÔsh (upenjumÐzetai ìti o sqediasmìc gÐnetai mìno me aero-
dunamik� krit ria kai otid pote �llo �l.q. krit ria antoq s� den mac apasqoloÔn).

3. To logismikì axiolìghshc k�je upoy fiac lÔshc, ¸ste apodÐdetai mia
tim  katallhlìthtac an�loga me to bajmì pou ikanopoieÐ touc stìqouc
pou prohgoÔmena tèjhkan.
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4. To logismikì beltistopoÐhshc, to dhlad  ergaleÐo�algìrijmo�prìgramma
me to opoÐo ja sarwjeÐ o q¸roc lÔsewn ¸ste na brejeÐ h bèltisth morf  p-
tèrugac.

Ta prohgoÔmena tèssera jèmata ja apanthjoÔn sth sunèqeia, sÔntoma kai me
b�sh to anamenìmeno epÐpedo gn¸sewn apì ta proptuqiak� maj mata tou spoudast :

1. H parametropoÐhsh miac tridi�stathc ptèrugac eÐnai, apì th fÔsh thc, mia polÔ-
plokh diadikasÐa. Sun jhc, all� ìqi apokleistikìc trìpoc, na antimetwpisjeÐ
eÐnai na montelopoihjoÔn xeqwrist� oi treic epimèrouc �sunist¸ses� tou tridi�s-
tatou s¸matoc (a) h morf  thc probol c thc ptèrugac sto orizìntio epÐpedo
(planform), (b) h diam khc strèblwsh   apìklis  thc apì to orizìntio epÐpedo
kai (g) h katanom  p�qouc sthn epif�neia pou ìrisan oi dÔo prohgoÔmenec
�sunist¸ses�. O sqediast c miac tètoiac ptèrugac apofasÐzei ek twn protèr-
wn poièc apì tic treÐc �sunist¸ses� ja apotelèsoun antikeÐmeno�exagìmeno tou
sqediasmoÔ tou en¸ gia tic upìloipec mporeÐ na prokajorÐsei sugkekrimèno
gewmetrikì montèlo.

Sth melèth pou sqoli�zetai ed¸ ìlec oi �sunist¸ses� afèjhkan eleÔjerec na
prokÔyoun apì th beltistopoÐhsh. GÐnetai eÔkola katanohtì ìti, h apìfash
aut , afenìc men dÐnei pl rh eleujerÐa ston algìrijmo beltistopoÐhshc na en-
topÐsei thn pragmatik� bèltisth lÔsh (sÔmfwna, p�nta, me touc periorismoÔc
kai ta gewmetrik� montèla pou uiojet jhkan), afetèrou de aux�nei shman-
tik� ton arijmì twn eleÔjerwn paramètrwn tou probl matoc beltistopoÐhshc
(stic perissìterec mejìdouc beltistopoÐhshc, aut  h aÔxhsh sunep�getai polÔ
megalÔtero upologistikì kìstoc). H k�toyh pou epilèqjhke eÐnai gewmetrik�
apl  kai faÐnetai sto sq ma 1.11. ApoteleÐtai apì th sÔnjesh dÔo trapezÐ-
wn kai eÐnai h sun jhc k�toyh pterÔgwn gia oq mata uperhqhtik c pt shc.
To perÐgramma k�toyhc thc ptèrugac apoteleÐtai apì eujÔgramma tm mata. H
akm  prosbol c parousi�zei endi�mesh allag  sthn klÐsh thc, stoiqeÐo pou
eÐnai pleonektikì gia thn aÔxhsh thc �nwshc, en¸ h akm  ekfug c eÐnai eniaÐo
eujÔgrammo tm ma. Sto Ðdio sq ma faÐnontai kai oi pènte (mìno!) eleÔjerec
metablhtèc (metablhtèc sqediasmoÔ, design variables) pou kajorÐzoun thn k�-
toyh thc ptèrugac. To pragmatikì sq ma thc mèshc epif�neiac thc ptèrugac
(sthn opoÐa ja upertejeÐ katanom  p�qouc ¸ste na sqhmatisjeÐ h ptèruga) ka-
jorÐzoun treic kampÔlec Bezier topojethmènec sth b�sh (tom  me thn �trakto),
sto shmeÐo tou ekpet�smatoc ìpou all�zei h klÐsh thc akm c prosbol c kai
sto akropterÔgio. K�je kampÔlh Bezier orÐzetai me 4 shmeÐa elègqou. H mèsh
epif�neia thc ptèrugac sqhmatÐzetai sundèontac egk�rsia tic treÐc kampÔlec
Bezier me polu¸numa splines, ta opoÐa eis�goun epiplèon bajmoÔc eleujerÐac.
Tèloc, h katanom  p�qouc thc ptèrugac sqhmatÐzetai me polu¸numa splines,
orizìmena stic treÐc tomèc ìpou prohgoumènwc orÐsjhkan kai oi treic kampÔlec
Bezier.

SunoyÐzontac, h ptèruga ousiastik� sqhmatÐsjhke apì mia gewmetrik� apl 
k�toyh, thn upèrjesh aerotom¸n se treic tomèc thc kai th sÔndesh twn para-
p�nw, kat� to ekpètasma thc ptèrugac, me kat�llhla polu¸numa. O sunolikìc
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Sq ma 1.11: Sqediasmìc RLV me bèltista aerodunamik� qarakthristik�: Gewmetrikì
montèlo gia thn k�toyh thc ptèrugac, ìpou faÐnontai oi pènte sqetikèc metablhtèc
sqediasmoÔ.

arijmìc twn metablht¸n sqediasmoÔ pou, me ton trìpo autì, orÐzontai eÐnai
71. Praktik�, o arijmìc autìc eÐnai meg�loc, an kai se probl mata sqedias-
moÔ tridi�statwn swm�twn sthn aerodunamik  mporoÔme na sunant soume kai
arket� megalÔtero pl joc agn¸stwn.

2. Oi stìqoi tou probl matoc beltistopoÐhshc emplèkoun tic treic diakritèc f�-
seic thc pt shc tou, ìpwc qarakthristik� shmei¸nontai sto sq ma 1.10. EÐnai
epijumhtì to RLV na èqei bèltisth sumperifor� sto uperhqhtikì tm ma thc
pt shc tou, sto dihqhtikì tm ma pou akoloujeÐ thn eÐsodo sth g ðnh atmìs-
faira all� kai sto upohqhtikì tm ma pt shc pou qarakthrÐzei thn prosgeÐwsh.
An�mesa se polloÔc dunatoÔc trìpouc na posotikopoihjoÔn autoÐ oi stìqoi
(ìpou, an�loga me ton trìpo, ja proèkupte diaforetikìc arijmìc metablht¸n
sqediasmoÔ) epilèqjhke ènac pou kajìrise kai touc parak�tw tèsseric stìqouc
tou probl matoc:

• Pr¸toc stìqoc eÐnai h elaqistopoÐhsh thc metatìpishc tou aerodunamikoÔ
kèntrou thc ptèrugac kat� th met�bash apì uperhqhtikèc se dihqhtikèc
sunj kec pt shc. Me mikr  aut  th metatìpish, oi mhqanismoÐ elègqou
(pou oÔtwc   �llwc ja apaithjoÔn) eÐnai mikrìterhc klÐmakac kai, kurÐwc,
mikrìterou b�rouc.

• DeÔteroc stìqoc eÐnai h elaqistopoÐhsh thc tim c tou suntelest  rop c
prìneushc (cM , pitching moment) stic dihqhtikèc sunj kec pt shc. Kai
autì giatÐ eÐnai gnwstì ìti ptèrugec ìpwc aut  pou sqedi�zetai (sth bib-
liografÐa anafèrontai wc ptèrugec sq matoc bèlouc, arrow wings) èqoun
men kal  aerodunamik  apìdosh all� emfanÐzoun uyhlèc timèc tou sunte-
lest  cM .

• TrÐtoc stìqoc eÐnai h elaqistopoÐhsh thc tim c tou suntelest  opisjèlk-
ousac (cD) stic dihqhtikèc sunj kec pt shc. Me an�lush thc pt shc tou
RLV, prokÔptei ìti h pt sh se dihqhtikèc sunj kec apoteleÐ meÐzon tm ma
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aut c, �ra an elaqistopoihjeÐ to cD stic sunj kec autèc ja auxhjeÐ kai
to belhnekèc thc pt shc.

• Tètartoc kai teleutaÐoc stìqoc eÐnai na megistopoihjeÐ h �nwsh cL stic
sunj kec prosgeÐwshc (sunj kec upohqhtik c pt shc). H praktik  shmasÐ-
a tou stìqou autoÔ eÐnai ousi¸dhc afoÔ ètsi gÐnetai efikt  h prosgeÐwsh
se diadrìmouc mikroÔ m kouc (l.q. se mikr� nhsi�).

Me b�sh thn empeirÐa apì ta prohgoÔmena probl mata poll¸n stìqwn, to
apotèlesma thc beltistopoÐhshc mporeÐ na parousiasjeÐ wc èna mètwpo Pareto
ston tetradi�stato q¸ro. EÐnai de, ex arq c, emfan c h duskolÐa parousÐashc
twn apotelesm�twn se k�je perÐptwsh ìpou oi stìqoi eÐnai perissìteroi apì
treic.

3. Se èna tètoio prìblhma, to logismikì axiolìghshc upoyhfÐwn lÔsewn eÐnai
ìntwc polÔploko kai upologistik� qronobìro. MporoÔme na katat�xoume to
logismikì pou ja qreiasjeÐ se dÔo kathgorÐec: (a) logismikì pou ja upologÐzei
thn troqi� tou RLV kai (b) logismikì pou, se k�je jèsh, ja analÔei th ro 
gÔrw apì to RLV, gia tic topikèc sunj kec pt shc. To logismikì (b) eÐnai autì
thc arijmhtik c epÐlushc twn exis¸sewn Navier–Stokes gÔrw apì to RLV, ìpwc
ja sqhmatÐzetai me amet�blhto sq ma atr�ktou kai thn ek�stote dokimazìmenh
morf  ptèrugac. Sto logismikì (b) sumperilamb�netai otid pote qrei�zetai h
epÐlush aut , ìpwc l.q. logismikì gia th gènesh upologistikoÔ plègmatoc,
all� me aut� den ja asqolhjoÔme sto m�jhma autì.

Ginetai eÔkola katanohtì ìti to (a) kai to (b) eÐnai allhloexart¸mena, me thn
ènnoia ìti dedomèna gia thn ektèlesh tou (a) proèrqontai apì th qr sh tou
logismikoÔ (b) kai antistrìfwc. 'Etsi, gia na upologisjeÐ h troqi� pt sh-
c, qrei�zontai ta aerodunamik� qarakthristik� tou oq matoc (cL, cD, cM) se
k�je jèsh kai aut� upologÐzontai me qr sh tou epilÔth twn exis¸sewn Navier–
Stokes gÔrw apì to RLV. Apì thn �llh pleur�, gia na lujoÔn arijmhtik� oi ex-
is¸seic Navier–Stokes gÔrw apì to RLV qrei�zontai oi sunj kec thc ep' �peiro
ro c all� autèc eÐnai exagìmeno tou logismikoÔ (a), kok. Me thn parap�nw
emplok  twn dÔo epilut¸n faÐnetai ìti o upologistikìc qrìnoc an� upoy fia
lÔsh aggÐzei apagoreutik� ìria, akìmh kai me par�llhlouc uperupologistèc.

Gi' autì eÐnai aparaÐthto na gÐnoun arketèc aplopoihtikèc paradoqèc all�, sug-
qrìnwc, o mhqanikìc na èqei aÐsjhsh kai èlegqo tou sf�lmatoc pou autèc
prokaloÔn. H paradoq  pou ed¸ ègine eÐnai ìti o arijmìc twn epilÔsewn twn
tridi�statwn exis¸sewn ro c gÔrw apì olìklhro to RLV ja periorisjeÐ se
treic (treic, dhlad , qr seic tou logismikoÔ (b), me qalar  sÔndesh mìno me
to logismikì (a}. Qalar  sÔndesh shmaÐnei ìti oi sunj kec ro c gia touc
treic upologismoÔc thc ro c gÔrw apì to RLV ja paramènoun stajerèc, èstw
kai an apoklÐnoun lÐgo apì autèc pou ja upodeiknÔei h tautìqronh qr sh tou
logismikoÔ (a).

'Etsi, o pr¸toc upologismìc Navier–Stokes afor� thn uperhqhtik  pt sh (se
stajerèc sunj kec Re = 6.0 × 106, M∞ = 1.20, α∞ = 0.0o), o deÔteroc th
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dihqhtik  pt sh (se stajerèc sunj kec Re = 6.0 × 106, M∞ = 0.80, α∞ =
8.0o) kai o trÐtoc thn upohqhtik  pt sh (se stajerèc sunj kec Re = 6.0 ×
107, M∞ = 0.30, α∞ = 13.0o).

Paradoqèc gÐnontai kai sto montèlo upologismoÔ thc troqi�c tou RLV, ìpou
prokajorÐzetai h apokìllhsh tou dorufìrou apì to RLV se Ôyoc 30km kai
arijmì Mach thc ro c Ðso me 3.

Ta sq mata 1.12, 1.13 deÐqnoun epoptik� ta basik� exagìmena tou logismikoÔ
(a) kai (b) sta plaÐsia thc an�lushc miac opoiasd pote upoy fiac lÔshc.
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Sq ma 1.12: Sqediasmìc RLV me bèltista aerodunamik� qarakthristik�: ApeikonÐseic
thc troqi�c (arister� ston tridi�stato q¸ro kai dexi� wc didi�stath probol ) tou
RLV, ìpwc endeiktik� upologÐzontai apì logismikì an�lushc thc troqi�c.

Sq ma 1.13: Sqediasmìc RLV me bèltista aerodunamik� qarakthristik�: Endeiktik�
plègmata kai gewmetrÐa tou RLV pou sqetÐzontai me th qr sh tou epilÔth twn ex-
is¸sewn Navier–Stokes gia ton upologismì pedÐwn ro c gÔrw apì autì.

4. EÐnai pragmatik� deutereÔon na anaferjoÔme sto logismikì beltistopoÐhsh-
c pou qrhsimopoi jhke. Apl�, gia lìgouc plhrìthtac, anafèretai ìti ègine
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qr sh Exeliktik¸n AlgorÐjmwn, miac dhlad  apì tic mejìdouc pou ja gn-
wrÐsoume sth sunèqeia. H epilog  basÐsjhke sto ìti  tan epijumhtì h mèjo-
doc beltistopoÐhshc na qrhsimopoieÐ autoÔsio to (polÔploko, ed¸) logismikì
axiolìghshc upoyhfÐwn lÔsewn kai to na ekmetalleÔetai eÔkola dunatìthtec
poluepexergasÐac. Kai ta dÔo krit ria ikanopoioÔn oi ExeliktikoÐ Algìrijmoi,
me kìstoc ton auxhmèno arijmì axiolog sewn upoyhfÐwn lÔsewn pou qrei�zetai
mèqri na entopisjeÐ h bèltisth.

EÐnai entel¸c èxw apì to stìqo tou suggr�mmatoc autoÔ na analÔsei ta apotelès-
mata thc beltistopoÐhshc. H parousÐash stìqeue sto na upodeÐxei sto spoudast 
ìla ìsa qrei�zontai gia na lujeÐ to prìblhma, thn an�gkh gia (elegqìmenec, as-
fal¸c) paradoqèc ¸ste na krathjeÐ se apodekt� plaÐsia o qrìnoc upologismoÔ,
thn anagkastik  qr sh isqur¸n�par�llhlwn upologist¸n, th shmantik  kai sobar 
epèndush pou prèpei na gÐnei stic legìmenec �par�pleures� thc beltistopoÐhshc er-
gasÐec (ìpwc eÐnai h parametropoÐhsh twn proc beltistopoÐhsh morf¸n).
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Sq ma 1.14: Sqediasmìc RLV me bèltista aerodunamik� qarakthristik�: Probol 
tou mètwpou lÔsewn Pareto sto epÐpedo dÔo apì touc tèsseric stìqouc. Endeiktik 
morf  pterÔgwn, epilegmènwn apì tic lÔseic tou mètwpou Pareto.

Endeiktik�, parousi�zetai mìno to sq ma 1.14, me apotelèsmata sto didi�stato
epÐpedo pou orÐzoun dÔo (apì touc tèsseric) stìqouc. Parousi�zontai epoptik� oi
katìyeic orismènwn pterÔgwn, epilegmènwn apì tic lÔseic tou mètwpou Pareto pou
upologÐsjhke. Me ton epoptikì autì trìpo parousÐashc gÐnetai katanohtì ìti h
bèltisth lÔsh me krit rio ton èna stìqo diafèrei shmantik� apì th bèltisth lÔsh me
krit rio ènan �llo stìqo kai autì akrib¸c eÐnai pou apeikonÐzei èna mètwpo Pareto.
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1.2 Probl mata BeltistopoÐhshc stic Stro-
bilomhqanèc

'Ena endeiktikì par�deigma pou ja parousiasjeÐ proèrqetai apì to q¸ro twn jer-
mik¸n strobilomhqan¸n. Sugkekrimèna, afor� sto sqediasmì aerotom¸n pterugÐwn
sumpiest¸n, me bèltisth sumperifor� se apì   perissìtera shmeÐa leitourgÐac. Me
to par�deigma autì dÐnoume èmfash sto ìti o sqediasmìc aerodunamik¸n swm�twn
(pterugÐwn, pterÔgwn, aerotom¸n, klp) gÐnetai praktik� apoblèpontac sth bèltisth
leitourgÐa touc ìqi mìno sto onomastikì shmeÐo leitourgÐac (design point) all� kai
se sunj kec leitourgÐac ektìc tou shmeÐou autoÔ (off–design conditions).

Ta pènte shmeÐa leitourgÐac pou ja mac apasqol soun parousi�zontai ston pÐ-
naka 1.2. H monadik  posìthta pou apaiteÐ epiplèon dieukrÐnhsh eÐnai aut  pou sum-
bolÐzetai me AVDR kai h opoÐa parathroÔme ìti lamb�nei timèc kont� sth mon�da. H
posìthta aut  onom�zetai �lìgoc ginomènou axonik c taqÔthtas�puknìthtas� (Axial
Velocity Density Ratio) kai isoÔtai me to lìgo thc diatom c exìdou proc th diatom 
eisìdou thc didi�stathc pterÔgwshc. Efarmìzontac oloklhrwmatik� thn exÐswsh di-
at rhshc thc paroq c m�zac sthn pterÔgwsh, o lìgoc autìc isoÔtai me to lìgo tou
ginomènou axonik c taqÔthtas�puknìthtac thc eisìdou proc to Ðdio ginìmeno sthn
èxodo thc pterÔgwshc. Prìkeitai, dhlad , gia mia yeudo�tridi�stath melèth, ìpou
h didi�stath pterÔgwsh sunodeÔetai me metablhtì (kat� thn axonik  kateÔjunsh)
p�qoc swl na ro c sthn trÐth kateÔjunsh.

ShmeÐo GwnÐa eisìdou Arijmìc Mach Arijmìc
LeitourgÐac thc ro c (α1) eisìdou (M1) Reynolds 1/AVDR
OP1 43o 0.6184 8.61 · 105 1.0909
OP2 45o 0.6182 8.50 · 105 1.0965
OP3 (Onom.) 47o 0.6180 8.41 · 105 1.1021
OP4 49o 0.6195 8.20 · 105 1.1027
OP5 52o 0.6214 7.63 · 105 1.1032

PÐnakac 1.2: Sqediasmìc aerotom¸n pterugÐwn sumpiest¸n, me bèltisth sumperi-
for� se apì èna wc pènte shmeÐa leitourgÐac: PinakopoioÔntai ta shmeÐa leitourgÐac
(operating points, suntomografik� OP ) me ta basik� qarakthristik� touc.

O sqediasmìc xekin� èqontac wc anafor� thn aerotom  enìc pterugÐou biomhqanikoÔ
sumpiest  kai dedomènh th sumperifor� tou kai tic apodìseic tou se sugkekrimènec
sunj kec leitourgÐac. Thn aerotom  tou pterugÐou autoÔ ja sunant soume se poll�
apì ta epìmena sq mata (gia lìgouc sÔgkrishc), �ra den qrei�zetai na thn parousi�-
soume xeqwrist�. K¸dikec upologistik c reustodunamik c kalÔptoun to sÔnolo thc
an�lushc. H axiopistÐa touc elègqetai arqik�, ìpwc faÐnetai ston pÐnaka 1.3, ìpou
sugkrÐnontai metr seic kai upologismoÐ. Oi sugkrÐseic aforoÔn to suntelest  ap-
wlei¸n olik c pÐeshc ω (orÐzetai kat� ta gnwst�) wc

ω =
pt2,is − pt2

pt1 − p1
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OP1 OP2 OP3 OP4 OP5
ω (metr seic) 0.0232 0.0186 0.0417
ω (upologismìc) 0.0234 0.0208 0.0189 0.0237 0.0374
α2 (metr seic, o) 20.79 20.80 20.92 21.69 22.74
α2 (upologismìc, o) 20.80 20.80 20.90 21.70 22.70

PÐnakac 1.3: Sqediasmìc aerotom¸n pterugÐwn sumpiest¸n, me bèltisth sumperifor�
se apì èna wc pènte shmeÐa leitourgÐac: O suntelest c apwlei¸n olik c pÐeshc ω
kai h gwnÐa exìdou α2 sugkrÐnontai metaxÔ peiramatik¸n metr sewn kai upologis-
m¸n. Autì, sun jwc, prohgeÐtai tou bèltistou sqediasmoÔ kai èqei thn ènnoia thc
pistopoÐhshc tou logismikoÔ thc upologistik c reustodunamik c pou qrhsimopoieÐtai.

ìpou pt2,is eÐnai h isentropik  olik  pÐesh sthn èxodo, pt2 h olik  pÐesh sthn èxodo, pt1

h olik  pÐesh sthn eÐsodo kai p1 h statik  pÐesh sthn eÐsodo) kai th gwnÐa exìdou α2

thc ro c apì thn pterÔgwsh. Tupikìc stìqoc eÐnai h elaqistopoÐhsh tou ω. 'Omwc,
se k�je prosp�jeia elaqistopoÐhshc thc tim c tou ω, eÐnai aparaÐthto na tÐjetai
wc periorismìc h diat rhsh thc gwnÐac α2 se epijumht� ìria, alloi¸c h mèjodoc
beltistopoÐhshc mporeÐ na odhg sei se aerotomèc mikr¸n apwlei¸n all� pou den ja
apofèroun thn epijumht  strof  thc ro c (sunallag  èrgou, an prìkeitai gia kinht 
pterÔgwsh).

Sto prìblhma autì, h gwnÐa klÐshc thc pterÔgwshc eÐnai dedomènh kai stajer 
stic 30o, ìpwc dedomèna kai stajer�  tan to m koc qord c kai to b ma thc pterÔgwshc
(C = 0.07 m kai s = 0.68 C, antÐstoiqa).

H beltistopoÐhsh me stìqo thn elaqistopoÐhsh ω sunodeÔjhke, ektìc apì perior-
ismì gia thn epijumht  gwnÐa exìdou α2, kai apì epiplèon periorismoÔc gia to p�qoc
thc aerotom c. Sugkekrimèna, epibl jhke o periorismìc ìti to mègisto p�qoc thc
aerotom c den prèpei na meiwjeÐ k�tw tou 90% tou mègistou p�qouc thc aerotom -
c anafor�c. GÐnetai, dhlad , katanoht  h di�jesh tou sqediast  na mhn epitrèyei
to sqhmatismì polÔ lept¸n pterugÐwn, pou endeqomènwc ja èqoun polÔ kal  aero-
dunamik  sumperifor� all� ja sunodeÔontai apì probl mata antoq c.

Mia pr¸th antimet¸pish tou probl matoc ègine arqik� me to bèltisto sqedias-
mì se èna shmeÐo leitourgÐac, to onomastikì (sunj kec OP3). Ta apotelèsmata
parousi�zontai sto sq ma 1.15 kai ston pÐnaka 1.4. Apì to sq ma faÐnetai ìti h
aerotom  pou upologÐsjhke eÐnai arket� (�afÔsika�) aiqmhr  sthn akm  prosbol c.
O lìgoc eÐnai ìti h aerotom  sqedi�sjhke ¸ste na sumperifèretai bèltista se èna
mìno shmeÐo leitourgÐac, sugkekrimèna se gwnÐa α1 = 47o. Akrib¸c gia to lìgo
autì, apì ton pÐnaka 1.4 faÐnetai ìti to pterÔgio dÐnei kalÔterh tim  tou ω (kont�)
sto onomastikì shmeÐo leitourgÐac all� ustereÐ sta shmeÐa leitourgÐac ektìc tou
shmeÐou sqediasmoÔ.

H epìmenh sqetik  prosp�jeia beltistopoÐhshc ègine gia trÐa shmeÐa leitourgÐac,
taOP1, OP3 kaiOP5. Parìla aut�, oi stìqoi pou tèjhkan  tan dÔo: elaqistopoÐhsh
thc tim c tou ω3 kai elaqistopoÐhsh thc posìthtac (ω1 + ω5 − 2ω3), ìpou o deÐkthc
sthn posìthta ω deÐqnei to shmeÐo leitourgÐac sto opoÐo antistoiqeÐ. Gia isapèqonta
(wc proc thn tim  thc α1) shmeÐa leitourgÐac h deÔterh posìthta ekfr�zei th gwnÐa
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Sq ma 1.15: Sqediasmìc bèltisthc aerotom c pterugÐou sumpiest , me krit rio
thn apìdosh sto onomastikì shmeÐo leitourgÐac stic sunj kec OP3: H aerotom 
anafor�c kai h bèltisth aerotom  pou upologÐsjhke (arister�). Oi antÐstoiqec
katanomèc tou isentropikoÔ arijmoÔ Mach sta stere� toiq¸mata tou pterugÐou.

ω OP1 OP2 OP3 OP4 OP5
Aerotom  anafor�c 0.0234 0.0208 0.0189 0.0237 0.0374
Bèltisth aerotom  0.0244 0.0182 0.0155 0.0275 0.05101

PÐnakac 1.4: Sqediasmìc bèltisthc aerotom c pterugÐou sumpiest , me krit rio thn
apìdosh sto onomastikì shmeÐo leitourgÐac stic sunj kec OP3: SÔgkrish twn tim¸n
tou suntelest  ω kai gia ta pènte shmeÐa leitourgÐac pou dÐnei to bèltisto pterÔgio
pou upologÐsjhke gia tic sunj kec OP3.
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Sq ma 1.16: Sqediasmìc bèltisthc aerotom c pterugÐou sumpiest , me krit rio thn
apìdosh se trÐa shmeÐa leitourgÐac, (OP1, OP3 kai OP5), diatupwmèno wc prìblhma
dÔo stìqwn: Ston orizìntio �xona, o stìqoc F1 tautÐzetai me tic ap¸leiec ω3. Sthn
katakìrufo �xona, o stìqoc F2 sumbolÐzei th �gwnÐa� (ω1 + ω5 − 2ω3). ApeikonÐze-
tai to mètwpo twn bèltistwn kat� Pareto lÔsewn pou upologÐsjhkan. Gia lìgouc
sÔgkrishc, apeikonÐzetai kai h apìdosh tou pterugÐou anafor�c.

pou sqhmatÐzoun oi ap¸leiec sta trÐa shmeÐa. EpijumoÔme h gwnÐa aut  na eÐnai ìso
to dunatìn piì ambleÐa (an eÐnai dunatì, mèqri kai eujeÐa) giatÐ autì deÐqnei ìti, an oi
ap¸leiec eÐnai mikrèc sto OP3, ja paramènoun exÐsou qamhlèc kai sta ektìc sqedi-
asmoÔ shmeÐa leitourgÐac. Pèran apì otid pote �llo, anagnwrÐzoume th dunatìthta
na apemplèkoume ton arijmì twn pragmatik¸n stìqwn apì ton arijmì twn stìqwn
pou epib�lloume sth mèjodo beltistopoÐhshc: ed¸ èqoume pragmatik� treic stìqouc
all� diatup¸noume kai lÔnoume èna prìblhma dÔo stìqwn.

Sto sq ma 1.16 parousi�zontai ta apotelèsmata pou upologÐsjhkan gia thn
proanaferjeÐsa diatÔpwsh tou probl matoc. 'Opwc exhgeÐtai kai sth lez�nta tou
sq matoc, sto sq ma parousi�zetai to mètwpo twn bèltistwn kat� Pareto lÔsewn
pou upologÐsjhkan. ParathreÐste ìti oi perissìterec apì autèc uperteroÔn se apì-
dosh tou pterugÐou anafor�c kai, m�lista, wc prìc kai touc dÔo stìqouc: dÐnoun
mikrìterec ap¸leiec olik c pÐeshc sto onomastikì shmeÐo kai èqoun perissìtero am-
bleÐa (anoikt ) thn kampÔlh twn apwlei¸n.

Apì to sq ma 1.16, epilèqjhkan treic bèltistec lÔseic (shmei¸nontai me A, B,
C) kai analÔjhkan diexodik�. Ta apotelèsmata aut� parousi�zontai sto sq ma 1.17.
DÐnoume èmfash kurÐwc sth lÔsh A, pou brÐsketai sthn kardi� tou met¸pou, kai
h opoÐa upertereÐ pl rwc (dhlad , wc proc kai touc dÔo stìqouc) kai aisjht� tou
pterugÐou anafor�c.

H teleutaÐa sqetik  melèth lamb�nei upìyh kai touc pènte stìqouc. Stìqoc eÐnai
h elaqistopoÐhsh twn ωi, i = 1, 5 all� h mèjodoc pou qrhsimopoi jhke to antimet¸-
pise wc prìblhma tri¸n sunart sewn oi timèc twn opoÐwn èprepe na elaqistopoihjoÔn.
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Sq ma 1.17: Sqediasmìc bèltisthc aerotom c pterugÐou sumpiest , me krit rio thn
apìdosh se trÐa shmeÐa leitourgÐac, (OP1, OP3 kai OP5), diatupwmèno wc prìblhma
dÔo stìqwn: ParousÐash kai an�lush thc apìdoshc tri¸n lÔsewn apì to mètwpo
Pareto tou sq matoc 1.16.

Positive IncidenceNegative Incidence

"Constant" Losses Range

Losses Increase at Off−Design

INLET FLOW ANGLE (deg.)

T
O

T
A

L 
 P

R
E

S
S

U
R

E
  L

O
S

S
E

S

Losses at
Design Point

Design Point

Sq ma 1.18: Sqediasmìc bèltisthc aerotom c pterugÐou sumpiest , me krit rio
thn apìdosh se pènte shmeÐa leitourgÐac, diatupwmèno wc prìblhma tri¸n stìqwn:
Grafikìc orismìc twn tri¸n sunart sewn twn opoÐwn epidi¸ketai h elaqistopoÐhsh.
Pr¸toc stìqoc, o profan c, eÐnai h elaqistopoÐhsh thc posìthtac ω3, twn apwlei¸n
dhlad  sto onomastikì shmeÐo leitourgÐac. DeÔteroc stìqoc h megistopoÐhsh tou
anoÐgmatoc thc kampÔlhc twn apwlei¸n, dhlad  tou m kouc tou eujÔgrammou t-
m matoc pou sumbolÐzetai me “Constant’ Losses Range. TrÐtoc stìqoc eÐnai h e-
laqistopoÐhsh thc skoÔrac perioq c, ¸ste na èqoume qamhlèc ap¸leiec se meg�lec
kai mikrèc gwnÐec prìsptwshc.

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



30 1. H BeltistopoÐhsh sthn Aerodunamik 

Interpolated Pareto Front grid
Computed Pareto Front

0.0175
0.018

0.0185
0.019

0.0195
0.02

0.0205
0.021

0.0215
0.022

0.0225

F1 (Losses(OP3))
3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8

F2 (Distance)

0
0.002
0.004
0.006
0.008
0.01

0.012
0.014
0.016
0.018
0.02

F3 (Area)

Sq ma 1.19: Sqediasmìc bèltisthc aerotom c pterugÐou sumpiest , me krit rio thn
apìdosh se pènte shmeÐa leitourgÐac, diatupwmèno wc prìblhma tri¸n stìqwn: To
tridi�stato mètwpo twn kat� Pareto bèltistwn lÔsewn.

Pl rhc orismìc aut¸n dÐnetai sto sq ma 1.18.
Ta apotelèsmata tou upologismoÔ, sth morf  tridi�statou met¸pou Pareto apeikon'-

izontai sto sq ma 1.19.

1.3 Taxinìmhsh Problhm�twn kai Mejìdwn

1.3.1 Suneq  kai Diakrit� Probl mata BeltistopoÐhsh-

c

Basik  di�krish twn problhm�twn beltistopoÐhshc eÐnai sta suneq  kai
sta diakrit� probl mata (continuous, discrete optimization). Ta suneq  prob-
l mata, me ta opoÐa apokleistik� ja asqolhjoÔme, emplèkoun pragmatikèc metabl-
htèc wc eleÔjerec metablhtèc   eleÔjerec paramètrouc   metablhtèc sqediasmoÔ  
metablhtèc beltistopoÐhshc, endeqomènwc me �nw kai k�tw ìria pou oriojetoÔn kai
to q¸ro anÐqneushc k�je metablht c. EÐnai profanèc ìti sth suneq  beltistopoÐhsh
anazhtoÔme th bèltisth lÔsh apì èna �peiro pl joc upoy fiwn lÔsewn. Sta di-
akrit� probl mata beltistopoÐhshc anazhtoÔme akèraiec lÔseic apì èna peperasmèno
pl joc (sun jwc ter�stio, me thn ènnoia ìti eÐnai praktik� adÔnato na dokimasjoÔn
ìlec, mÐa proc mÐa) epijumht¸n lÔsewn. Ousiastik�, anazhtoÔme lÔseic pou antis-
toiqoÔn se arijmì �antikeimènwn�. Ta suneq  probl mata èqoun sun jwc suneqeÐc
kai paragwgÐsimec antikeimenikèc sunart seic (sunart seis�stìqoi) kai sunart seic
periorism¸n. 'Etsi, epitrèpoun na upologÐsoume   na proseggÐsoume se k�je upoy -
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fia lÔsh thn klÐsh thc antikeimenik c   thc sun�rthshc periorismoÔ kai genikìtera
eÐnai epidektik� �eukolìterwn� trìpwn epÐlushc.

Ac èqoume upìyh ìti to na lÔnoume diakrit� probl mata me �suneqeÐs� mejìdouc
beltistopoÐhshc (epeid  autèc sun jwc diajètoume) eÐnai episfalèc. To na orÐsoume
proswrin� th diakrit  metablht  beltistopoÐhshc wc suneq , na lÔsoume to prìblhma
beltistopoÐhshc kai sth sunèqeia na strogguleÔsoume tic lÔseic mporeÐ na d¸sei
telik� lÔsh pou na apèqei arket� apì thn pragmatik  bèltisth.

1.3.2 Kajolik  kai Topik  BeltistopoÐhsh

Oi ìroi kajolik  kai topik  beltistopoÐhsh ( global and local optimization)
qrhsimopoioÔntai gia na kajorÐsoun an h anaz thsh afor� to olikì   kajolikì akrì-
tato  , antÐjeta, arkeÐtai se èna topikì akrìtato, mia lÔsh dhlad  pou apl� upertereÐ
ìlwn twn �geitonik¸n� thc. H anaz thsh tou kajolik� bèltistou eÐnai p�nta h epi-
jumht  kai, an�loga me th mèjodo beltistopoÐhshc pou ja epilèxoume, aut  mporeÐ
na   na mhn exasfalÐzetai.

Genik�, h apofasistik  di�krish mejìdwn se autèc pou entopÐzoun kajolik� bèltistec
lÔseic kai se autèc pou mporoÔn na egklwbistoÔn kai �ra na upodeÐxoun topik�
bèltistec lÔseic eÐnai riyokÐndunh. Enac aplìc trìpoc (ìqi anagkastik� o kalÔteroc
kai suntomìteroc) ¸ste na entopÐsoume thn kajolik� bèltisth lÔsh qrhsimopoi¸ntac
diajèsimo algìrijmo topik c beltistopoÐhshc eÐnai na to qrhsimopoi soume arketèc
forèc, apì diaforetik� shmeÐa ekkÐnhshc.

1.3.3 Aitiokratik� kai Stoqastik� Probl mata BeltistopoÐhsh-

c

Mia di�krish twn problhm�twn beltistopoÐhshc eÐnai se aitiokratik� (deterministic)
kai stoqastik� (stochastic). Prosoq , ed¸ anaferìmaste sto prìblhma kai ìqi
sth mèjodo beltistopoÐhshc. Ta perissìtera oikonomik� kai emporik� probl ma-
ta beltistopoÐhshc eÐnai stoqastik�, me thn ènnoia ìti jèmata z thshc kai pros-
for�c proðìntwn kai uphresi¸n upìkeintai sthn tuqaiìthta thc agor�c kai den m-
poroÔn na prokajorisjoÔn me saf neia. H suntriptik  pleioyhfÐa twn problhm�twn
beltistopoÐhshc sthn aerodunamik  eÐnai aitiokratik�. Ed¸ ja asqolhjoÔme mìno
me aitiokratik� probl mata beltistopoÐhshc qwrÐc na epanèljoume sthn parap�nw
di�krish.

Parìla aut�, probl mata stoqastik c beltistopoÐhshc sthn aerodunamik  up-
�rqoun, an kai eÐnai lÐga. Endeiktik� l.q. ac anaferjeÐ to prìblhma tou sqedias-
moÔ bèltistwn diasthmik¸n oqhm�twn gia qr sh sthn atmìsfaira nèwn planht¸n.
Gia ton plan th 'Arh, gia par�deigma, oi stìqoi sqediasmoÔ eÐnai Ðdioi me autoÔc
pou epib�llontai kai kat� to sqediasmì bèltistwn aerodiasthmik¸n oqhm�twn gia
th g inh atmìsfaira, mìno pou kat� th beltistopoÐhsh eisèrqetai epiplèon o ast�-
jmitoc par�gontac pou sqetÐzetai me thn �gnoia twn akrib¸n sunjhk¸n ro c. Sth-
n perÐptwsh aut  prìkeitai gia prìblhma stoqastik c beltistopoÐhshc, me th sto-
qastikìthta na upeisèrqetai apì tic �asafeÐs� sunj kec pt shc twn oqhm�twn pou
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sqedi�zontai. Tètoia probl mata den ja mac apasqol soun sto sÔggramma autì.

1.3.4 Aitiokratikèc kai Stoqastikèc Mèjodoi BeltistopoÐhsh-

c

Apì thn pleur� twn mejìdwn kai ìqi twn problhm�twn beltistopoÐhshc, basik 
eÐnai h di�krish se aitiokratikèc kai stoqastikèc mejìdouc. Mia aitiokratik  mè-
jodoc beltistopoÐhshc qrhsimopoieÐ th genikeumènh ènnoia thc parag¸gou thc an-
tikeimenik c sun�rthshc, timèc thc opoÐac kaleÐtai na upologÐsei   na proseggÐsei.
Qarakthristikì twn stoqastik¸n mejìdwn beltistopoÐhshc eÐnai ìti qrhsimopoioÔn
stoiqeÐa tuqaÐac   organwmèna tuqaÐac anaz thshc thc bèltisthc lÔshc. Pollèc
sÔgqronec mèjodoi beltistopoÐhshc qrhsimopoioÔn sugqrìnwc stoiqeÐa kai apì tic
dÔo kathgorÐec mejìdwn.

H parak�tw prìtash kleÐnei mèsa thc se adrèc grammèc th sÔgkrish twn aitiokratik¸n
kai twn stoqastik¸n mejìdwn beltistopoÐhshc, toul�qiston ìso afor� th qr sh tou-
c se (polÔploka) probl mata aerodunamik c: To na dhmiourghjeÐ mia aitiokratik 
mèjodoc beltistopoÐhshc apaiteÐ megalÔtero qrìno epèndushc apì thn pleur� tou
mhqanikoÔ�programmatist , eÐnai duskolìtera epekt�simh se �lla paremfer  prob-
l mata (l.q. ìtan all�zei h antikeimenik  sun�rthsh), sugklÐnoun genik� gr gora
sth bèltisth lÔsh, me ton kÐnduno ìmwc h lÔsh aut  na eÐnai topikì kai ìqi to
kajolikì bèltisto, an�loga me to shmeÐo ekkÐnhshc. Apì thn �llh pleur�, oi s-
toqastikoÐ algìrijmoi eÐnai perissìteroi genikoÐ, me thn ènnoia ìti eÔkola prosar-
mìzontai gia na lujeÐ èna diaforetikì prìblhma, eÐnai sun jwc perissìtero argoÐ
apì tic aitiokratikèc mejìdouc beltistopoÐhshc, me kèrdoc ìmwc to na mporoÔn na
entopÐsoun to kajolikì akrìtato anex�rthta apì th lÔsh   tic lÔseic me tic opoÐec
arqikopoioÔntai.

1.3.5 BeltistopoÐhsh kai K¸dikec Upologistik c Reusto-

dunamik c

'Opwc  dh anafèrjhke, mèjodoi kai �ra k¸dikec Upologistik c Reustodunamik c
(URD) qrhsimopoioÔntai se ìlec tic mejìdouc beltistopoÐhshc gia efarmogèc aero-
dunamik c. An�loga me th mèjodo beltistopoÐhshc, rìloc tou logismikoÔ URD m-
poreÐ na eÐnai dittìc: na analÔsei-axiolog sei mia upoy fia lÔsh (l.q. mia aero-
tom , mia ptèruga, èna pterÔgio strobilomhqan c, lÔnontac arijmhtik� to sqetikì
prìblhma ro c) kai na upologÐsei telik� thn tim  thc antikeimenik c sun�rthshc gia
aut ,  /kai na upologÐsei arijmhtik� (me akrÐbeia   proseggistik�) thn klÐsh thc
antikeimenik c sun�rthshc pou ja kajodhg sei thn anÐqneush thc bèltisthc lÔshc
(stic aitiokratikèc mejìdouc beltistopoÐhshc).

To na èqei o anagn¸sthc basikèc gn¸seic URD eÐnai qr simo all� ìqi aparaÐth-
to. OÔtwc   �llwc, sta epìmena, k¸dikec pou epilÔoun arijmhtik� th ro  ja an-
timetwpÐzontai wc �maÔra kouti��, qwrÐc na qrei�zetai o anagn¸sthc na gnwrÐzei k�ti
perissìtero gia autoÔc, pèran Ðswc twn fusik¸n paradoq¸n pou upeisèrqontai.
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1.4 AnakefalaÐwsh

GnwrÐsame, perigrafik�, mia seir� apì probl mata beltistopoÐhshc epilegmèna apì tic
perioqèc tic exwterik c aerodunamik c kai twn strobilomhqan¸n, me skopì na prohgh-
jeÐ kal  katanìhsh tou ti akrib¸c mporeÐ na epitÔqei h qr sh mejìdwn beltistopoÐhsh-
c sthn aerodunamik . Stìqoc thc parousÐashc  tan na katanohjeÐ to antikeÐmeno tou
maj matoc prin anatrèxoume tic basikèc, klasikèc kai sÔgqronec, mejìdouc beltistopoÐhsh-
c.

EÐnai gegonìc ìti ta paradeÐgmata aforoÔsan kurÐwc sqediasmì aerotom¸n. 'Ola
aut� proèrqontai apì tic ereunhtikèc drasthriìthtec kai tic sunergasÐec miac ereun-
htik c om�dac tou ErgasthrÐou Jermik¸n Strobilomhqan¸n tou EMP. 'Oloi, dhlad ,
oi upologismoÐ èginan me ergaleÐa�k¸dikec pou èqoun anaptuqjeÐ sto Ergast rio kai
mporoÔn (se phgaÐa   se ektelèsimh morf , kat� perÐptwsh) na tejoÔn sth di�jesh
tou spoudast  pou epijumeÐ na m�jei k�ti pèran tou plaisÐou enìc proptuqiakoÔ
maj matoc. To pedÐo, ìmwc, efarmog c tètoiwn mejìdwn beltistopoÐhshc sthn aero-
dunamik  eÐnai eurÔ: ja mporoÔsan l.q. na qrhsimopoihjoÔn ¸ste na anazhthjeÐ h
bèltisth morf  enìc oq matoc, l.q. autokin tou, me b�sh krit ria kai stìqouc pou
sqetÐzontai me thn aerodunamik  sumperifor� tou.

Parak�tw sunoyÐzontai kentrik� shmeÐa pou aporrèoun apì ta paradeÐgmata pou
prohg jhkan:

• Ta praktik� probl mata beltistopoÐhshc sthn aerodunamik  (kai ìqi mìno) è-
qoun, sun jwc, perissìterouc apì ènan (antikrouìmenouc) stìqouc. To pwc
ìmwc o mhqanikìc ja diaqeirisjeÐ touc polloÔc stìqouc eÐnai dik  tou epi-
log . 'Ena prìblhma poll¸n stìqwn mporeÐ na epilujeÐ diatup¸nont�c to wc
prìblhma enìc stìqou (me thn kat�llhlh enswm�twsh ìlwn twn stìqwn se mia
monadik  antikeimenik  sun�rthsh) eÐte wc prìblhma poll¸n stìqwn. 'Opwc
ja doÔme sth sunèqeia, h meÐwsh tou arijmoÔ twn stìqwn kat� th majhmatik 
diatÔpwsh gÐnetai me skopì na meiwjeÐ to upologistikì kìstoc (to �giatÐ� ja
gÐnei katanohtì ìtan gnwrÐsoume tic sqetikèc mejìdouc, ìpou ìmwc ja faneÐ
kalÔtero kai o �kÐndunos� miac tètoiac diatÔpwshc.

• Se ìla ta paradeÐgmata, anazht jhke h bèltisth morf  miac gewmetrÐac. Autì-
mata, tÐjetai to prìblhma thc parametropoÐhshc (parameterization) gewmetrik¸n
morf¸n. Me thn parametropoÐhsh mia suneq c gewmetrÐa sunart�tai enìc
(mikroÔ) pl jouc metablht¸n elègqou kai, �ra, h beltistopoÐhsh tautÐzetai
me thn anaz thsh tou bèltistou sunìlou tim¸n gia autèc tic metablhtèc se
sqèsh me ton prokajorisjènta stìqo   stìqouc. Jèmata parametropoÐhshc
(mèsw poluwnÔmwn, splines, poluwnÔmwn Bezier klp), an kai gnwst� apì thn
Arijmhtik  An�lush, anafèrontai se eidikì kef�laio, sto tèloc tou suggr�m-
matoc.

• Apì ta paradeÐgmata aporrèei kajar� ìti h beltistopoÐhsh me aerodunamik�
krit ria, apì mình thc, den eÐnai epark c se praktikì epÐpedo. Gia par�deigma,
den èqei ènnoia to na sqediasjeÐ h aerodunamik� bèltisth aerotom  an aut 
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prokÔptei idiaÐtera lept  kai �ra aporriptèa me b�sh kataskeuastik� krit ria.
En mèrei, se k�poia paradeÐgmata, autì antimetwpÐsthke jètontac periorismoÔc
se k�poiec gewmterikèc posìthtec all� se praktikì epÐpedo autì den eÐnai
potè eparkèc. Genik� (all� ìqi isopedwtik�), ac èqoume upìyh ìti ta krit ria
thc aerodunamik c kai thc kataskeuastik c beltistopoÐhshc eÐnai, sun jwc,
antikrouìmena.

• Sthn pr�xh, pollèc forèc, up�rqei sÔgqush an�mesa stouc ìrouc �beltistopoÐhsh�
kai �beltÐwsh�. Profan¸c, kai oi dÔo enèrgeiec eÐnai epijumhtèc sto sqediast 
aerodunamik¸n sunistws¸n (afoÔ akìma kai h �beltÐwsh� belti¸nei thn aero-
dunamik  poiìthta miac up�rqousac di�taxhc   sunist¸sac). EÐnai, ìmwc, safèc
ìti h poiotik  touc diafor� eÐnai meg�lh.

• Parak�tw ja mac apasqol soun aitiokratik� probl mata beltistopoÐhshc sthn
aerodunamik , ta opoÐa ja antimetwpÐsoume me aitiokratikèc kai stoqastikèc
mejìdouc.
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Kef�laio 2

Basikì Majhmatikì Upìbajro
kai OrismoÐ

Gia na asqolhjeÐ kaneÐc me mejìdouc beltistopoÐhshc se efarmogèc thc aerodunamik -
c apaiteÐtai sugkekrimèno upìbajro majhmatik¸n gn¸sewn. Sto spoudast  ston
opoÐon apeujÔnetai to sÔggramma autì, sqedìn otid pote akoloujeÐ prèpei na eÐ-
nai gnwstì apì ta sqetik� proptuqiak� maj mata tou progr�mmatoc spoud¸n. Sth
sunèqeia, ja epanal�boume sugkentrwmèna ta pio basik� sqetik� jewr mata all�
kai touc orismoÔc pou ja qrhsimopoihjoÔn kat� kìro sta epìmena kef�laia.

2.1 Probl mata Enìc Stìqou

AkoloujoÔn majhmatikèc diatup¸seic kai jewr mata gia probl mata beltistopoÐhshc
pou tÐjentai sth morf  thc elaqistopoÐhshc thc tim c thc antikeimenik c sun�rthsh-
c F (−→x ), −→x ∈ ℜN , F : ℜN → ℜ, dhlad  gia probl mata enìc mìno stìqou.

AposafhnÐzetai ìti ta epìmena dièpoun kai probl mata poll¸n stìqwn, arkeÐ
aut� na èqoun diatupwjeÐ me susswm�twsh ìlwn twn stìqwn se mia kai monadik 
antikeimenik  sun�rthsh.

Je¸rhma 2.1 (Je¸rhma tou Taylor:) An h F : ℜN → ℜ eÐnai suneq¸c di-
aforÐsimh sun�rthsh kai −→p ∈ ℜN , tìte up�rqei mia posìthta t ∈ (0, 1) gia thn
opoÐa na isqÔei ìti

F (−→x +−→p ) = F (−→x ) +∇F (−→x + t−→p )T−→p (2.1)

An epiplèon h F eÐnai dÔo forèc suneq¸c diaforÐsimh, tìte

∇F (−→x +−→p ) = ∇F (−→x ) +

∫ 1

0

∇2F (−→x + t−→p )−→p dt (2.2)

kai gia k�poio t ∈ (0, 1) isqÔei
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F (−→x +−→p ) = F (−→x ) +∇F (−→x )T−→p +
1

2
−→p T∇2F (−→x + t−→p )−→p (2.3)

Sto shmeÐo autì kai prin suneqisjeÐ h par�jesh jewrhm�twn, ac aposafhnÐsoume,
diatup¸nont�c touc majhmatik�, treic orismoÔc pou qrhsimopoioÔntai se ìlo to ke-
f�laio:

Orismìc 2.1 To
−→
x∗ apoteleÐ kajolikì el�qisto (global minimizer) thc F (−→x )

an F (
−→
x∗) ≤ F (−→x ) gia k�je −→x .

Orismìc 2.2 To
−→
x∗ apoteleÐ topikì el�qisto (local minimizer) thc F (−→x ) ìtan

F (
−→
x∗) ≤ F (−→x ) gia k�je −→x sth geitoni� tou

−→
x∗.

Orismìc 2.3 To
−→
x∗ apoteleÐ austhrì topikì el�qisto (strict local minimiz-

er) thc F (−→x ) ìtan F (
−→
x∗) < F (−→x ) gia k�je −→x sth geitoni� tou

−→
x∗.

Je¸rhma 2.2 (AnagkaÐa sunj kh pr¸thc t�xhc gia to el�qisto ) AnagkaÐa

sunj kh ¸ste to di�nusma
−→
x∗ ∈ ℜN na apoteleÐ topikì el�qisto thc suneq¸c

diaforÐsimhc sun�rthshc F sth geitoni� tou
−→
x∗ eÐnai na isqÔei ∇F (

−→
x∗) = 0.

Apìdeixh: An ∇F (
−→
x∗) ̸= 0, orÐzoume to −→p wc −→p = −∇F (

−→
x∗) opìte profan¸c

−→p T∇F (
−→
x∗) < 0. 'Omwc, epeid  h F eÐnai suneq c sth geitoni� tou

−→
x∗, ja up�rqei mia

jetik  tim  T > 0 tètoia ¸ste

−→
pT∇F (

−→
x∗ + t̂−→p ) < 0 , ∀ t̂ ∈ [0, T ]

Tìte ìmwc apì to je¸rhma 2.1 kai gia k�poio t ∈ (0, t̂), ja isqÔei ìti

F (
−→
x∗ + t̂−→p ) = F (

−→
x∗) + t̂−→p T∇F (

−→
x∗ + t−→p )

Me dedomèno to arnhtikì prìshmo thc teleutaÐac posìthtac, gia k�je t̂ ∈ (0, T ]

ja isqÔei ìti F (
−→
x∗ + t̂−→p ) < F (

−→
x∗). 'Ara, up�rqei kateÔjunsh kat� thn opoÐa,

apomakrunìmenoi apì to
−→
x∗, h tim  thc F elatt¸netai, opìte to

−→
x∗ apokleÐetai na

apoteleÐ topikì el�qisto thc F . 3

Orismìc 2.4 ShmeÐa sto q¸ro twn lÔsewn sta opoÐa ∇F (−→x ) = 0 onom�zontai
st�sima shmeÐa (stationary points).
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Mìlic deÐxame ìti gia na eÐnai to
−→
x∗ topikì el�qisto prèpei na eÐnai st�simo shmeÐo

thc F . To antÐstrofo den isqÔei kat' an�gkh.

UpenjumÐzontai kai oi epìmenoi dÔo orismoÐ:

Orismìc 2.5 'Ena mhtr¸o B onom�zetai jetik� orismèno (positive definite) an
−→p TB−→p > 0 gia k�je −→p .

Orismìc 2.6 'Ena mhtr¸oB onom�zetai jetik� hmi-orismèno (positive semidef-
inite) an −→p TB−→p ≥ 0 gia k�je −→p .

Je¸rhma 2.3 (AnagkaÐec sunj kec deÔterhc t�xhc gia to el�qisto )

AnagkaÐec sunj kec ¸ste to di�nusma
−→
x∗ ∈ ℜN na apoteleÐ topikì el�qisto thc F ,

gia thn opoÐa h ∇2F eÐnai suneq c sth geitoni� tou
−→
x∗, eÐnai na isqÔei ∇F (

−→
x∗) = 0

kai sugqrìnwc to ∇2F (
−→
x∗) na eÐnai jetik� hmi-orismèno mhtr¸o.

Apìdeixh: GnwrÐzoume apì to je¸rhma 2.2 ìti ∇F (
−→
x∗) = 0. Upojètontac ìmwc

ìti to ∇2F (
−→
x∗) den eÐnai jetik� hmi-orismèno, mporoÔme na epilèxoume èna di�nusma

−→p tètoio ¸ste −→p T∇2F (
−→
x∗)−→p < 0. Epeid  h ∇2F eÐnai suneq c sth geitoni� tou

−→
x∗, ja up�rqei mia jetik  tim  T > 0 tètoia ¸ste −→p T∇2F (

−→
x∗ + t−→p )−→p < 0, gia k�je

tim  t ∈ [0, T ].
Me an�ptugma kat� Taylor, èqoume ìti gia ìla ta t̂ ∈ (0, T ) up�rqei t ∈ (0, t̂) ¸ste

F (
−→
x∗ + t̂−→p ) = F (

−→
x∗) + t̂−→p T∇F (

−→
x∗) +

1

2
t̂2−→p T∇2F (

−→
x∗ + t−→p )−→p < F (

−→
x∗)

'Ara, brèjhke kateÔjunsh kat� thn opoÐa, apomakrunìmenoi apì to
−→
x∗, h tim  thc F

elatt¸netai, opìte to
−→
x∗ apokleÐetai na apoteleÐ topikì el�qisto thc F . 3

Je¸rhma 2.4 (Ikanèc sunj kec deÔterhc t�xhc gia to el�qisto ) An

to ∇F (−→x ) eÐnai suneqèc sth geitoni� tou shmeÐou
−→
x∗, isqÔei ∇F (

−→
x∗) = 0 kai sug-

qrìnwc to ∇2F (
−→
x∗) eÐnai jetik� orismèno, tìte to

−→
x∗ eÐnai austhrì topikì el�qisto

thc F (−→x ).

Apìdeixh: AfoÔ to mhtr¸o Hess eÐnai suneqèc kai jetik� orismèno sto
−→
x∗,

epilègoume mia aktÐna r ¸ste to ∇2F (−→x ) na paramènei jetik� orismèno gia k�je −→x
sthn anoikt  sfaÐra D = {−→z : ||−→z − −→x∗|| < r}. Gia to mh-mhdenikì di�nusma −→p ,
gia to opoÐo ||−→p || < r, èqoume

−→
x∗ +−→p ∈ D kai sunep¸c
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F (
−→
x∗ +−→p ) = F (

−→
x∗) +−→p T∇F (

−→
x∗) +

1

2
−→p T∇2F (−→z )−→p

= F (
−→
x∗) +

1

2
−→p T∇2F (−→z )−→p

ìpou−→z =
−→
x∗+t−→p gia k�poio t ∈ (0, 1). AfoÔ−→z ∈ D, èqoume ìti−→p T∇2F (−→z )−→p > 0

kai sunep¸c F (
−→
x∗ +−→p ) > F (

−→
x∗). 3

Prèpei na gÐnei katanohtì ìti oi ikanèc sunj kec deÔterhc t�xhc gia to el�qisto
pou parousi�sjhkan wc je¸rhma 2.4 eÐnai isqurìterec apì tic anagkaÐec sunj kec pou
mac apasqìlhsan prohgoumènwc: to je¸rhma 2.4 odhgeÐ se austhr� topikì el�qisto
kai ìqi apl� se topikì el�qisto. EpÐshc na gÐnei katanohtì ìti oi ikanèc sunj kec

deÔterhc t�xhc den eÐnai kai anagkaÐec, dhlad  èna di�nusma
−→
x∗ mporeÐ na eÐnai austhrì

topikì akrìtato qwrÐc na qrei�zetai na ikanopoieÐ tic anagkaÐec sunj kec. Aplì
par�deigma eÐnai h F (x) = x4, ìpou to x∗ = 0 eÐnai austhr� topikì el�qisto all�
se autì to mhtr¸o Hess (h deÔterh par�gwgìc thc, dhlad ) mhdenÐzetai kai �ra den
eÐnai jetik� orismèno.

UpenjumÐzetai ìti:

Orismìc 2.7 Wc kurt  sun�rthsh sto ℜN orÐzetai ekeÐnh gia thn opoÐa, gia
dÔo opoiad pote shmeÐa thc −→x kai −→y , isqÔei ìti

F (λ−→x + (1− λ)−→y ) ≤ λF (−→x ) + (1− λ)F (−→y ) (2.4)

gia k�je λ ∈ (0, 1].

Orismìc 2.8 To sÔnolo Ω ⊂ ℜN onom�zetai kurtì an, gia dÔo opoiad pote
−→x , −→y ∈ Ω, isqÔei ìti λ−→x + (1− λ)−→y ∈ Ω gia k�je λ ∈ (0, 1].

Je¸rhma 2.5 (Kajolikì el�qisto se kurtèc sunart seic ) An h F eÐ-

nai kurt  sun�rthsh, k�je topikì thc el�qisto
−→
x∗ apoteleÐ kai kajolikì el�qistì

thc. An, epiplèon, h F eÐnai diaforÐsimh, tìte k�je st�simo shmeÐo
−→
x∗ eÐnai kajolikì

el�qisto thc F .

Apìdeixh: Ac upojèsoume ìti to
−→
x∗ eÐnai topikì all� ìqi kajolikì el�qisto.

Tìte, up�rqei−→z ∈ ℜN tètoio ¸ste F (−→z ) < F (
−−→
(x∗). Ac orÐsoume ed¸ to−→x = λ−→z +

(1− λ)
−→
x∗, me ta Ðdia ìria me λ ∈ (0, 1]. AfoÔ h F eÐnai kurt , ja isqÔei ìti

F (−→x ) < λF (−→z ) + (1− λ)
−→
x∗ < F (

−→
x∗)

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



2.2. Probl mata Poll¸n Stìqwn 39

Sth geitoni� tou
−→
x∗ an kei p�nta èna tm ma tou eujÔgrammou tm matoc pou perigr�fei

h prohgoÔmenh sqèsh (gia k�poiec timèc tou λ), �ra ja up�rqoun shmeÐa −→x sth

geitoni� aut  gia ta opoÐa h teleutaÐa exÐswsh ikanopoieÐtai. 'Ara to
−→
x∗ den eÐnai

topikì el�qisto. Me antÐstoiqo perÐpou sullogismì apodeiknÔetai kai to deÔtero
skèloc tou jewr matoc. 3

2.2 Probl mata Poll¸n Stìqwn

Oi epìmenoi orismoÐ, majhmatikèc diatup¸seic kai jewr mata ja uposthrÐxoun, sth
sunèqeia, thn enasqìlhs  mac me probl mata poll¸n stìqwn. Gia M stìqouc, to
prìblhma beltistopoÐhshc stoqeÔei sthn tautìqronh elaqistopoÐhsh twn sunist-

ws¸n thc dianusmatik c antikeimenik c sun�rthshc
−→
F (−→x ), −→x ∈ ℜN ,

−→
F : ℜN → ℜM .

Orismìc 2.9 'Ena prìblhma beltistopoÐhshc M stìqwn onom�zetai kurtì an oi
M antikeimenikèc sunart seic eÐnai ìlec kurtèc kai to sÔnolo Ω ⊂ ℜN twn apodekt¸n
lÔsewn eÐnai epÐshc kurtì.

H ènnoia twn kat� Pareto bèltistwn lÔsewn, thn opoÐa gnwrÐsame sta paradeÐg-
mata tou kefalaÐou 1 bohj� pragmatik� na xeperasjeÐ to prìblhma thc ier�rqishc
lÔsewn ston poludi�stato q¸ro. Sto q¸ro ℜM up�rqei eggenèc kenì sthn tax-
inìmhsh twn lÔsewn, me thn ènnoia ìti to (1, 1)T ∈ ℜ2 eÐnai ìntwc mikrìtero tou
(5, 5)T , all� up�rqei adunamÐa sÔgkris c tou me to (0, 4)T   to (4, 0)T . H ènnoia tou
met¸pou twn kat� Pareto bèltistwn lÔsewn (Pareto front) ofeÐletai sto G�llo�Italì
oikonomolìgo kai koinwniolìgo Vilfredo Pareto pou, kat� k�poio trìpo, olokl rwse
kai èjese se praktik  qr sh antÐstoiqhc shmasÐac ìrouc pou eÐqan  dh protajeÐ apì
�llouc epist monec.

AkoloujeÐ o orismìc thc kat� Pareto bèltisthc lÔshc kai h sunaf c ènnoia thc
kuriarqÐac:

Orismìc 2.10 H lÔsh −→x ∈ Ω ( Ω ⊂ ℜN ) kuriarqeÐ thc lÔshc −→y ∈ Ω kai autì
ja sumbolÐzetai me

−→x ≺ −→y (2.5)

ìtan kai mìno ìtan isqÔei ìti Fm(−→x ) ≤ Fm(−→y ) gia ìlouc touc stìqouc (m =
1, · · · ,M) kai, sugqrìnwc, up�rqei ènac toul�qiston stìqoc apì autoÔc (èstw o k)
gia ton opoÐo h teleutaÐa sqèsh isqÔei wc anisìthta mìno (Fk(

−→x ) < Fk(
−→y )).

To sq ma 2.1 anatrèqei epoptik� èna prìblhma dÔo stìqwn (elaqistopoÐhsh twn
F1(
−→x ) kai F2(

−→x ), dhlad  M = 2), me ta dianÔsmata −→x twn eleÔjerwn paramètrwn
na an koun sto ℜN . Autì pou apeikonÐzetai sto sq ma eÐnai eÐnai o didi�statoc q¸roc
(to epÐpedo, dhlad ) twn stìqwn   antikeimenik¸n sunart sewn. Gia to sqoliasmì
kai katanìhsh tou sq matoc, h tim  tou N eÐnai pragmatik� adi�forh. Sto sq ma
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2.1 apeikonÐzetai h eikìna
−→
F (Ω) tou q¸rou twn apodekt¸n lÔsewn Ω sto epÐpedo

(F1, F2) kai to mètwpo twn kat� Pareto bèltistwn lÔsewn tou probl matoc. Ginetai

�mesa antilhptì giatÐ h lÔsh
−→
x(1) kuriarqeÐ thc

−→
x(3) (afoÔ èqei mikrìterec timèc kai

gia tic dÔo antikeimenikèc sunart seic) all� kai h adunamÐa ier�rqishc dÔo lÔsewn

(
−→
x(1) kai (

−→
x(2)) tou met¸pou Pareto.

F( )

F(x
(1)
)

F(x
(2)
)

F(x
(3)
)

F2(x)

F1(x)

Pareto

Sq ma 2.1: ParousÐash sto epÐpedo twn stìqwn thc eikìnac tou q¸rou twn apodek-
t¸n lÔsewn Ω kai tou met¸pou twn kat� Pareto bèltistwn lÔsewn.

Ac shmeiwjeÐ ìti, apokleistik� gia lìgouc aplìthtac, sqedi�sthke to
−→
F (Ω) wc

èna kleistì sÔnolo. Ja mporoÔse na eÐnai anoiktì  , akìmh suqnìtera se pragmatik�
probl mata, na apoteleÐtai apì meg�lo pl joc kleist¸n kai anoikt¸n sunìlwn.

Ston orismì 2.10, o k�tw deÐkthc thc dianusmatik c antikeimenik c sun�rthshc
kajorÐzei th sunist¸sa thc. Me b�sh ton orismì thc kuriarqÐac, prokÔptei eÔkola
o orismìc thc kat� Pareto bèltisthc lÔshc:

Orismìc 2.11 To di�nusma −→x ∈ Ω ( Ω ⊂ ℜN ) apoteleÐ kat� Pareto bèltisth lÔsh

tou probl matoc elaqistopoÐhshc thc
−→
F : ℜN → ℜM an kai mìno an den up�rqei �llh

lÔsh −→y ∈ Ω tètoia ¸ste Fm(−→y ) ≤ Fm(−→x ) gia ìlouc touc stìqouc (m = 1, · · · ,M)
kai gia ènan toul�qiston apì autoÔc (èstw ton k) na isqÔei Fk(

−→y ) < Fk(
−→x ).

 

Orismìc 2.12 H lÔsh −→x ∈ Ω ( Ω ⊂ ℜM ) apoteleÐ kat� Pareto bèltisth lÔsh tou

probl matoc elaqistopoÐhshc thc
−→
F : ℜN → ℜM an kai mìno an den up�rqei �llh

lÔsh −→y ∈ Ω h opoÐa na kuriarqeÐ thc −→x .
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Oi orismoÐ 2.11 kai 2.12 antistoiqoÔn se kat� Pareto kajolik� bèltistec lÔseic
tou probl matoc. Me ton Ðdio trìpo pou orÐsthkan gia probl mata enìc stìqou,
eis�getai sta probl mata poll¸n stìqwn o ìroc twn kat� Pareto topik� bèltistwn
lÔsewn. EÐnai profanèc ìti h kat� Pareto topik� bèltisth lÔsh eÐnai kai kajolik�
bèltisth lÔsh. To antÐstrofo isqÔei mìno gia gia kurt� probl mata beltistopoÐhshc,
sÔmfwna me ton orismì 2.9. 'Etsi (h apìdeixh sumbadÐzei me thn apìdeixh tou jewr -
matoc 2.5):

Je¸rhma 2.6 (Kajolikì el�qisto se kurtèc dianusmatikèc sunart seic )

An h
−→
F eÐnai kurt  sun�rthsh, k�je topikì thc kat� Pareto el�qisto

−→
x∗ apoteleÐ

kai kat� Pareto kajolikì el�qistì thc.

Orismìc 2.13 To antikeimenikì di�nusma
−→
F (−→x ) ∈ ℜM) to opoÐo antistoiqeÐ sthn

el�qisth dunat  tim  ìlwn twn antikeimenik¸n sunart sewn Fm, m = 1, . . . ,M
ja onom�zetai idanikì   tèleio antikeimenikì di�nusma (ideal or perfect
objective vector).

O parap�nw orismìc qrei�zetai epiplèon sqìlia kai dieukrin seic ¸ste na gÐnei

swst� katanohtìc. Gia na upologisjeÐ to idanikì antikeimenikì di�nusma
−→
F ideal a-

paitoÔntai na lujoÔn anex�rthta M probl mata elaqistopoÐhshc, enìc stìqou
to kajèna (èna gia k�je mia apì tic M sunist¸sec thc dianusmatikèc antikeimenik c
sun�rthshc, dhlad , gia ta Fm, m = 1, . . . ,M). Epìmenwc, den eÐnai aparaÐthto

to shmeÐo pou antistoiqeÐ sto
−→
F ideal na an kei sthn eikìna

−→
F (Ω) tou q¸rou twn

apodekt¸n lÔsewn. Mia tètoia perÐptwsh apeikonÐzetai qarakthristik� sto sq ma
2.2. Prosèxte, sthn perÐptwsh tou sq matoc 2.2, ìti to mètwpo Pareto apoteleÐtai

apì dÔo diakrit� tm mata thc perib�llousac to sÔnolo
−→
F (Ω). EÐnai profanèc ìti, an

−→
F ideal ∈

−→
F (Ω), tìte to antÐstoiqo di�nusma −→x apoteleÐ kai th zhtoÔmenh lÔsh sto

prìblhma, afoÔ elaqistopoieÐ ìlec tic antikeimenikèc sunart seic. Dustuq¸c, autì
sp�nia sumbaÐnei kai, ètsi, oi perissìterec mèjodoi katafeÔgoun ston upologismì
met¸pou kat� Pareto bèltistwn lÔsewn. Akìma, ìmwc, kai se autèc tic peript¸seic,
to idanikì antikeimenikì di�nusma qrhsimeÔei metaxÔ �llwn wc �odhgìs� (qamhlìtero
ìrio   apl� shmeÐo anafor�c) gia thn topojèthsh se �plaÐsio� (me metr sima qarak-
thristik�) tou met¸pou Pareto. Me èna tètoio �plaÐsio�, gÐnetai dunat  h posotik 
sÔgkrish met¸pwn Pareto upologismènwn apì diaforetikoÔc algorÐjmouc.

Ligìtero profanèc ston orismì tou (me exaÐresh thn perÐptwsh M = 2, bl.
sq ma 2.2) eÐnai to nadÐr   mh�tèleio antikeimenikì di�nusma (nadir or

non–perfect objective vector,
−→
F nadir). Gia ton upologismì tou, qrei�zetai na sqhma-

tisjeÐ ènac bohjhtikìc pÐnakac di�stashc M ×M (onom�zetai antistajmistikìc
pÐnakac, payoff table). Oi grammèc tou apoteloÔntai apì tic timèc twn sunistws¸n
twn antikeimenik¸n dianusm�twn pou proèkuyan apì thn elaqistopoÐhsh k�je stì-

qou qwrist�, dhlad  kat� th diadikasÐa pou ègine ¸ste na brejeÐ to
−→
F ideal. To

 dh gnwstì
−→
F ideal èqei, profan¸c, sunist¸sec ta stoiqeÐa thc kurÐac diagwnÐou tou
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F
nadir

F( )

F
ideal

F2(x)

F1(x)

Pareto

Sq ma 2.2: ParousÐash sto epÐpedo twn stìqwn thc eikìnac tou q¸rou twn apodek-
t¸n lÔsewn Ω, tou met¸pou twn kat� Pareto bèltistwn lÔsewn tou idanikoÔ kai nadÐr
antikeimenik¸n dianusm�twn.

antistajmistikoÔ pÐnaka. An, t¸ra, apì k�je st lh tou Ðdiou pÐnaka katagr�youme
to arijmhtik� mègisto stoiqeÐo k�je st lhc tou, sqhmatÐzontai oi sunist¸sec tou
−→
F nadir.

To nadÐr antikeimenikì di�nusma qrhsimopoieÐtai (mazÐ me to idanikì) gia ton ka-
jorismì tou plaisÐou posotikopoÐhshc tou met¸pou Pareto.

Ektìc apì tic kat� Pareto bèltistec lÔseic pou orÐsjhkan prohgoumènwc (orismoÐ
2.11 kai 2.12, up�rqoun kai kat� perÐptwsh qrhsimopoioÔntai kai �lloi sunafeÐc
orismoÐ. 'Etsi:

Orismìc 2.14 To di�nusma −→x ∈ Ω ( Ω ⊂ ℜN ) apoteleÐ kat� Pareto asjen¸c
bèltisth lÔsh (weakly Pareto optimal solution) tou probl matoc elaqistopoÐhshc

thc
−→
F : ℜN → ℜM an kai mìno an den up�rqei �llh lÔsh −→y ∈ Ω tètoia ¸ste

Fm(−→y ) < Fm(−→x ) gia ìlouc touc stìqouc (m = 1, · · · ,M).

Sto q¸ro twn antikeimenik¸n sunart sewn, èna antikeimenikì di�nusma onom�zetai
kat� Pareto asjen¸c bèltisto an den up�rqei �llo me mikrìterec tic timèc ìlwn twn
sunistws¸n tou. Gia to aplì all� epoptikì par�deigma tou sq matoc 2.3 diakrÐnete
to asjen¸c bèltisto mètwpo (dÔo pleurèc tou exag¸nou) apì to �klasikì� mètwpo
Pareto (mia mìno pleur�).
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-

F2(x)

F( )

F1(x)

Pareto

 Pareto

Sq ma 2.3: ParousÐash sto epÐpedo twn stìqwn thc eikìnac tou q¸rou twn apodek-
t¸n lÔsewn Ω, tou met¸pou twn kat� Pareto asjen¸c bèltistwn lÔsewn kai tou
antÐstoiqou met¸pou Pareto.
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Kef�laio 3

Mèjodoi AnÐqneushc kat�
Gramm 

Sto kef�laio ja parousi�soume thn pio gnwst  kai basik  kathgorÐa mejìdwn
anÐqneushc thc bèltisthc lÔshc, aut n thc anÐqneushc kat� gramm  (line search
methods). Proc to parìn, ac jewr soume ìti ta probl mata beltistopoÐhshc pou mac
apasqoloÔn diatup¸nontai sth morf  elaqistopoÐhshc thc tim c thc antikeimenik c
sun�rthshc F (−→x ), qwrÐc h lÔsh na upìkeitai se periorismoÔc isìthtac   anisìthtac.
Anaferìmaste, dhlad , se probl mata enìc stìqou   se probl mata poll¸n stìqwn
arkeÐ ta teleutaÐa na èqoun diatupwjeÐ sth morf  miac antikeimenik c sun�rthshc
proc elaqistopoÐhsh. To jèma thc diaqeÐrishc twn periorism¸n, an up�rqoun, ja mac
apasqol sei se epìmeno kef�laio.

H parousÐash pou ja akolouj sei ja kalÔyei èna eÔroc mejìdwn pou anazhtoÔn
th bèltisth lÔsh pragmatopoi¸ntac mia diadrom  morf c zigk-zagk sto q¸ro twn
lÔsewn: ja arqÐsoume apì thn pio profan , aut  thc apìtomhc kajìdou kai ja
katal xoume sthn perissìtero isqur  kai sÔnjeth, aut  twn suzug¸n klÐsewn. 'Olec
touc eÐnai epanalhptikèc   bhmatikèc: k�je eujÔgrammo tm ma dhlad  k�je kl�doc
thc diadrom c zigk-zagk apoteleÐ èna b ma   mia prìodo thc lÔshc, h opoÐa xekÐnhse
apì mia arqik  tim  kai exelÐssetai proc th bèltisth. MetaxÔ twn mejìdwn pou ja
parousiasjoÔn, up�rqoun diaforèc wc proc to pwc upologÐzetai h nèa kateÔjunsh
èreunac se k�je nèo b ma all� kai wc proc to poio eÐnai to m koc tou b matoc sthn
kateÔjunsh aut .

Anatrèqontac tic mejìdouc autèc apì thn pleur� tou mhqanikoÔ pou endiafère-
tai na tic qrhsimopoi sei gia probl mata anaz thshc bèltistwn lÔsewn sthn aero-
dunamik  (kai ìqi apì thn pleur� tou majhmatikoÔ pou anazhteÐ th jemelÐwsh kai
apìdeixh thc sqetik c jewrÐac) h kritik  touc gÐnetai me diaforetik� krit ria. 'Et-
si, ja dÐnoume èmfash kurÐwc sto ti plhroforÐa qrei�zetai k�je mèjodoc anÐqneushc
kat� gramm  ¸ste na pragmatopoi sei to epìmeno b ma, an eÐnai eÔkolo   pìso up-
ologistik� epÐpono eÐnai na apokthjeÐ aut  h plhroforÐa, klp. DÐnoume èna aplì
par�deigma: to na qrhsimopoieÐ l.q. mia mèjodoc beltistopoÐhshc to mhtr¸o Hess
thc antikeimenik c sun�rthshc, pou mporeÐ na eÐnai sun�rthsh thc �nwshc   thc an-
tÐstashc, dhlad  deÔterec parag¸gouc, thn kajistoÔn ek prooimÐou dusef�rmosth.
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Se mia tètoia perÐptwsh, ìso �kal � kai an faÐnetai h mèjodoc beltistopoÐhshc, o
mhqanikìc endeqomènwc skèftetai na qrhsimopoi sei mia �llh mèjodo, Ðswc ligìtero
�kal � all� pou parak�mptei aut n thn apaÐthsh. Enallaktik�, prospajeÐ toul�qis-
ton na exet�sei thn perÐptwsh na proseggÐsei, antÐ na upologÐsei akrib¸c, to mhtr¸o
Hess, elpÐzontac ìti h praktik  aut  parèmbash den ja katastrèyei idiaÐtera thn
apotelesmatikìthta pou jewrhtik� upìsqetai h mèjodoc.

'Eqontac diark¸c upìyh tic parap�nw parathr seic, sthn parousÐash twn mejìd-
wn pou ja akolouj sei ja anaferìmaste sto prìblhma elaqistopoÐhshc tim c thc
antikeimenik c sun�rthshc F (−→x ), F : ℜN → ℜ. Mia tètoia sqèsh uponoeÐ ìti
to prìblhma beltistopoÐhshc pou kaloÔmaste na lÔsoume èqei N eleÔjerec metabl-
htèc kai èna stìqo kai, epiplèon, ìti ja asqolhjoÔme proc to parìn me probl ma-
ta beltistopoÐhshc qwrÐc periorismoÔc. H diaqeÐrish problhm�twn elaqistopoÐhshc
epitrèpei enallaktik� th qr sh tou ìrou sun�rthsh kìstouc (cost function)
antÐ thc antikeimenik c sun�rthshc.

Epeid , ìpwc ja doÔme parak�tw, ìlec oi mèjodoi pou ja parousiasjoÔn a-
paitoÔn ton upologismì (toul�qiston) thc tim c thc ∇F (−→x ), h mèjodoc anÐqneush-
c kat� gramm  apoteleÐ to basikìtero antiprìswpo miac kathgorÐac algorÐjmwn
beltistopoÐhshc pou fèrontai me to genikì tÐtlo mèjodoi basismènec sthn k-
lÐsh thc antikeimenik c sun�rthshc (gradient-based methods). K�je mèjo-
doc pou èqei aut  thn apaÐthsh, gia to majhmatikì proôpojètei sunèqeia thc F (−→x ) kai
suqn� kai sunèqeia pr¸twn parag¸gwn. O mhqanikìc pou asqoleÐtai me probl mata
beltistopoÐhshc se efarmogèc thc aerodunamik c kaleÐtai, autìmata, na parak�myei
�èxupna� autì to prìblhma. Ac p�roume gia par�deigma th beltistopoÐhsh morf c
miac aerotom c se sunj kec atriboÔc ro c kai dedomènec (dihqhtikèc) sunj kec ro c.
Par�metroi −→x thc beltistopoÐhshc ja eÐnai gewmetrik� qarakthristik� thc aerotom -
c (to poi� exart�tai apì thn parametropoÐhsh pou ja epilegeÐ) kai stìqoc eÐnai na
elaqistopoihjeÐ o suntelest c antÐstashc cD, diathr¸ntac stajer  thn tim  tou sun-
telest  �nwshc cL = cL,desired. AfoÔ asqoloÔmaste me probl mata elaqistopoÐhshc,
h antikeimenik  sun�rthsh ja mporoÔse na eÐnai h F (−→x ) = (cL − cL,desired)

2 + β
cD

(ìpou to β suntelest c pou orÐzei o qr sthc). Sthn tim  tou cD, ousiastik� sune-
isfèrei to kroustikì kÔma kai autì pou epidi¸kei o mhqanikìc eÐnai na to �exafanÐ-
sei�, diathr¸ntac sugqrìnwc thn epijumht  tim  �nwshc. GÐnetai amèswc antilhptì
ìti, afenìc emplèketai h (arijmhtik ) epÐlush twn exis¸sewn Navier–Stokes k�je
for� pou qrei�zetai h tim  thc F (−→x ), afetèrou h lÔsh ja parousi�zei asunèqeiec
(kroustik� kÔmata). 'Ara k�je suz thsh gia sunèqeia thc F (−→x ) èqei apokleistik�
jewrhtikì qarakt ra. Ki ìmwc, o mhqanikìc (se peÐsma tou majhmatikoÔ) prèpei na
lÔsei autì to prìblhma.

Mia teleutaÐa eisagwgik  parat rhsh afor� ton trìpo pou ja parousiasjoÔn
oi mèjodoi autèc. Sto kef�laio autì, parìlo pou endiaferìmaste apokleistik� gi-
a mh-grammikèc antikeimenikèc sunart seic (me ìlec, m�lista, tic epiplèon duskolÐec
pou anafèrame sthn prohgoÔmenh par�grafo) ja eis�goume k�je mèjodo pr¸ta gia
grammik� probl mata. Se poll� de shmeÐa, Ðswc faneÐ anisobar c h enasqìlhsh
me th grammik  parallag  thc mejìdou. Autì gÐnetai skìpima apì to gr�fonta, epei-
d  basikì mèlhm� tou eÐnai o spoudast c na katano sei th fusik  shmasÐa kai thn
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idèa pou krÔbei h k�je mèjodoc. Autì mporeÐ na gÐnei mìno me thn parousÐash gram-
mik¸n problhm�twn. Alloi¸c, oi shmei¸seic autèc ja ekfulÐzontan sthn par�jesh
�algorÐjmwn� pou o foitht c prèpei na m�jei na ulopoieÐ, qwrÐc dustuq¸c na katanoeÐ
to giatÐ �douleÔei� (an kai autì sp�nia mac endiafèrei) h mia mèjodoc kai to giatÐ �den
douleÔei�   �ti qrei�zetai gia na doulèyei� kalÔtera h �llh, kok.

3.1 Basik  Arq  k�je Mejìdou AnÐqneushc
kat� Gramm 

H basik  arq  thc epanalhptik c mejìdou anÐqneushc kat� gramm  eÐnai na dhmiourgeÐ-
tai h epìmenh prosèggish −→x n+1 thc lÔshc qrhsimopoi¸ntac thn trèqousa −→x n kai mia
kateÔjunsh anÐqneushc −→p n (search direction), sÔmfwna me to sq ma

−→x n+1 = −→x n + η −→p n (3.1)

ìpou η eÐnai mia bajmwt  posìthta pou rujmÐzei to m koc tou b matoc (step length)
sthn kateÔjunsh −→p n. O �nw deÐkthc n ja sumbolÐzei ton arijmì thc epan�lhyhc
  b matoc. 'Opwc  dh anafèrjhke, oi mèjodoi anÐqneushc kat� gramm  diafèroun
kurÐwc wc proc ton upologismì thc kateÔjunshc anÐqneushc −→p n kai, deutereuìntwc,
wc proc ton trìpo upologismì tou η. An�loga me thn parallag  thc mejìdou pou
ja qrhsimopoi soume, mporeÐ h tim  tou η na eÐnai stajer  me tic epanal yeic  , afoÔ
èqei  dh epilegeÐ h kateÔjunsh anÐqneushc −→p n, to η na upologÐzetai ek nèou se k�je
b ma. Sthn teleutaÐa perÐptwsh, eÐnai orjìtero na xanagrafeÐ h sqèsh 3.1 wc

−→x n+1 = −→x n + ηn −→p n (3.2)

kai na diatupwjeÐ majhmatik� to zhtoÔmeno wc

min
ηn>0

F (−→x n + ηn −→p n) (3.3)

'Eqontac proepilèxei thn kateÔjunsh anÐqneushc −→p n, h sqèsh 3.3 krÔbei èna
nèo monoparametrikì prìblhma beltistopoÐhshc, pou sqetÐzetai me thn eÔresh thc
el�qisthc tim c thc F (−→x ) se mia sugkekrimènh kateÔjunsh, me �gnwsto to ηn. Pèra
apì k�je mèjodo pou ja parousi�soume sth sunèqeia, mporoÔme na k�noume dÔo prak-
tik� sqìlia sqetik� me ton trìpo upologismoÔ thc tim c tou η   ηn sto epanalhptikì
sq ma:

(a) H perÐptwsh stajer c tim c tou η eÐnai h aploÔsterh. Profan¸c, den exas-
falÐzei thn taqÔterh sÔgklish sth bèltisth lÔsh. M�lista, an diajètoume
trìpo epilog c thc kateÔjunshc anÐqneushc −→p n, mia apl  (me el�qisto kìpo
apì ton programmatist ) lÔsh eÐnai na epilegeÐ mia mikr  tim  tou η, elpÐzon-
tac ìti ètsi o algìrijmoc ja sugklÐnei arg� all� stajer�. Profan¸c, k�ti
tètoio den sunist�tai, all� k�poiec forèc qrhsimopoieÐtai an l.q. prìkeitai
na lÔsoume èna aplì prìblhma mia mìno for�. Ja tonÐsoume p�ntwc ìti, en-
noiologik�, toul�qiston, h epilog  stajeroÔ η den dikaiologeÐ ton tÐtlo miac
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mejìdou pou aniqneÔei (dhlad  anazht� to mègisto kèrdoc) se mia sugkekrimènh
gramm , aut  thc dieÔjunshc −→p n.

(b) H antidiametrik� akraÐa perÐptwsh, ìpou to prìblhma 3.3 lÔnetai pl rwc wc
proc ηn se k�je nèa epan�lhyh kai pragmatik� epitugq�netai to mègisto kèr-
doc kaj¸c h mèjodoc aniqneÔei sar¸ntac thn eujeÐa me afethrÐa to −→x n kat� me
kateÔjunsh −→p n, stoiqÐzei akrib� se qrìno upologist . EÐnai ìmwc pio shman-
tikì kai qr simo na tonÐsoume ìti h leptomer c anÐqneush k�je for� kat� −→p n

mporeÐ na eÐnai anaÐtia kai epiblab c gia thn telik  sÔgklish.

Epomènwc, ja mporoÔse kaneÐc na uiojet sei mia endi�mesh diadikasÐa upologismoÔ
tou ηn kat� thn opoÐa o algìrijmoc dhmiourgeÐ èna mikrì arijmì tim¸n tou ηn (�ra,
bhm�twn) kat� −→p n, apì aut� epilègei autì pou dÐnei mikrìterh (ìqi anagkastik� thn
el�qisth) tim  sthn F (−→x n) kai suneqÐzei me to epìmeno b ma, kok.

Sqetik� me th sqèsh 3.3, af noume proc to parìn anoiktì to jèma thc epÐlushc
thc, me thn ènnoia ìti ja  tan eÔkola epilÔsimh se èna grammikì prìblhma all�, se
èna mh-grammikì prìblhma, h epÐlus  thc ja èqei endeqomènwc meg�lo upologistikì
kìstoc kai ja jètei èna epiplèon prìblhma: to me poi� mèjodo ja epilujeÐ. Sto jèma
autì ja epanèljoume arketèc forèc sth sunèqeia.

AkoloujoÔn oi basikìterec mèjodoi beltistopoÐhshc me anÐqneush kat� gramm .

3.2 H Mèjodoc thc Apìtomhc Kajìdou

Sth mèjodo thc apìtomhc kajìdou (steepest descent method), h efarmog  thc sqèsh-
c 3.2 ananèwshc thc tim c tou dianÔsmatoc −→x gÐnetai epilègontac wc kateÔjunsh
anÐqneushc −→p n to antÐjeto tou topikoÔ dianÔsmatoc klÐshc thc sun�rthshc F (−→x n).
AfoÔ h klÐsh thc F (−→x ), dhlad  to di�nusma ∇F (−→x ), deÐqnei se k�je shmeÐo thn
kateÔjunsh mègisthc metabol c thc tim c thc F (−→x ), (h kateÔjunsh −∇F (−→x n) eÐ-
nai orjog¸nia stic iso-F grammèc pou dièrqontai apì to shmeÐo −→x n) h epilog  tou
dianÔsmatoc

−→p n = − ∇F (−→x n) (3.4)

wc kateÔjunshc anÐqneushc thc bèltisthc lÔshc èqei profan  aitiologÐa. Gia lìgouc
plhrìthtac, parajètoume to an�ptugma Taylor

F (−→x n + ηn−→p n) = F (−→x n) + ηn −→p nT∇F (−→x n) + O(η2) (3.5)

ìpou, to prìshmo tou deÔterou ìrou sto dexiì mèloc (arnhtik  posìthta gia ηn > 0)
dikaiologeÐ kai thn epilog  thc sqèshc 3.4. Parak�tw ja deÐxoume kai ja suzht -
soume an ìntwc eÐnai h kalÔterh epilog .

Qarakthristikì thc mejìdou thc apìtomhc kajìdou eÐnai ìti apaiteÐ, se k�je nèa
jèsh, ton upologismì thc klÐshc thc antikeimenik c sun�rthshc kai pleonèkthm� thc
ìti den apaiteÐ plhroforÐa gia to mhtr¸o Hess (deÔterec parag¸gouc). H apìdos  thc
exart�tai apì thn arqik  lÔsh −→x 0, to ηn kai, profan¸c, th morf  thc sun�rthshc.
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EÐnai kal  mèjodoc gia apl� probl mata all� gÐnetai idiaÐtera arg  kai anapote-
lesmatik  sta polÔploka probl mata (ac mhn xeqn�me ìti sthn aerodunamik  ta prob-
l mata beltistopoÐhshc eÐnai p�nta polÔploka).

3.2.1 H Mèjodoc thc Apìtomhc Kajìdou se Grammik�

Probl mata

Gia touc lìgouc pou proanafèrame, ja asqolhjoÔme parenjetik� me thn parallag 
thc mh-grammik c mejìdou thc apìtomhc kajìdou gia grammik� probl mata. Sug-
kekrimèna, gia th morf  pou epilÔei grammik� sust mata thc morf c

A −→x =
−→
b (3.6)

To jèma thc arijmhtik c epÐlushc grammik¸n susthm�twn kalÔptetai apì ta ma-
j mata thc Arijmhtik c An�lushc. Ed¸, ìmwc, ac prospaj soume na parousi�soume
mia diaforetik  ìyh tou probl matoc. Katarq , antÐ na anaferìmaste sto �eÔkolo�
prìblhma 3.6 (pou, ek pr¸thc ìyewc, lÐgo sqetÐzetai me jèmata beltistopoÐhshc sthn
aerodunamik  � an kai up�rqei kai h �poyh ìti èna mh-grammikì prìblhma me kat�llhlh
grammikopoÐhsh mporeÐ na antimetwpisteÐ mèsw thc pollapl c epÐlushc grammik¸n
problhm�twn, �ra na pou upeisèrqetai h sqèsh 3.6 !) ac epanadiatup¸soume to
prìblhma wc prìblhma elaqistopoÐhshc thc tim c miac antikeimenik c sun�rthshc.
Gia na gÐnei autì, ja prohghjeÐ o orismìc thc tetragwnik c morf c enìc dianÔs-
matoc:

Orismìc 3.1 OrÐzoume wc tetragwnik  morf  (quadratic form) enìc dianÔs-
matoc −→x k�je bajmwt  sun�rthsh thc morf c

F (−→x ) =
1

2
−→x TA−→x −

−→
b T−→x + c (3.7)

ìpou A èna tetragwnikì mhtr¸o kai c mia bajmwt  stajer�.

H stajer� c mporeÐ na apousi�zei apì th graf  3.7, afoÔ oÔtwc   �llwc den
prosfèrei tÐpota sthn anaz thsh tou −→x ∗ pou elaqistopoieÐ thn F (−→x ). To epìmeno
je¸rhma eÐnai shmantikì:

Je¸rhma 3.1 An to A eÐnai summetrikì kai jetik� orismèno mhtr¸o, tìte to
el�qisto thc F (−→x ) (sqèsh 3.7) tautÐzetai me th lÔsh tou grammikoÔ sust matoc 3.6,

eÐnai dhlad  to −→x ∗ = A−1−→b to opoÐo apoteleÐ kai to kajolikì el�qisto thc F (−→x ).

Apìdeixh: H klÐsh thc 3.7 eÐnai

∇F (−→x ) =
1

2
AT−→x +

1

2
A−→x −

−→
b (3.8)

h opoÐa, ìtan to A eÐnai summetrikì, gr�fetai wc
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∇F (−→x ) = A−→x −
−→
b (3.9)

Sunep¸c, mhdenÐzontac thn klÐsh thc tetragwnik c sun�rthshc 3.7 odhgoÔmaste
pr�gmati sth lÔsh tou grammikoÔ sust matoc 3.6. 3

Shmei¸ste ìti, an to mhtr¸o A den  tan summetrikì, tìte h 3.8 apl� mac protrèpei
na anazht soume to el�qisto thc tetragwnik c sun�rthshc sth lÔsh tou sust matoc

1

2
(AT + A)−→x =

−→
b (3.10)

Tèloc, sthn 3.10 sugkrateÐste ìti to mhtr¸o 1
2
(AT + A) eÐnai summetrikì.

AxÐzei, pragmatik�, na katano soume se b�joc to giatÐ mac apasqoloÔn oi tetrag-
wnikèc morfèc twn dianusm�twn. Gia thn parousÐash pou ja akolouj sei, ac jewr -
soume ìti to A eÐnai summetrikì mhtr¸o, qwrÐc proc to parìn na apaitoÔme ìti eÐnai
kai jetik� orismèno, paradoq  pou mèqri t¸ra anafèrjhke all� den qrhsimopoi jhke.
An −→x ∗ eÐnai h lÔsh thc 3.6 kai −→e eÐnai opoiod pote �llo di�nusma, tìte

F (−→x ∗ +−→e ) =
1

2
(−→x ∗ +−→e )TA(−→x ∗ +−→e )−

−→
b T (−→x ∗ +−→e ) + c

=
1

2
−→x ∗TA−→x ∗ +−→e TA−→x ∗ +

1

2
−→e TA−→e −

−→
b T−→x ∗ −

−→
b T−→e + c

=
1

2
−→x ∗TA−→x ∗ −

−→
b T−→x ∗ + c+−→e T−→b +

1

2
−→e TA−→e −

−→
b T−→e

= F (−→x ∗) +
1

2
−→e TA−→e (3.11)

Epeid  k�je �llo di�nusma −→x mporeÐ na prokÔyei wc h upèrjesh −→x = −→x ∗ + −→e ,
autìmata dÐnoume sto di�nusma −→e thn ènnoia sf�lmatoc (e=error) tou −→x se sqèsh
me th zhtoÔmenh lÔsh −→x ∗. K�nontac, t¸ra, thn epiplèon paradoq  ìti to A eÐnai kai
jetik� orismèno, tìte h bajmwt  posìthta −→e TA−→e eÐnai p�nta jetik  (−→e ̸= 0), �ra
isqÔei ìti F (−→x ) = F (−→x ∗ + −→e ) > F (−→x ∗). Epomènwc, mìlic deÐxame ìti to −→x ∗ eÐnai
to kajolikì el�qisto thc F (−→x ).

'Hdh prèpei na èqei gÐnei antilhptì ìti h arijmhtik  epÐlush thc 3.6 kai h e-
laqistopoÐhsh thc 3.7, me tic paradoqèc summetrikoÔ kai jetik� orismènou A, eÐnai
to Ðdio prìblhma!

Epeid  mia arijmhtik  efarmog , sqetik  me ta prohgoÔmena all� kai me pol-
l� �lla shmeÐa sth sunèqeia, eÐnai p�nta qr simh, protrèpoume aut  na gÐnei sthn
tetragwnik  morf  3.7 pou dhmiourgeÐtai epilègontac

A =

[
3 2
2 6

]
,

−→
b =

[
2
−8

]
, c = 0 (3.12)

gia thn opoÐa to kajolikì el�qisto thc 3.7 eÐnai to di�nusma −→x ∗ = [2,−2]T . To
mhtr¸o A thc 3.12 eÐnai jetik� orismèno kai summetrikì.

Sto sq ma 3.1 apeikonÐzetai grafik� h sun�rthsh 3.7 me ta dedomèna thc 3.12.
'Eqei paraboloeid  morf , me to kajolikì el�qisto na brÐsketai sto qamhlìtero
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Sq ma 3.1: Grafik  par�stash thc morf c thc tetragwnik c sun�rthshc 3.7 me ta
dedomèna thc 3.12. To olikì el�qisto shmei¸netai p�nw sth grafik  par�stash wc
èntono shmeÐo.

shmeÐo thc epif�neiac pou orÐzei. Shmei¸ste ìti to Ðdio ja sunèbaine gia opoiad pote
�llh tetragwnik  morf , me summetrikì kai jetik� orismèno A. To ìti h epif�neia
èqei paraboloeid  morf  apoteleÐ pleonèkthma wc proc tic mejìdouc pou mporoÔn na
qrhsimopoihjoÔn gia thn eÔresh tou kajolikoÔ akrìtatou. Praktik�, k�je mèjodoc
pou aniqneÔei kat� gramm  akolouj¸ntac kajodik  poreÐa (pìso m�llon h mèjodoc
thc apìtomhc kajìdou) eÐnai exasfalismèno ìti, arg�   gr gora, ja entopÐsei to
kajolikì akrìtato. To zhtoÔmeno, bèbaia, eÐnai autì na epiteuqjeÐ me to mikrìtero
arijmì bhm�twn, afoÔ o upologismìc tou ∇F (−→x ) èqei upologistikì kìstoc.

To upìloipo thc exÐswshc 3.6 sth n-iost  epan�lhyh, me trèqousa lÔsh th −→x n,
ja sumbolÐzetai me −→r n (r=residual) kai ja orÐzetai wc

−→r n =
−→
b − A−→x n (3.13)

Sundu�zontac tic sqèseic 3.4, 3.9 kai 3.13, prokÔptei ìti sth grammik  mèjodo
thc apìtomhc kajìdou isqÔei ìti

−→r n = −→p n = −∇F (−→x n) =
−→
b − A−→x n (3.14)

en¸ axÐzei na xanagr�youme thn 3.2 kai wc

−→x n+1 = −→x n + ηn −→r n (3.15)

Sto shmeÐo autì, apomènei na proteÐnoume mia èkfrash gia ton upologismì tou ηn

se k�je epan�lhyh.
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Me b�sh thn arq  thc anÐqneushc kat� gramm  (ìpou katat�ssetai kai h paroÔsa
mèjodoc) anazhtoÔme thn tim  tou ηn pou elaqistopoieÐ thn tim  tou F (−→x n+1) kat�
thn kateÔjunsh −→p n, kaj¸c kinoÔmaste me afethrÐa to −→x n. To Ðdio isqÔei, asfal¸c,
kai gia to arqikì shmeÐo −→x 0. Grafik�, sto sq ma 3.1, h anaz thsh aut  antistoiqeÐ
sto na fèroume thn tom  tou paraboloeidoÔc me to katakìrufo epÐpedo pou dièrqetai
apì to ek�stote shmeÐo −→x n = (xn

1 , x
n
2 ) kai eÐnai par�llhlo sto di�nusma −→p n kai na

anazht soume thn tim  tou ηn pou ja d¸sei to el�qisto thc tom s-kampÔlhc aut c.
Majhmatik� autì diatup¸netai wc

d

dη
F (−→x n+1) = ∇F (−→x n+1)

T d

dη
−→x n+1 = 0 (3.16)

kai, qrhsimopoi¸ntac tic sqèseic 3.14 kai 3.15, telik� wc

∇F (−→x n+1)
T−→r n = −−→r n+1T−→r n = 0 (3.17)

H gewmetrik  shmasÐa thc sqèshc 3.17 eÐnai exairetik  kai krÔbei thn ousÐa thc
mejìdou: h grammik  mèjodoc thc apìtomhc kajìdou proqwreÐ me tètoia zigk-zagk
kÐnhsh ¸ste, k�je for�, to upìloipo thc prohgoÔmenhc kai thc trèqousac epan�l-
hyhc na eÐnai metaxÔ touc orjog¸nia. Apì th sqèsh 3.14, thn orjogwniìthta dÔo
diadoqik¸n upoloÐpwn th gr�foume kai wc orjogwniìthta dÔo diadoqik¸n dianus-
m�twn kateujÔnsewn anÐqneushc, afoÔ

−→p n+1T−→p n = 0 (3.18)

H sqèsh 3.18 apokalÔptei sugqrìnwc kai èna shmantikì meionèkthma thc mejìdou thc
apìtomhc kajìdou: den up�rqei mhqanismìc pou na apotrèpei thn epanalambanìmenh
anÐqneush kat� thn Ðdia kateÔjunsh! Autì gÐnetai katanohtì sto par�deigma tou
sq matoc 3.1, ìpou èqoume dÔo metablhtèc kai �ra k�je kateÔjunsh anÐqneushc eÐnai
èna di�nusma −→p n p�nw sto Ðdio epÐpedo. AfoÔ, me b�sh th sqèsh 3.18, −→p 0⊥−→p 1,
−→p 1⊥−→p 2, −→p 2⊥−→p 3, kok, eÔkola gÐnetai antilhptì ìti to −→p 0 eÐnai par�llhlo tou −→p 2,
gia ton Ðdio lìgo to −→p 1 eÐnai par�llhlo tou −→p 3, kok. Ja  tan pragmatik� kalÔtero
an k�je kateÔjunsh aniqneÔontan mìno mia for� kai autì eÐnai h idèa sthn opoÐa
sthrÐzontai epìmenec mèjodoi.

Tèloc, h sqèsh 3.17 mporeÐ na odhg sei ston upologismì tou m kouc b matoc ηn.
AkoloujoÔn analutik� oi antÐstoiqec pr�xeic

−→r n+1T−→r n = 0

(
−→
b − A−→x n+1)T−→r n = 0

(
−→
b − A(−→x n + ηn−→r n))T−→r n = 0

(
−→
b − A−→x n)T−→r n − ηn(A−→r n)T−→r n = 0

(
−→
b − A−→x n)T−→r n = ηn(A−→r n)T−→r n

−→r nT−→r n = ηn−→r nT
A−→r n
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pou odhgoÔn sthn telik  èkfrash tou ηn, pou eÐnai h

ηn =
−→r nT−→r n

−→r nT
A−→r n

(3.19)

Oloklhr¸nontac, o algìrijmoc thc grammik c mejìdou thc apìtomhc
kajìdou, diatupwmènoc se morf  pou programmatÐzetai �mesa, sunoyÐzetai sta ex c
apl� b mata:

B ma 0: Epilog  arqik c lÔshc −→x 0. DeÐkthc n = 0.

B ma 1: Upologismìc upoloÐpou −→r n =
−→
b − A−→x n.

B ma 2: Upologismìc megèjouc b matoc ηn =
−→r nT−→r n

−→r nT A−→r n
, (sqèsh 3.19).

B ma 3: Ananèwsh lÔshc −→x n+1 = −→x n + ηn−→r n.

B ma 4: Ananèwsh tim c deÐkth n← n+1. Epistrof  sto b ma 1, mèqri sÔgklishc.

To upologistikì kìstoc tou algorÐjmou an� epan�lhyh kajorÐzetai ousiastik�
apì touc dÔo pollaplasiasmoÔc mhtr¸ou me di�nusma, sto pr¸to kai deÔtero b ma.
EÐnai, en toÔtoic, dunatì na apofeuqjeÐ o ènac apì autoÔc. Gia to skopì autì,
pollaplasi�zoume kai ta dÔo mèlh thc 3.15 me to mhtr¸o −A kai prosjètoume to

di�nusma
−→
b . B ma proc b ma oi pr�xeic dÐnoun:

−→x n+1 = −→x n + ηn −→r n

−→
b − A−→x n+1 =

−→
b − A−→x n − ηn A−→r n

−→r n+1 = −→r n − ηn A−→r n (3.20)

Me th sqèsh 3.20 mporoÔme praktik� na upologÐsoume to nèo upìloipo qwrÐc pro-
hgoumènwc na qreiasteÐ na upologÐsoume to ananewmèno di�nusma lÔshc. 'Etsi, arkeÐ
na qrhsimopoi soume th sqèsh 3.20 sto b ma 1 tou prohgoÔmenou algorÐjmou. Gia
lìgouc plhrìthtac, xanagr�foume ton algìrijmo sth nèa, oikonomik  paral-
lag  tou:

B ma 0: Epilog  arqik c lÔshc −→x 0. DeÐkthc n = 0. Upologismìc arqikoÔ up-

oloÐpou −→r n =
−→
b − A−→x n.

B ma 1: Upologismìc megèjouc b matoc ηn =
−→r nT−→r n

−→r nT A−→r n
, me apoj keush tou di-

anÔsmatoc A−→r n gia epìmenh qr sh.

B ma 2: Ananèwsh lÔshc −→x n+1 = −→x n + ηn−→r n.

B ma 3: Ananèwsh upoloÐpou −→r n+1 = −→r n − ηn A−→r n, qrhsimopoi¸ntac to  dh
upologismèno di�nusma A−→r n. Ananèwsh tim c deÐkth n← n+ 1 kai epistrof 
sto b ma 1, mèqri sÔgklishc.

To basikì meionèkthma tou nèou algorÐjmou eÐnai ìti o anadromikìc tÔpoc 3.20 eÐnai
epirrep c sth suss¸reush sfalm�twn stroggÔleushc (round-off errors).
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3.2.2 EÔresh M kouc B matoc se Mh-Grammik� Prob-

l mata

Sqèseic opwc h 3.19 eÐnai aplèc kai bolikèc gia na upologisjeÐ to m koc b matoc,
all� dustuq¸c isqÔoun mìno gia grammik� probl mata. Se autoÔc pou qrhsimopoioÔn
th mèjodo thc apìtomhc kajìdou gia probl mata beltistopoÐhshc sthn aerodunamik ,
el�qista mporeÐ na prosfèrei h 3.19.

Genik�, sta mh-grammik� probl mata h epilog  tou ηn krÔbei ènan prosektikì
sumbibasmì: jèloume h tim  pou ja epilegeÐ na odhg sei se aisjht  meÐwsh tim -
c thn antikeimenik  sun�rthsh all� den eÐmaste diatejeimènoi na �plhr¸soume� thn
eÔres  thc me dusan�loga uyhlì upologistikì kìstoc. Gi' autì sun jwc lÔnoume to
monodi�stato prìblhma elaqistopoÐhshc 3.3 se dÔo b mata. Pr¸ta, epilègoume �nw
ìrio sthn tim  tou ηn kai sth sunèqeia, me mia apl  mèjodo anÐqneushc ìpwc aut 
twn diadoqik¸n diqotom sewn, epilègoume thn �kalÔterh� (qwrÐc na mac apasqoleÐ an
eÐnai h bèltisth) tim  tou ηn. Kai autì den gÐnetai mìno me krit rio to upologistikì
kìstoc all� kai me thn praktik  parat rhsh ìti pollèc forèc eÐnai epiblabèc gia th
sÔgklish tou algorÐjmou to na qrhsimopoi soume to kajolikì bèltisto thc 3.3.

Sth logik  thc mh-akriboÔc epÐlushc tou monodi�statou probl matoc elaqistopoÐhsh-
c 3.3 pou  dh anafèrame ent�ssetai ènac dhmofil c trìpoc ergasÐac, pou majhmatik�
antistoiqeÐ stic legìmenec sunj kec tou Wolfe. H apaÐthsh eÐnai apl  kai
katanoht : epijumoÔme h meÐwsh thc tim c thc antikeimenik c sun�rthshc na dièpetai
apì thn anisìthta

F (−→x n + ηn −→p n) ≤ F (−→x n) + c1η
n∇F (−→x n)

T−→p n (3.21)

me th bajmwt  posìthta c1 na lamb�nei timèc sto di�sthma (0, 1). To ginìmeno

∇F (−→x n)
T−→p n eÐnai arnhtikì (sqèsh 3.4) kai, ètsi, sÔmfwna me th sqèsh 3.21 h

meÐwsh thc tim c thc F (−→x ) eÐnai an�logh afenìc thc tim c tou ηn kai afetèrou thc

kat� kateÔjunsh parag¸gou ∇F (−→x n)
T−→p n.

AxÐzei na katano soume to ti shmaÐnei h sqèsh 3.21 kai autì mporeÐ na gÐnei
me th bo jeia tou sq matoc 3.2. S' autì, h kampÔlh gramm  parist�nei thn prag-
matik  tim  thc F (−→x n + ηn−→p n), gia dedomèna F (−→x n) (pl rhc kÔkloc, sto sq ma)

kai ∇F (−→x n)
T−→p n kai suneq  metabol  tim c tou ηn. H keklimmènh eujeÐa (h klÐsh

thc all�zei arkeÐ na epilegeÐ diaforetik  tim  gia th stajer� c1) parist�nei th gram-
mik  sqèsh 3.21 kai deÐqnei, gia k�je tim  tou ηn, to �nw ìrio thc F (−→x n + ηn−→p n)
pou mporeÐ na gÐnei apodektì. Epomènwc, h epilog  tim c tou ηn prèpei na gÐnei sto
eÔroc tim¸n pou sto sq ma shmei¸netai wc �Apodektì�, ìpou dhlad  ikanopoieÐtai h
anisìthta 3.21.

Par� th qr simh kajod ghsh pou eis�gei h sqèsh 3.21, en toÔtoic èqei to meionèk-
thma oti dustuq¸c epitrèpei epilogèc polÔ mikr¸n tim¸n tou ηn, �ra epilogèc pou
apofèroun el�qisth meÐwsh sthn tim  thc F (−→x ). Gia to lìgo autì, h parap�nw
pr¸th sunj kh tou Wolfe prèpei na sumplhrwjeÐ me th deÔterh sunj kh tou Wolfe,
sÔmfwna me thn opoÐa epib�lletai epiplèon h anisìthta
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ηn

6F (−→x n + ηn−→p n)
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-� Apodektì -� Apodektì

Sq ma 3.2: Grafik  par�stash thc fusik c shmasÐac thc sqèshc 3.21, tou trìpou
dhlad  me ton opoÐo upologÐzetai to ηn, efarmìzontac thn pr¸th sunj kh tou Wolfe.

∇F (−→x n + ηn −→p n)T−→p n ≥ c2∇F (−→x n)T−→p n (3.22)

me th bajmwt  posìthta c2 na lamb�nei timèc sto di�sthma (c1, 1). H sqèsh 3.22
epib�llei h tim  thc parag¸gou thc F (−→x n + ηn−→p n) wc proc ηn, sto ηn pou ja
epilegeÐ, na eÐnai megalÔterh thc tim c thc Ðdiac posìthtac gia ηn = 0. Dhlad ,
prìkeitai gia sunj kh pou sqetÐzetai me thn kampulìthta. Epeid  h par�gwgoc eÐnai
arnhtik , h sqèsh 3.22 mac wjeÐ na epilèxoume ηn se shmeÐo ìpou h par�gwgoc na eÐnai
ligìtero arnhtik , mhdèn   (akìma kalÔtera) jetik , gegonìc pou apoteleÐ èndeixh
ìti m�llon den elpÐzoume se akìma megalÔterh meÐwsh thc tim c thc antikeimenik c
sun�rthshc (gia diaforetik  epilog  tim c tou ηn).

3.3 H Mèjodoc thc Kajìdou

H mèjodoc thc (�apl s�, se antidiastol  me ìti onom�same �apìtomh�) kajìdou apoteleÐ
genÐkeush thc prohgoÔmenhc mejìdou. Me afethrÐa to an�ptugma Taylor thc 3.5, to

ginìmeno −→p nT∇F (−→x n) gr�fetai

−→p nT∇F (−→x n) = ||−→p n|| ||∇F (−→x n)|| cosθn (3.23)

Epilègontac wc −→p n mia kateÔjunsh gia thn opoÐa cosθn < 0 (kai ìqi kat' an�gkh
cosθn = −1 ìpwc sth mèjodo thc apìtomhc kajìdou) mporoÔme na dhmiourg soume
parallagèc thc mejìdou thc kajìdou pou ìlec exasfalÐzoun ìti F (−→x n+1)1 < F (−→x n),
me thn proôpìjesh ìti to ηn ja epilegeÐ kat�llhla. GÐnetai fanerì ìti h mèjodoc
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aut  parousi�zetai perissìtero gia lìgouc plhrìthtac, afoÔ genik� h mèjodoc thc
apìtomhc kajìdou upertereÐ.

Me thn eukairÐa, p�ntwc, eÐnai endiafèron na parousi�soume kai mia �llh genik 
majhmatik  graf  k�je mejìdou tÔpou �kajìdou�. Gia thn epilog  thc kateÔjunshc
anÐqneushc mporeÐ na qrhsimopoieÐtai h genik  sqèsh

−→p n = − (Bn)−1∇F (−→x n) (3.24)

ìpou to Bn eÐnai summetrikì kai antistrèyimo mhtr¸o. Sth mèjodo thc apìtomhc
kajìdou h epilog   tan o Bn na eÐnai to monadiaÐo mhtr¸o. H mèjodoc thc kajìdou
epitrèpei �llec epilogèc gia to mhtr¸o Bn.

3.4 H Mèjodoc Newton

H mèjodoc Newton apoteleÐ ènan apì touc shmantikìterouc antipros¸pouc thc kath-
gorÐac twn mejìdwn anÐqneushc kat� gramm . Gia th jemelÐws  thc arkeÐ na grafeÐ
xan� to an�ptugma Taylor thc 3.5 diathr¸ntac epiplèon ton ìro deÔterhc t�xhc.
IsqÔei h prosèggish (jewreÐste proc to parìn ìti ηn = η = 1, paradoq  pou ja
sqoli�soume sth sunèqeia)

F (−→x n +−→p n) ≈ F (−→x n) + −→p nT∇F (−→x n) +
1

2
−→p nT ∇2F (−→x n) −→p n (3.25)

H apaÐthsh mhdenik c pr¸thc parag¸gou thc (prosèggishc thc) F (−→x n + −→p n) wc
proc −→p n dÐnei

∇F (−→x n) + ∇2F (−→x n) −→p n = 0

pou kajorÐzei th kateÔjunsh anÐqneushc gia thn trèqousa epan�lhyh wc

−→p n = − (∇2F (−→x n))−1 ∇F (−→x n) (3.26)

H teleutaÐa sqèsh gr�fthke me thn proôpìjesh ìti to mhtr¸o Hess ∇2F (−→x n) eÐnai
jetik� orismèno. An autì den sumbaÐnei, h kateÔjunsh pou dÐnei h 3.26 den orÐzetai,
afoÔ den mporeÐ na upologisteÐ o antÐstrofoc tou mhtr¸ou Hess.

Profan c diafor� an�mesa sth mèjodo thc apìtomhc kajìdou kai sth mèjodo
Newton eÐnai to ìti h teleutaÐa apaiteÐ kai ton upologismì ( , se orismènec par-
allagèc thc, thn prosèggish) tou mhtr¸ou Hess thc antikeimenik c sun�rthshc. H
an�gkh aut  eis�gei megalÔterec upologistikèc duskolÐec all� kai auxhmèno upolo-
gistikì kìstoc kat� thn efarmog  thc. SÔmfwna me tic teleutaÐec parathr seic, h
mèjodoc Newton axÐzei na qrhsimopoieÐtai an mporeÐ na prokalèsei aisjht� taqÔterh
sÔgklish apì tic prohgoÔmenec. LÐga sqìlia gia ton trìpo pou sugklÐnei h mèjodoc
Newton akoloujoÔn sth sunèqeia.
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Ac sugkrÐnoume thn proseggistik  sqèsh 3.25 me to akribèc an�ptugma kat�
Taylor thc 2.3, pou epanalamb�netai ed¸ gia eukolÐa,

F (−→x n +−→p n) = F (−→x n) + −→p nT∇F (−→x n) +
1

2
−→p nT∇2F (−→x n + t−→p n)−→p n (3.27)

me t ∈ (0, 1). H kateÔjunsh anÐqneushc pou upologÐzei h mèjodoc Newton eÐnai
axiìpisth ìtan h apìklish an�mesa sthn proseggistik  sqèsh 3.25 kai thn akrib 
3.27 eÐnai mikr . TonÐzetai ìti h proseggistik  sqèsh 3.25 eÐnai tetragwnik c morf c.

To an h epilog  kateÔjunshc anÐqneushc apì th sqèsh 3.26 odhgeÐ se meÐwsh
tim c thc antikeimenik c sun�rthshc, dhlad  gia to an pragmatik� h mèjodoc Newton
leitourgeÐ wc mèjodoc kajìdou, diereun�tai upologÐzontac to prìshmo tou ginomènou
−→p nT∇F (−→x n). EÐnai

−→p nT∇F (−→x n) = −→p nT
(−∇2F (−→x n)−→p n) = (3.28)

= − −→p nT ∇2F (−→x n) −→p n

To ìti to mhtr¸o Hess ∇2F (−→x n) eÐnai jetik� orismèno odhgeÐ sth bebaiìthta ìti
−→p nT∇2F (−→x n)−→p n < 0, �ra h mèjodoc Newton leitourgeÐ wc mèjodoc kajìdou afoÔ
−→p nT∇F (−→x n) < 0.

Jewrhtik�, all� kai praktik� stic perissìterec efarmogèc thc mejìdou Newton,
den upeisèrqetai h bajmwt  posìthta ηn (ηn = 1) pou kajorÐzei to mègejoc tou
b matoc kat� thn kateÔjunsh −→p n. Sth bibliografÐa ja sunant soume parallagèc
thc mejìdou Newton oi opoÐec leitourgoÔn men me ηn = 1, sthn perÐptwsh ìmwc pou
h parap�nw tim  den epifèrei �epark � meÐwsh sthn tim  thc F , tropopoieÐtai h tim 
tou ηn me empeirikèc diorjwtikèc sqèseic.

EpishmaÐnetai ìti, sÔmfwna me ton trìpo graf c thc sqèshc 3.24, sth mèjodo
Newton to Bn tautÐzetai me to mhtr¸o Hess (sugkrÐnete me th sqèsh 3.26).

3.5 H Proseggistik  Mèjodoc Newton

Prìkeitai gia parallag  thc klasik c (�akriboÔs�) mejìdou Newton h opoÐa diathreÐ
to pleonèkthma tou polÔ kaloÔ rujmoÔ sÔgklishc (idÐwc kaj¸c plhsi�zei th bèltisth
lÔsh, an bèbaia èqoun gÐnei oi swstèc epilogèc), entoÔtoic apofeÔgei ton upologismì
tou mhtr¸ou Hess. SÔmfwna me th graf  thc sqèshc 3.24, k�je proseggistik 
mèjodoc Newton (Quasi-Newton) upologÐzei kai qrhsimopoieÐ wc Bn mia prosèggish
tou mhtr¸ou Hess. Gia na up�rqei saf neia, ed¸ to sÔmbolo B ja parist�nei to
proseggistikì mhtr¸o Hess.

Mia pr¸th idèa gia upologismì tou mhtr¸ou B basÐzetai se �isodÔnama� sq mata
peperasmènwn diafor¸n (�mesh sunèpeia anaptugm�twn kat� Taylor), sÔmfwna me ta
opoÐa

∇2F (−→x n+1) (−→x n+1 −−→x n) ≈ ∇F (−→x n+1)−∇F (−→x n) (3.29)
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(mèjodoc thc tèmnousac, secant method) opìte to mhtr¸o Bn+1 prèpei na
ikanopoieÐ th sqèsh

Bn+1 −→s n = −→y n (3.30)

ìpou

−→s n = −→x n+1 −−→x n (3.31)

kai

−→y n = ∇F (−→x n+1)−∇F (−→x n) (3.32)

Praktik�, sto mhtr¸o Bn+1 epib�lletai o periorismìc na eÐnai summetrikì, ìpwc ex
�llou summetrikì eÐnai k�je mhtr¸o Hess.

Praktik  axÐa kai eureÐa qr sh èqoun sunant sei sq mata ta opoÐa ulopoioÔn
anadromikoÔc tÔpouc ¸ste na upologisjeÐ to mhtr¸o Hess sth nèa epan�lhyh (èstw
n + 1) apì to gnwstì mhtr¸o Hess thc prohgoÔmenhc (n) epan�lhyhc. Se k�je
tètoio sq ma, h arqikopoÐhsh B0 eÐnai sun jwc epilog  tou qr sth, pou prèpei na
ikanopoieÐ toul�qiston thn apaÐthsh summetrÐac.

Sth sunèqeia parajètoume dÔo apì tic piì gnwstèc mejìdouc pou ulopoioÔn apeu-
jeÐac ton upologismì tou Bn+1 apì to Bn. Autèc eÐnai:

1. Mèjodoc SR1 (Symmetric Rank One), kat� thn opoÐa

Bn+1 = Bn +
(−→y n −Bn−→s n) (−→y n −Bn−→s n)T

(−→y n −Bn−→s n)T −→s n
(3.33)

2. Mèjodoc BFGS (Broyden-Fletcher-Goldfarb-Shanno), kat� thn opoÐa

Bn+1 = Bn − Bn−→s n−→s nT
Bn

−→s nT
Bn−→s n

+
−→y n−→y nT

−→y nT−→s n
(3.34)

Kai oi dÔo autèc mèjodoi ikanopoioÔn thn exÐswsh thc tèmnousac kai exasfalÐ-
zoun ìti k�je paragìmeno mhtr¸o Bn+1 eÐnai epÐashc summetrikì (arkeÐ, bèbaia, h
arqikopoÐhsh B0 na eÐnai summetrik ).

Enallaktik� wc proc tic sqèseic 3.33 kai 3.34, oi opoÐec ek twn pragm�twn a-
paitoÔn thn antistrof  tou ananewmènou mhtr¸ou Bn+1, proteÐnetai h parak�tw
sqèsh h opoÐa upologÐzei kai anane¸nei apeujeÐac ton antÐstrofo tou B pou ja
sumbolÐsoume me H (�ra Hn = (Bn)−1 kai Hn+1 = (Bn+1)−1)

Hn+1 = (I − ρn−→s n−→y nT
)Hn(I − ρn−→y n−→s nT

) + ρn−→s n−→s nT
(3.35)

ìpou

ρn =
1

−→y nT−→s n
(3.36)
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Tìte, h kateÔjunsh anÐqneushc prokÔptei �mesa apì th sqèsh

−→p n = −Hn ∇F (−→x n) (3.37)

3.6 H Mèjodoc twn Suzug¸n KateujÔnsewn

Th mèjodo twn suzug¸n kateujÔnsewn (conjugate directions), an kai h morf  sthn
opoÐa ja parousiasjeÐ sth sunèqeia den qrhsimopoieÐtai suqn� (ta meionekt mat�
thc analÔontai parak�tw), axÐzei kaneÐc na th gnwrÐsei se b�joc giatÐ apoteleÐ ton
prìdromo thc eurÔtata qrhsimopoioÔmenhc mejìdou twn suzug¸n klÐsewn. Kai oi dÔo
mèjodoi basÐzontai se antÐstoiqec arqèc, èqontac ìmwc sugkekrimènec diaforèc. Wc
diaforetikèc axÐzei na tic katal�bei o spoudast c, èstw kai an poll� kal� biblÐa tic
enopoioÔn kai tic parousi�zoun wc mÐa.

Sthn parousÐash thc mejìdou twn suzug¸n kateujÔnsewn ja k�noume ekten 
anafor� sta grammik� probl mata, sthn elaqistopoÐhsh dhlad  thc tetragwnik c
morf c thc sqèshc 3.7, gia lìgouc pou  dh èqoume k�nei gnwstoÔc. Gia ekpaideu-
tikoÔc lìgouc, h parousÐash thc mejìdou èqei qwristeÐ se mikrìterec enìthtec.

3.6.1 H 'Ennoia thc SuzugÐac

AfethrÐa gia na dhmiourghjeÐ h mèjodoc twn suzug¸n kateujÔnsewn up rxe h t�sh na
dhmiourghjeÐ mia mèjodoc anÐqneushc kat� gramm  h opoÐa na qrhsimopoieÐ k�je kateÔ-
junsh anÐqneushc −→p n mia mìno for�. Gia na gÐnei katanoht  aut  h an�gkh, jumh-
jeÐte ìti sth mèjodo thc apìtomhc kajìdou h kateÔjunsh −→p n mporeÐ na sunèpipte
me pollèc prohgoÔmenec   epìmenec kateujÔnseic anÐqneushc.

Ek pr¸thc ìyewc, h lÔsh ja  tan apl� na orÐzontan ex arq c oi kateujÔnseic
anÐqneushc, me sugkekrimènec idiìthtec. H pio profan c idiìthta ja  tan h amoibaÐa
kajetìthta: na epilegoÔn N kateujÔnseic anÐqneushc (gia grammikì prìblhma di�s-
tashc N ×N . GiatÐ ìqi perissìterec apì N ;) −→p 0,−→p 1,−→p 2, . . . ,−→p N−1 gia tic opoÐec
na isqÔei

−→p iT−→p j = 0 , i ̸= j (3.38)

To an h epilog  aut  eÐnai kal  faÐnetai sto grammikì prìblhma 3.6. Apì th
sqèsh 3.2 ananèwshc tim¸n sto di�nusma twn agn¸stwn (afair¸ntac kai apì ta dÔo
mèlh to −→x ∗) kai me ton orismì tou ek�stote sf�lmatoc

−→e n = −→x n − −→x ∗ (3.39)

(jumÐzoume ìti −→x ∗ eÐnai h zhtoÔmenh, �ra �gnwsth kat� thn epÐlush bèltisth lÔsh),
prokÔptei amèswc ìti

−→e n+1 = −→e n + ηn −→p n (3.40)
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Epeid  stìqoc mac eÐnai, èqontac mìlic aniqneÔsei sthn kateÔjunsh−→p n, me afethrÐ-
a thn trèqousa lÔsh −→x n, na mh qreiasteÐ na epistrèyoume sthn Ðdia kateÔjunsh,
apaitoÔme to nèo sf�lma −→e n+1 na mhn perièqei sunist¸sa kat� −→p n,   apl�

−→p nT −→e n+1 = 0 (3.41)

'Omwc, apì th sqèsh 3.40, me antikat�stash sthn prohgoÔmenh prokÔptei

−→p nT −→e n + ηn−→p nT−→p n = 0

apì ìpou prokÔptei h sqèsh upologismoÔ tou m kouc b matoc

ηn = −
−→p nT−→e n

−→p nT−→p n
(3.42)

Dustuq¸c, h teleutaÐa sqèsh eÐnai pragmatik� �mia trÔpa sto nerì�! H sqèsh 3.42
qrei�zetai to −→e n, h gn¸sh tou opoÐou eÐnai adÔnath (an to gnwrÐzame ja gnwrÐzame
kai th lÔsh!)

Mìlic, dhlad , aporrÐyame thn idèa na qrhsimopoihjeÐ h sqèsh 3.38. Ant' aut -
c eis�goume thn ènnoia thc suzugÐac (conjugacy), pou majhmatik� shmaÐnei na
apait soume na eÐnai ta −→p i kai −→p j A-orjog¸nia (A-orthogonal), dhlad 

−→p iTA−→p j = 0 , i ̸= j (3.43)

Af noume proc to parìn kat� mèroc to me poion algìrijmo mporoÔn na upolo-
gisjoÔn tètoiec kateujÔnseic anÐqneushc kai anaptÔssoume tic par�pleurec sqèseic
thc 3.43. Gia to grammikì prìblhma, h ènnoia tou mègistou kèrdouc (mègisth meÐwsh
thc tim c thc F , sqèsh 3.7 en¸ isqÔei kai h sqèsh 3.14 pou sundèei to upìloipo −→r n

me thn klÐsh ∇F (−→x n)) kat� gramm  anÐqneushc, sqèsh 3.3, gr�fetai kat� seir� wc

dF (−→x n+1)

dηn
= 0

∇F (−→x n+1)
d−→x n+1

dηn
= 0

−−→r n+1T−→p n = 0 (3.44)

epib�llontac na eÐnai to nèo upìloipo orjog¸nio me thn prohgoÔmenh kateÔjunsh
anÐqneushc. Epeid  ìmwc

−→r n+1 =
−→
b − A−→x n+1 =

−→
b − A(−→x ∗ +−→e n+1)

kai
−→
b − A−→x ∗ = 0, isqÔei ìti

−→r n+1 = −A−→e n+1 (3.45)
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kai h sqèsh 3.44 gr�fetai kai wc

−→p nT
A−→e n+1 = 0 (3.46)

Epib�llei, sunep¸c, na eÐnai to nèo sf�lma A-orjog¸nio me thn prohgoÔmenh kateÔ-
junsh anÐqneushc. SugkrÐnete th sqèsh 3.41 (pou, prohgoumènwc thn aporrÐyame wc
mh bolik  kai exhg same to giatÐ) me th sqèsh 3.46. Den apaitoÔme, plèon, to nèo s-
f�lma na eÐnai apl� orjog¸nio all� A-orjog¸nio wc proc thn teleutaÐa kateÔjunsh
anÐqneushc pou qrhsimopoi jhke. UpenjumÐzetai, epiplèon, ìti h 3.46 proèkuye me
afethrÐa th sqèsh 3.3, dhlad  isodunameÐ me to na brÐskoume thn el�qisth tim  thc
antikeimenik c sun�rthshc kat� thn −→p n.

Epanalamb�noume t¸ra ton upologismì tou m kouc b matoc. EÐnai, me b�sh tic
prohgoÔmenec sqèseic,

−→p nT
A−→e n+1 = 0

−→p nT
A(−→e n + ηn−→p n) = 0

−→p nT
A−→e n + ηn−→p nT

A−→p n = 0

−−→p nT−→r n + ηn−→p nT
A−→p n = 0

kai telik�

ηn =
−→p nT−→r n

−→p nT
A−→p n

(3.47)

Shmei¸ste ìti h sqèsh 3.47 moi�zei apìluta me thn antÐstoiqh gia th grammik  mè-
jodo thc apìtomhc kajìdou, sqèsh 3.19, an antÐ tou −→p n qrhsimopoihjeÐ to −→r n.
Se antÐjesh me thn 3.42, h 3.47 eÐnai mia sqèsh pou upologistik� den parousi�zei
duskolÐa.

3.6.2 SÔgklish se N to polÔ B mata. GiatÐ ;

Sthn enìthta aut  ja parousiasjeÐ to jèma thc sÔgklishc thc grammik c mejìdou
twn suzug¸n kateujÔnsewn se N to polÔ b mata. 'Estw ìti h epÐlush xekin� apì
thn arqik  lÔsh −→x 0 kai me arqikì sf�lma −→e 0 = −→x 0 − −→x ∗. Ekfr�zoume to arqikì
sf�lma −→e 0 wc grammikì sunduasmì twn N kateujÔnsewn anÐqneushc

−→e 0 =
N−1∑
j=0

δj−→p j (3.48)

kai upologÐzoume touc suntelestèc δ wc ex c

−→p nT
A−→e 0 =

N−1∑
j=0

δj−→p nT
A−→p j = δn−→p nT

A−→p n
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�ra

δn =
−→p nT

A−→e 0

−→p nT
A−→p n

(3.49)

(isqÔei gia k�je tim  tou deÐkth n). Ston arijmht  thc sqèshc 3.49, antikajistoÔme
to −→e 0 me thn posìthta −→e 0 +

∑n−1
i=0 η

i−→p i kai autì den alloi¸nei ton arijmht  afoÔ,

lìgw thc sqèshc 3.43, k�je ginìmeno −→p nT
A−→p i (gia i < n) eÐnai mhdenikì. 'Etsi

gÐnetai

δn =
−→p nT

A(−→e 0 +
∑n−1

i=0 η
i−→p i)

−→p nT
A−→p n

Apì th sqèsh 3.40 prokÔptei eÔkola ìti

−→e n = −→e 0 +
n−1∑
i=0

ηi−→p i (3.50)

kai h 3.49 paÐrnei thn telik  thc morf 

δn =
−→p nT

A−→e n

−→p nT
A−→p n

(3.51)

H sÔgkrish twn sqèsewn 3.47 kai 3.51, dedomènhc kai thc 3.45 (grammènhc gia n, antÐ
gia n+ 1), odhgeÐ sth sqèsh

δn = − ηn (3.52)

Telik�, loipìn, isqÔei o grammikìc sunduasmìc

−→e 0 = −
N−1∑
j=0

ηj−→p j =
N−1∑
j=0

δj−→p j (3.53)

pou exhgeÐ pl rwc to giatÐ se N to polÔ b mata h mèjodoc twn suzug¸n kateujÔn-
sewn entopÐzei th lÔsh tou probl matoc. Apì th sqèsh 3.53 faÐnetai kai k�ti �llo,
shmantikì gia ton trìpo pou leitourgeÐ h mèjodoc twn suzug¸n kateujÔnsewn: h
lÔsh −→x n domeÐtai bhmatik� (k�je −→p j prosjètei th suneisfor� tou)  , antÐstoiqa,
k�je −→p j apokìptei apì to sf�lma −→e n mia sunist¸sa tou.

H mèqri t¸ra parousÐash (gia grammik� sust mata) den asqol jhke kajìlou me
to jèma thc gèneshc twn kateujÔnsewn −→p i. Jewr same ìti eÐnai dedomènec. T¸ra
ja parousi�soume ènan algìrijmo o opoÐoc upologÐzei tic kateujÔnseic −→p i kai eÐnai
eÐnai gnwstìc wc h suzug c diadikasÐa twn Gram-Schmidt.
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3.6.3 H suzug c diadikasÐa twn Gram-Schmidt

H diadikasÐa xekin� me thn upìjesh ìti diajètoumeN grammik� anex�rthta dianÔsmata
(N × N eÐnai h di�stash tou mhtr¸ou A), ta −→u 0,−→u 1,−→u 2, · · · ,−→u N−1. H eÔkolh
epilog  gia ta −→u i ja mporoÔse na eÐnai ta monadiaÐa dianÔsmata kat� touc �xonec
suntetagmènwn. Sth sunèqeia, par�goume k�je di�nusma −→p n apì th sqèsh

−→p n = −→u n +
n−1∑
i=0

βni
−→p i (3.54)

ìpou βni bajmwtèc posìthtec pou orÐzontai mìno gia i < n. Gia par�deigma, an
N = 4, oi suntelestèc β diat�ssontai sthn parak�tw eÔqrhsth mhtrwðk  morf 


− − − −
β10 − − −
β20 β21 − −
β30 β31 β32 −


H apaÐthsh A-orjogwniìthtac−→p iTA−→p j = 0, an i ̸= j (sqèsh 3.43) dÐnei diadoqik�

(gia i > j)

−→p iTA−→p j = 0

(−→u i +
i−1∑
m=0

βim
−→p m)TA−→p j = 0

−→u iTA−→p j +
i−1∑
m=0

βim
−→p mT

A−→p j = 0

−→u iTA−→p j + βij
−→p jT

A−→p j = 0

�ra

βij = −
−→u iTA−→p j

−→p jT
A−→p j

, i > j (3.55)

Me ergaleÐa tic sqèseic 3.54 kai 3.55 lÔnetai to prìblhma thc eÔreshc tou
sunìlou twn N A-orjog¸niwn dianusm�twn kateÔjunshc anÐqneushc. 'Omwc, ta
pr�gmata den eÐnai tìso apl�. Gia na efarmosteÐ gia ìla ta β, pou apaitoÔntai
gia na brejeÐ l.q. to −→p n, h sqèsh 3.55 upotÐjetai ìti èqoun apojhkeuteÐ ìla ta pro-
hgoÔmena −→p i (i < n), �ra up�rqei sobarì prìblhma uyhl¸n apait sewn gia mn mh
ston upologist . Akìma, o ìloc upologismìc apaiteÐ O(N3) arijmhtikèc pr�xeic.

Th jerapeÐa sta prohgoÔmena meionekt mata èdwse h mèjodoc twn suzug¸n k-
lÐsewn pou ja parousiasjeÐ parak�tw.

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



64 3. Mèjodoi AnÐqneushc kat� Gramm 

3.6.4 Qr simec Sqèseic

Sthn paroÔsa enìthta, ja apodeÐxoume mia seir� apì sqèseic pou isqÔoun sth mèjodo
twn suzug¸n kateujÔnsewn kai pou ja fanoÔn qr simec, argìtera, kai sth mèjodo
twn suzug¸n klÐsewn.

Me afethrÐa th sqèsh 3.50, gr�foume ìti

−→e n = −→e 0 +
n−1∑
j=0

ηj−→p j

0 = −→e N = −→e 0 +
N−1∑
j=0

ηj−→p j

afoÔ, fj�nontac sto N -iostì b ma, to sf�lma thc lÔshc mhdenÐzetai. H kat� mèlh
afaÐresh dÐnei

−→e n = −
N−1∑
j=n

ηj−→p j

 , me th bo jeia thc sqèshc 3.52, ìti

−→e n =
N−1∑
j=n

δj−→p j (3.56)

Pollaplasi�zoume thn teleutaÐa sqèsh me −−→p mT
A (m < n) kai èqoume

−−→p mT
A−→e n = −

N−1∑
j=n

δj−→p mT
A−→p j

ìpou to dexiì mèloc eÐnai mhdèn, afoÔ ta dianÔsmata anÐqneushc eÐnai A-orjog¸nia
metaxÔ touc. Sunep¸c

−−→p iTA−→e j = 0 , i < j (3.57)

Epeid  de isqÔei kai h sqèsh 3.45, katal goume sth qr simh sqèsh

−→p iT−→r j = 0 , i < j (3.58)

H shmasÐa thc sqèshc 3.57 eÐnai ìti, sth mèjodo twn suzug¸n kateujÔnsewn, to
sf�lma thc nèac epan�lhyhc eÐnai A-orjog¸nio se k�je prohgoÔmenh kateÔjunsh
anÐqneushc. H shmasÐa thc diaforetik c graf c thc (sqèsh 3.58) eÐnai ìti k�je nèo
upìloipo eÐnai orjog¸nio se k�je prohgoÔmenh kateÔjunsh anÐqneushc.
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H epìmenh qr simh sqèsh prokÔptei me afethrÐa th sqèsh 3.54 h opoÐa xana-
gr�fetai ed¸ gia to deÐkth i antÐ tou n

−→p i = −→u i +
i−1∑
k=0

βik
−→p k

pollaplasi�zont�c thn me −→r j, i < j. GÐnetai

−→p iT−→r j = −→u iT−→r j +
i−1∑
k=0

βnk
−→p kT−→r j

To aristerì mèloc eÐnai mhdèn, lìgw thc sqèshc 3.58. O teleutaÐoc ìroc to dexiì
mèloc eÐnai epÐshc mhdèn, gia ton Ðdio lìgo. Katal goume, loipìn, sth sqèsh

−→u iT−→r j = 0 , i < j (3.59)

pou apodeiknÔei ìti to nèo upìloipo eÐnai orjog¸nio wc proc k�je prohgoÔmenh kateÔ-
junsh −→u .

Qr simh eÐnai kai h sqèsh pou prokÔptei an o prohgoÔmenoc pollaplasiasmìc
gÐnei me to −→r i, antÐ tou −→r j. EÐnai

−→p iT−→r i = −→u iT−→r i +
i−1∑
k=0

βnk
−→p kT−→r i

me ton teleutaÐo ìro sto dexiì mèloc epÐshc mhdèn. 'Ara deÐxame ìti

−→p iT−→r i = −→u iT−→r i (3.60)

H teleutaÐa sqèsh pou ja par�goume mac bohj� ousiastik� na apofÔgoume ènan
perittì pollaplasiasmì mhtr¸ou me di�nusma kat� ton upologismì tou upoloÐpou.
Apì tic sqèseic 3.45 kai 3.40, èqoume

−→r n+1 = −A−→e n+1

−→r n+1 = −A(−→e n + ηn −→p n)
−→r n+1 = −A−→e n − ηn A−→p n

kai telik�

−→r n+1 = −→r n − ηn A−→p n (3.61)

Oloklhr¸nontac ed¸ thn parousÐash twn arq¸n thc mejìdou twn suzug¸n ka-
teujÔnsewn, mporeÐ eÔkola o anagn¸sthc na parathr sei ìti afenìc men h an�lush
aforoÔse apokleistik� grammik� probl mata, afetèrou de den parousi�sjhke ousi-
astik� o algìrijmoc thc. Kai ta dÔo èginan skìpima giatÐ jèlame na parousi�soume th
mèjodo twn suzug¸n kateujÔnsewn mìno wc prìdromo aut c twn suzug¸n klÐsewn,
ìpou ja dojeÐ idiaÐterh èmfash sta mh-grammik� probl mata.
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3.7 H Mèjodoc twn Suzug¸n KlÐsewn

EÐnai eÔkolo na eis�goume ton anagn¸sth sth mèjodo twn suzug¸n klÐsewn (conjugate
gradient method) ìtan èqei prohghjeÐ h mèjodoc twn suzug¸n kateujÔnsewn. H mè-
jodoc twn suzug¸n klÐsewn leitourgeÐ ìmoia, me monadik  diafor� ìti oi kateujÔnseic
anÐqneushc par�gontai apì th suzugÐa twn upoloÐpwn. Praktik�, autì shmaÐnei ìti
qrhsimopoieÐ ta upìloipa −→r i sth jèsh twn −→u i thc prohgoÔmenhc mejìdou.

Efarmìzontac thn  dh gnwst  suzug  diadikasÐa twnGram-Schmidt, ja katal game
ston upologismì twn βij me sqèsh ìmoia thc 3.55 pou ja lamb�nei upìyh thc kai thn
parap�nw allag . 'Etsi

βij = −
−→r iTA−→p j

−→p jT
A−→p j

, i > j (3.62)

Gia na epexergastoÔme peraitèrw ton arijmht  thc sqèshc aut c, pollaplasi�-
zoume th sqèsh 3.61 me to di�nusma −→r i kai, anadiat�ssontac touc ìrouc, autìc
o pollaplasiasmìc dÐnei (gia th sunergasÐa me ta prohgoÔmena, qrhsimopoioÔme to
deÐkth j antÐ tou n)

ηj −→r iTA−→p j = −→r iT−→r j −−→r iT−→r j+1 (3.63)

H sqèsh 3.59, pou prohgoumènwc apodeÐxame, gr�fetai sthn perÐptwsh thc mejìdou
twn suzug¸n klÐsewn wc

−→r iT−→r j = 0 , i < j (3.64)

Me th bo jeia thc teleutaÐac sqèshc kai an�loga me th sqèsh tim c twn deikt¸n i
kai j prokÔptoun mhdenikèc   mh-mhdenikèc gia to dexiì mèloc thc sqèshc 3.63. 'Etsi,
kat� perÐptwsh, eÐnai

−→r iTA−→p j =


1
ηj
−→r jT−→r j , i = j

− 1
ηj
−→r j+1T−→r j+1 , i = j + 1

0 , otherwise

H teleutaÐa sqèsh aplousteÔetai akìma perissìtero giatÐ, sÔmfwna me th sqèsh
3.62, oi suntelestèc βij lamb�noun mh-mhdenikèc timèc mìno gia thn perÐptwsh i > j.
Kat� sunèpeia, apì tic parap�nw peript¸seic, mìno h i = j + 1 èqei shmasÐa gia ton
upologismì twn βij kai telik� ja eÐnai

βij =


1

ηi−1

−→r iT−→r i

−→p i−1T A−→p i−1
, i = j + 1

0 , otherwise

(3.65)

Ta sqìlia gia th sqèsh 3.65 eÐnai diafwtistik�: Me thn epilog  tou −→r i sth jèsh
twn −→u i thc mejìdou twn suzug¸n kateujÔnsewn, h suzug c diadikasÐa twn Gram-
Schmidt (aparaÐthth gia ton upologismì twn kateujÔnsewn anÐqneushc) katal gei na
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qrhsimopoieÐ ènan polÔ mikrì arijmì suntelest¸n βij. To kèrdoc eÐnai ìti den qrei�ze-
tai pleìn na apojhkeÔoume ìlec tic palièc kateujÔnseic anÐqneushc (dianÔsmata −→p i)
¸ste na exasfalÐsoume thn A-orjogwniìthta twn nèwn kateujÔnsewn anÐqneushc
wc proc tic prohgoÔmenec. Praktik�, loipìn, den ufÐstatai plèon h an�gkh qr shc
diploÔ deÐkth gia ta βij kai sth sunèqeia ja qrhsimopoioÔme thn antistoÐqish

βi ←→ βi,i−1 (3.66)

opìte h sqèsh 3.65 aplopoieÐtai sth morf 

βi =
1

ηi−1

−→r iT−→r i

−→p i−1T
A−→p i−1

(3.67)

'Etsi, h mhtrwðk  graf  tou prohgoÔmenou paradeÐgmatoc tropopoieÐtai se


− − − −
β1 − − −
− β2 − −
− − β3 −


TeleutaÐo st�dio epexergasÐac sth sqèsh 3.47 eÐnai h antikat�stash twn dianus-

m�twn anÐqneushc −→p i me ta upìloipa −→r i. H sqèsh 3.47 dÐnei ìti

ηi−1 =
−→p i−1T−→r i−1

−→p i−1T
A−→p i−1

⇒ ηi−1−→p i−1T
A−→p i−1 = −→p i−1T−→r i−1

kai h sqèsh 3.67 gÐnetai

βi =
−→r iT−→r i

−→p i−1T−→r i−1
(3.68)

Apì th sqèsh 3.60 thc mejìdou twn suzug¸n kateujÔnsewn, diatupwmènh me th
basik  paradoq  thc mejìdou twn suzug¸n klÐsewn sth morf 

−→p iT−→r i = −→r iT−→r i ⇒ −→p i−1T−→r i−1 = −→r i−1T−→r i−1 (3.69)

h sqèsh 3.68 telik� paÐrnei th morf 

βi =
−→r iT−→r i

−→r i−1T−→r i−1
(3.70)

3.7.1 H Mèjodoc twn Suzug¸n KlÐsewn - Basikìc Al-

gìrijmoc

O algìrijmoc thc mejìdou twn suzug¸n klÐsewn gia grammik� probl mata
diatup¸netai wc ex c:
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B ma 0: Epilog  arqik c lÔshc −→x 0. Upologismìc arqikoÔ upoloÐpou −→r 0 =
−→
b −

A−→x 0. Orismìc arqik c kateÔjunshc anÐqneushc −→p 0 = −→r 0. DeÐkthc n = 0.

B ma 1: Upologismìc megèjouc b matoc ηn =
−→r nT−→r n

−→p nT A−→p n
, (sqèsh 3.47, se sundu-

asmì me th sqèsh 3.69).

B ma 2: Ananèwsh lÔshc −→x n+1 = −→x n + ηn−→p n.

B ma 3: Ananèwsh upoloÐpou −→r n+1 = −→r n − ηnA−→p n, (sqèsh 3.61).

B ma 4: Upologismìc suntelest  βn+1 =
−→r n+1T−→r n+1

−→r nT−→r n
, (sqèsh 3.70).

B ma 5: Ananèwsh dianÔsmatoc kateÔjunshc anÐqneushc−→p n+1 = −→r n+1+βn+1−→p n,(prokÔptei
apì th sqèsh 3.54, gia deÐkth n+1 antÐ tou n, me to −→r n+1 antÐ tou −→u n+1 lìgw
thc gnwst c paradoq c kai krat¸ntac th monadik  mh-mhdenik  tim  tou sun-
telest  β apì ìlouc touc ìrouc thc �jroishc).

B ma 6: Ananèwsh tim c deÐkth n← n+1. Epistrof  sto b ma 1, mèqri sÔgklishc.

3.8 HMèjodoc twn Suzug¸n KlÐsewn gia Mh-
Grammik� Probl mata

H genÐkeush tou prohgoÔmenou algorÐjmou gia mh-grammik� probl mata eÐnai dunat 
me treic sugkekrimènec paremb�seic se autìn. Oi treic paremb�seic eÐnai:

(a) PaÔei na isqÔei o aplìc anadromikìc tÔpoc upologismoÔ twn upoloÐpwn pou
qrhsimopoi jhke sto b ma 3.

(b) Sto b ma 1, o upologismìc tou megèjouc b matoc ηn gÐnetai me perissìtero
polÔploko trìpo.

(g) Sunant¸ntai parallagèc sqèsewn gia ton upologismì twn suntelest¸n β. MetaxÔ
aut¸n, oi mèjodoi twn Fletcher–Reeves kai twn Polak–Ribiere eÐnai oi piì gnw-
stèc kai oi opoÐec ja parousiasjoÔn me leptomèreiec.

3.8.1 H Mèjodoc twn Fletcher–Reeves

H mèjodoc twn Fletcher–Reeves qrhsimopoieÐ kanonikì sq ma anÐqneushc kat� gramm 
gia na upologÐsei thn tim  thc ηn kai uiojeteÐ gia ton upologismì tou upoloÐpou th
sqèsh

−→r n = − ∇F (−→x n) (3.71)

Ta b mata tou algorÐjmou eÐnai:
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B ma 0: Epilog  arqik c lÔshc −→x 0. Upologismìc F (−→x 0). Upologismìc arqikoÔ
upoloÐpou −→r 0 = −∇F (−→x 0), (sqèsh 3.71). Orismìc arqik c kateÔjunshc
anÐqneushc −→p 0 = −→r 0. DeÐkthc n = 0.

B ma 1: An −→r n ̸= 0, upologismìc megèjouc b matoc ηn me (akrib    èstw proseg-
gistik ) anÐqneush kat� gramm , sthn kateÔjunsh−→p n, thc sqèshc minηn>0 F (−→x n+
ηn−→p n).

B ma 2: Ananèwsh lÔshc −→x n+1 = −→x n + ηn−→p n.

B ma 3: Upologismìc ∇F (−→x n+1).

B ma 4: Upologismìc suntelest  βn+1 apì th sqèsh

βn+1
FR =

∇F (−→x n+1)
T∇F (−→x n+1)

∇F (−→x n)
T∇F (−→x n)

(3.72)

B ma 5: Ananèwsh dianÔsmatoc kateÔjunshc anÐqneushc −→p n+1 = −∇F (−→x n+1) +
βn+1

FR
−→p n.

B ma 6: Ananèwsh tim c deÐkth n← n+1. Epistrof  sto b ma 1, mèqri sÔgklishc.

Pijanì prìblhma pou mporeÐ na parousiasjeÐ kat� th qr sh tou algorÐjmou twn
Fletcher–Reeves eÐnai, kat� to b ma 5, na upologÐzetai nèa kateÔjunsh anÐqneushc
−→p n+1 h opoÐa ìmwc na mhn prokaleÐ meÐwsh thc tim c thc antikeimenik c sun�rthshc.
Pijan  aitÐa tou probl matoc mporeÐ na eÐnai to ìti qrhsimopoi jhke proseggistik 
anÐqneush kat� gramm  sto b ma 1. An pollaplasi�soume th sqèsh upologismoÔ tou
−→p n+1 me to di�nusma ∇F (−→x n+1), prokÔptei ìti

∇F (−→x n+1)
T−→p n+1 = −∇F (−→x n+1)

T∇F (−→x n+1) + βn+1
FR ∇F (−→x n+1)

T−→p n (3.73)

To pijanì prìblhma pou mìlic anafèrame apeikonÐzetai kajar� sthn parap�nw sqèsh.
EpijumoÔme, gia na mhn ufÐstatai autì to prìblhma, to aristerì mèloc na eÐnai arn-
htikì. AnagnwrÐzoume ìti o pr¸toc ìroc tou deÔterou mèlouc eÐnai p�ntote arnhtikìc
kai o �kÐndunos� eÐnai m pwc o teleutaÐoc ìroc kuriarq sei (apokt sei meg�lh jetik 

tim ) tou −∇F (−→x n+1)
T∇F (−→x n+1) kai gÐnei jetikì to ginìmeno ∇F (−→x n+1)

T−→p n+1.
Gia thn apofug  tou probl matoc, sunist�tai h qr sh twn sunjhk¸n Wolfe (sqèseic
3.21 kai 3.22) kai, m�lista, sth legìmenh austhr  diatÔpws  touc, wc

F (−→x n + ηn −→p n) ≤ F (−→x n) + c1η
n∇F (−→x n)

T−→p n (3.74)

kai

|∇F (−→x n + ηn −→p n)T−→p n| ≤ c2|∇F (−→x n)T−→p n| (3.75)

me 0 < c1 < c2 <
1
2
.
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3.8.2 H Mèjodoc twn Polak–Ribiere

O algìrijmoc thc mejìdou twn Polak–Ribiere eÐnai Ðdioc me autìn thc mejìdou twn
Fletcher–Reeves all� qrhsimopoieÐtai diaforetikìc tÔpoc upologismoÔ tou sunte-
lest  βn+1. AntÐ thc sqèshc 3.72, qrhsimopoieÐtai h

βn+1
PR =

∇F (−→x n+1)
T
(∇F (−→x n+1)−∇F (−→x n))

||∇F (−→x n)||
(3.76)

Oi mèjodoi twn Fletcher–Reeves kai Polak–Ribiere eÐnai tautotik� Ðdiec ìtan h
antikeimenik  sun�rthsh eÐnai isqur� kurt  tetragwnik  sun�rthsh kai gia ton up-
ologismì tou megèjouc b matoc ηnqrhsimopoieÐtai akrib c (kai ìqi proseggistik )
anÐqneush kat� gramm . Se k�je �llh perÐptwsh, oi Fletcher–Reeves kai Polak–
Ribiere mporeÐ na parousi�zoun arket� diaforetik  poreÐa sÔgklishc proc th bèltisth
lÔsh.

Mia teleutaÐa qr simh parat rhsh eÐnai ìti oi sunj kec Wolfe adunatoÔn na ex-
asfalÐsoun ìti k�je nèa kateÔjunsh anÐqneushc eÐnai kai kateÔjunsh kajìdou. Gia
na xeperasteÐ aut  h adunamÐa thc mejìdou twn Polak–Ribiere, proteÐnetai na sun-
odeÔetai h sqèsh 3.76 me ton periorismì

βn+1
PR+ = max

(
βn+1

PR , 0
)

(3.77)

dhmiourg¸ntac mia algorijmik  parallag , gnwst  wc Polak–Ribiere+.
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Kef�laio 4

Mèjodoi AnÐqneushc kat�
Perioqèc EmpistosÔnhc

Sto kef�laio ja parousi�soume thn (kat� polloÔc) enallaktik  mèjodo thc anÐqneush-
c thc bèltisthc lÔshc kat� gramm  (line search method). Prìkeitai gia th mèjodo
anÐqneushc kat� perioqèc empistosÔnhc (trust region method). Kai p�li ja jewr -
soume ìti ta probl mata pou mac apasqoloÔn den upìkeintai se periorismoÔc.

4.1 Majhmatik  DiatÔpwsh thc Mejìdou

H basik  arq  thc epanalhptik c mejìdou anÐqneushc kat� perioqèc empistosÔnhc,
wc ergaleÐo beltistopoÐhshc (praktik�, elaqistopoÐhshc thc tim c) thc antikeimenik c
sun�rthshc F (−→x ) me −→x ∈ ℜN , sthrÐzetai sthn epanalhptik  dhmiourgÐa enìc (di-
ark¸c ananeoÔmenou) topikoÔ montèlou thc F (−→x ), èstw tou ϕn(−→x ), sth geitoni�
thc bèltisthc lÔshc kai sth qr sh tou ¸ste, b ma proc b ma, na proseggÐzetai h
bèltisth lÔsh. Sta parap�nw, n ac eÐnai o deÐkthc twn bhm�twn   epanal yewn.

H parap�nw epigrammatik  parousÐash thc mejìdou kajorÐzei amèswc ta anoikt�
jèmata miac tètoiac mejìdou. Tètoia jèmata eÐnai o tÔpoc tou montèlou ϕn(−→x ) pou
ja epilegeÐ, h perioq  empistosÔnhc gÔrw apì thn trèqousa lÔsh pou to montèlo
isqÔei (�empisteÔomaste� thn prìlexh pou ja d¸sei), o trìpoc pou ja qrhsimopoihjeÐ
gia na upologisjeÐ h lÔsh sto epìmeno b ma.

H sunhjèsterh teqnik  gia th dhmiourgÐa tou montèlou eÐnai mia sun�rthsh tetrag-
wnik c morf c. 'Etsi, an −→x n eÐnai h trèqousa lÔsh, dhmiourgeÐtai h ϕn(−→x ),  
kalÔtera h ϕn(−→x n + −→p ) (ed¸ faÐnetai kalÔtera h ènnoia thc geitoni�c �gÔrw� apì
thn trèqousa lÔsh −→x n) wc

ϕn(−→x n +−→p ) = F (−→x n) +−→p T∇F (−→x n) +
1

2
−→p T∇2F (−→x n)−→p (4.1)

(h graf  ∇2F (−→x n) mporeÐ na shmaÐnei opoiad pote prosèggish tou mhtr¸ou Hess).
H sqèsh 4.1 eÐnai to an�ptugma se seir� Taylor wc proc to −→x n. Me b�sh aut  th
sqèsh, to prìblhma diatup¸netai wc
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minϕ(−→x n +−→p ) , (−→x n +−→p ) ∈ T (−→x n) (4.2)

ìpou T (−→x n) eÐnai h perioq  empistosÔnhc gÔrw apì to −→x n. H perioq  empistosÔnhc
orÐzetai sun jwc apì mia nìrma, �ra eÐnai o q¸roc gÔrw apì to −→x n pou kajorÐzetai
apì th sqèsh

||−→p ||2 ≤ ∆ (4.3)

me to ∆ na kaleÐtai aktÐna perioq c empistosÔnhc (trust region radius).
'Eqontac  dh parousi�sei th mèjodo anÐqneushc kat� gramm , axÐzei na epiqeir -

soume thn parousÐash twn basik¸n touc diafor¸n. 'Etsi, ja katano sei o anag-
n¸sthc kalÔtera ta qarakthristik� thc nèac mejìdou. Sth mèjodo anÐqneushc kat�
gramm , upologÐzetai gia thn trèqousa lÔsh −→x n h kateÔjunsh anÐqneushc −→p n kai, me
gnwst  thn kateÔjunsh pou anazht�tai h lÔsh, upologÐzetai to m koc tou b matoc
(sth morf  tou suntelest  ηn). AntÐjeta, sth mèjodo anÐqneushc kat� perioqèc
empistosÔnhc, pr¸ta upologÐzetai h mègisth aktÐna ∆ sto shmeÐo −→x n, �ra pr¸ta
kajorÐzetai h apìstash apì to −→x n ìpou anazht�tai h lÔsh kai met� upologÐzetai h
kateÔjunsh anaz thshc. FaÐnetai, dhlad , ìti ta dÔo basik� b mata se k�je epan�l-
hyh ekteloÔntai, kat� k�poio trìpo, me antÐjeth seir�. IsqÔei, epÐshc, ìti kai oi dÔo
mèjodoi qrhsimopoioÔn (endeqomènwc) mia tetragwnik  sun�rthsh all� h qr sh thc
gÐnetai me diaforetikì trìpo.

4.1.1 Aplì Montèlo AnÐqneushc kat� Perioqèc Empis-

tosÔnhc

Sth sqèsh 4.1, o ìroc o opoÐoc sunep�getai th megalÔterh duskolÐa eÐnai autìc
pou perilamb�nei to mhtr¸o Hess. H duskolÐa upologismoÔ tou, gia mh�analutikèc
sunart seic, eÐnai  dh gnwst .

Me b�sh aut  th duskolÐa, ja mporoÔsame na antiproteÐnoume èna aploÔstero
montèlo, to grammikì, dhlad  na eÐnai

ϕn(−→x n +−→p ) = F (−→x n) +−→p T∇F (−→x n) (4.4)

Sthn perÐptwsh tou grammikoÔ montèlou, h epìmenh lÔsh pou ja entopisjeÐ eÐnai h
−→x n +−→p me

−→p = −∆n ∇F (−→x n)

||∇F (−→x n)||
(4.5)

dhlad  ja eÐnai to shmeÐo se apìstash ∆ apì to −→x n sthn kateÔjunsh thc arnhtik c
klÐshc (gia prìblhma elaqistopoÐhshc). Praktik� prìkeitai gia th mèjodo anÐqneushc
kat� gramm , me to b ma na kajorÐzetai �mesa apì thn aktÐna ∆ thc perioq c empis-
tosÔnhc.

To teleutaÐo par�deigma pistopoieÐ ousiastik� ìti h mèjodoc anÐqneushc kat�
gramm  kai aut  thc anÐqneushc kat� perioq  empistosÔnhc eÐnai domhmènec me antÐs-
toiqh logik .
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4.1.2 Genikì Montèlo AnÐqneushc kat� Perioqèc Emp-

istosÔnhc

GenikeÔontac, thn adunamÐa sun jwc na upologisjeÐ to mhtr¸o Hess antimetwpÐzoume
dhmiourg¸ntac to montèlo

ϕn(−→x n +−→p ) = F (−→x n) +−→p T∇F (−→x n) +
1

2
−→p TBn−→p (4.6)

ìpou Bn eÐnai èna summetrikì mhtr¸o.
JumÐzoume ìti mia sqèsh thc morf c 4.1 ja  tan akrib c an gr�fontan wc

ϕn(−→x n +−→p ) = F (−→x n) +−→p T∇F (−→x n) +
1

2
−→p T∇2F (−→x + t−→p )−→p (4.7)

me t ∈ (0, 1). 'Otan Bn = ∇2F (−→x n) tìte to sf�lma prosèggishc eÐnai t�xhc ||p||3
(O(||p||3)) kai h mèjodoc apokaleÐtai mèjodoc Newton anÐqneushc kat� pe-
rioqèc empistosÔnhc (trust region Newton method).

4.2 UlopoÐhsh thc Mejìdou

Sth sunèqeia ja anaferjoÔme sta dÔo piì shmantik� jèmata pou sqetÐzontai me thn
efarmog  thc mejìdou se probl mata beltistopoÐhshc. Pr¸to jèma eÐnai o trìpoc
kajorismoÔ thc aktÐnac ∆ thc perioq c empistosÔnhc kai deÔtero jèma eÐnai o sqedi-
asmìc enìc apodotikoÔ algorÐjmou beltistopoÐhshc.

4.2.1 Kajorismìc AktÐnac Perioq c EmpistosÔnhc

H epilog  thc aktÐnac ∆ basÐzetai sto kat� pìso sumfwneÐ to montèlo ϕn(−→x ) me
th sun�rthsh F (−→x ). 'Enac trìpoc na posotikopoihjeÐ h apìklish metaxÔ touc eÐnai,
afoÔ upologisjeÐ to b ma −→p n na upologisjeÐ o lìgoc thc pragmatik c meÐwshc
sthn tim  thc antikeimenik c sun�rthshc proc th meÐwsh pou upodeiknÔei to montèlo
(problepìmenh meÐwsh thc tim c thc antikeimenik c sun�rthshc). An m�lista, efex c,
sumbolÐzoume to montèlo wc ϕn(−→p ), antÐ ϕn(−→x n +−→p ), ¸ste na tonÐzetai o topikìc
qarakt rac tou), o lìgoc autìc ja eÐnai

ρn =
F (−→x n)− F (−→x n +−→p n)

Φn(0)− Φn(−→p n)
(4.8)

H plhroforÐa pou emperièqei h posìthta ρ eÐnai qr simh kai kajorÐzei thn apodoq 
  ìqi thc nèac lÔshc, aut c dhlad  pou prokÔptei apì to −→x n ìtan s' autì uperte-
jeÐ h �diìrjwsh� −→p n. O paronomast c eÐnai p�nta arnhtik  posìthta, afoÔ h t�sh
eÐnai na meiwjeÐ h tim  thc antikeimenik c sun�rthshc, ètsi ìpwc aut  problèpetai
apì to montèlo pou dhmiourg jhke. Me b�sh thn teleutaÐa parat rhsh kajorÐzontai
kai oi peraitèrw enèrgeiec. 'Etsi, an ρn < 0, h diìrjwsh −→p n ofeÐlei na aporrifjeÐ.
Prìkeitai gia thn perÐptwsh pou, en¸ to montèlo problèpei meÐwsh thc tim c gia
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th metabol  −→p n, h pragmatik  sumperifor� thc antikeimenik c sun�rthshc eÐnai di-
aforetik . Sthn perÐptwsh pou ρn ≈ 1, h diìrjwsh−→p n gÐnetai asfal¸c apodekt  kai
(epeid  h kont� sth mon�da tim  tou ρn shmaÐnei ep�rkeia tou montèlou) proteÐnetai
h aÔxhsh thc aktÐnac ∆ thc perioq c empistosÔnhc sthn epìmenh epan�lhyh. Tèloc,
jetik  all� mikr  tim  tou ρn (kont� sto mhdèn) shmaÐnei thn apodoq  men thc diìr-
jwshc −→p n all� kai meÐwsh thc aktÐnac ∆ sthn epìmenh epan�lhyh, wc �antÐdrash�
(diorjwtik  kÐnhsh) sthn ìqi kal  prìbleyh tou montèlou.

4.2.2 Algìrijmoc AnÐqneushc kat� Perioqèc EmpistosÔnhc

B ma 1: O qr sthc kajorÐzei èna genikì an¸tato ìrio gia thn aktÐna, èstw ∆̄.
Epilègetai h arqik  aktÐna ∆, èstw ∆0 sto di�sthma 0 < ∆0 ≤ ∆̄. OrÐzetai
kai h bohjhtik  par�metroc η ∈ [0, 1

4
]. MhdenÐzetai o metrht c kÔklwn n.

Epilègetai h arqik  lÔsh −→x 0.

B ma 2: EpilÔetai (me opoiad pote gnwst  mèjodo) to prìblhma elaqistopoÐhshc
min ϕn(−→p ) , ìpou h ϕn dÐnetai apì th sqèsh 4.6 kai, sugkekrimèna, anazht�tai
lÔsh me ||−→p || ≤ ∆n, lÔsh dhlad  mèsa sthn perioq  empistosÔnhc. Ac eÐnai
−→p n h lÔsh aut . To an ja qrhsimopoihjeÐ kai me poiì trìpo to b ma −→p n pou
mìlic upologÐsjhke exart�tai apì ta krit ria tou b matoc 4.

B ma 3: UpologÐzetai o lìgoc ρn thc pragmatik c meÐwshc sthn tim  thc antikeimenik -
c sun�rthshc proc th meÐwsh pou upodeiknÔei to montèlo, sÔmfwna me th sqèsh
4.8.

B ma 4: AkoloujeÐ o epanaprosdiorismìc thc aktÐnac ∆ thc perioq c empistosÔnhc
gia ta epìmena b mata tou algorÐjmou. 'Etsi:

E�n ρn < 1
4
tìte

elatt¸netai h aktÐna sthn tim  ∆n+1 = 1
4
||−→p n||, wc apotèlesma

thc kak c prìbleyhc tou montèlou,

alloi¸c:

e�n ρn > 3
4
kai ||−→p n|| = ∆n tìte:

megal¸nei h aktÐna sthn tim  ∆n+1 = min(2∆n, ∆̄), deÐgma
kal c prìbleyhc se sunduasmì me to gegonìc ìti to b ma
diìrjwshc �ggixe ta ìria thc perioq c empistosÔnhc,

alloi¸c:

eÐnai ∆n+1 = ∆n, dhlad  h aktÐna paramènei Ðdia, deÐgma miac
�mètrias� prìbleyhc tou montèlou.

B ma 5: Sto teleutaÐo b ma tou kÔklou pragmatopoieÐtai o upologismìc thc nèac
lÔshc −→x n+1. IsqÔei:

e�n ρn > η tìte:
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h nèa lÔsh eÐnai h −→x n+1 = −→x n +−→p n,

alloi¸c:

h nèa lÔsh sumpÐptei me thn prohgoÔmenh −→x n+1 = −→x n.

B ma 6: Efarmog  krithrÐwn sÔgklishc kai, an den èqei sugklÐnei, epanafor� sto
b ma 2.

EÐnai shmantikì na parathr soume ìti, ston parap�nw algìrijmo, h aktÐna ∆
aux�netai mìno ìtan h diìrjwsh −→p n aggÐxei se mègejoc thn aktÐna thc perioq c
empistosÔnhc. K�je for� pou h diìrjwsh −→p n eÐnai tètoia pou to nèo shmeÐo na
paramènei mèsa sthn aktÐna empistosÔnhc, jewreÐtai ìti h aktÐna ∆n eÐnai epark c kai
den tropopoieÐtai.
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Kef�laio 5

BeltistopoÐhsh me PeriorismoÔc

Sqedìn p�nta, ta probl mata beltistopoÐhshc sthn aerodunamik  (kai ìqi mìno)
pou kaleÐtai na antimetwpÐsei ènac mhqanikìc emplèkoun ènan arijmì periorism¸n.
Sth genikìtht� touc, oi periorismoÐ autoÐ diatup¸nontai majhmatik� wc isìthtec  
anisìthtec. Kai stic dÔo peript¸seic, sunhjÐzetai na gr�fontai me mhdenikì to dexiì
mèloc en¸ to aristerì mèloc apoteleÐ sun�rthsh twn metablht¸n sqediasmoÔ.

An kai parak�tw ja asqolhjoÔme me paradeÐgmata�probl mata elaqistopoÐhshc
thc tim c majhmatik¸n sunart sewn, me periorismoÔc pou sun jwc eÐnai kai autoÐ
majhmatikèc sunart seic, sta praktik� probl mata beltistopoÐhshc tou mhqanikoÔ,
kurÐwc sthn aerodunamik , ta pr�gmata sun jwc den eÐnai apl�. 'Ena aplì par�deigma
bohj� sthn katanìhsh. 'Estw ìti stìqoc eÐnai o sqediasmìc miac ptèrugac me sug-
kekrimèna   bèltista aerodunamik� qarakthristik� (�nwsh, opisjèlkousa) se proka-
jorismènec sunj kec pt shc. H arijmhtik  epÐlush twn exis¸sewn Navier–Stokes
eÐnai to mèso gia ton upologismì twn tim¸n thc antikeimenik c sun�rthshc kai, �mesa
  èmmesa, emplèketai sth diadikasÐa anaz thshc thc bèltisthc lÔshc. Onom�same
��mesh� thn emplok  sthn perÐptwsh l.q. qr shc suzug¸n diatup¸sewn - adjoint
formulation ìpou h arijmhtik  epÐlush twn exis¸sewn Navier–Stokes dÐnei, pèran thc
tim c thc antikeimenik c sun�rthshc kai tic timèc twn parag¸gwn gia thn upost rixh
thc diadikasÐac beltistopoÐhshc. Onom�same �èmmesh� thn emplok  sthn perÐptwsh
l.q. twn exeliktik¸n algorÐjmwn ìpou o rìloc thc arijmhtik c epÐlushc twn ex-
is¸sewn Navier–Stokes eÐnai na parèqei timèc thc antikeimenik c sun�rthshc sth mè-
jodo beltistopoÐhshc. Se probl mata beltistopoÐhshc sthn aerodunamik , oi perior-
ismoÐ mporeÐ na eÐnai polloÐ: kataskeuastikoÐ periorismoÐ, periorismoÐ b�rouc, aero-
dunamikoÐ periorismoÐ (diaforetikoÐ twn megej¸n pou emplèkontai sthn antikeimenik 
sun�rthsh kai pou mporeÐ na aforoÔn th jèsh tou aerodunamikoÔ kèntrou thc p-
tèrugac   to suntelest  rop c prìneushc, pitching moment coefficient). 'Ara, h
diaqeÐris  touc mporeÐ na apaiteÐ stoiqeÐa apì Ðdiouc   apì �llouc upologismoÔc
Navier–Stokes apotelèsmata apì analÔseic katapon sewn k.o.k.

H bèltisth lÔsh pou prokÔptei lamb�nontac upìyh touc periorismoÔc kai aut 
pou ja proèkupte apì mia melèth pou parak�mptei-agnoeÐ touc periorismoÔc autoÔc
mporeÐ na eÐnai polÔ diaforetikèc. Sqetik� sqìlia mporoÔn na gÐnoun sth b�sh enìc
aploÔstatou arijmhtikoÔ paradeÐgmatoc: to prìblhma
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min−→x ∈ℜN
||−→x ||22

èqei thn profan  lÔsh −→x =
−→
0 . AntÐjeta, to prìblhma

min−→x ∈ℜN , ||−→x ||22>1
||−→x ||22

èqei wc lÔsh k�je di�nusma me ||−→x ||22 = 1. Dhlad , wc lÔsh gÐnetai dektì k�-
je di�nusma me afethrÐa thn arq  twn axìnwn kai tèloc opoiod pote shmeÐo thc
epif�neiac upersfaÐrac monadiaÐac aktÐnac. Sugkrat ste, ìqi mìno ìti all�zei h
lÔsh all� to ìti to prìblhma me touc periorismoÔc èqei plèon �peirec lÔseic antÐ
miac!

Akìma kai se apl� probl mata beltistopoÐhshc sthn aerodunamik , h epibol  pe-
riorism¸n eÐnai epibeblhmènh. L.q. to prìblhma sqediasmoÔ �bèltisths� aerotom c,
me thn ènnoia thc megistopoÐhshc thc �nwshc se sugkekrimènec sunj kec ro c qwrÐc
periorismoÔc gia th mègisth tim  thc opisjèlkous�c thc, stereÐtai shmasÐac. Opoios-
d pote algìrijmoc beltistopoÐhshc ja d¸sei mia aerotom  me arket� kampulomènh th
mèsh gramm  thc kai uyhl  tim  tou suntelest  opisjèlkousac. 'Omoia, h anaz thsh
aerotom c me el�qisth tim  tou suntelest  opisjèlkousac, qwrÐc periorismoÔc gia
thn el�qisth tim  tou suntelest  �nwshc, stereÐtai shmasÐac. O algìrijmoc ja d¸-
sei mia lept  aerotom  pou ja moi�zei me epÐpedh pl�ka pou ja èqei pr�gmati qamhl 
tim  opisjèlkousac all� kai qamhl  tim  �nwshc.

5.1 BasikoÐ OrismoÐ - JemelÐwsh

To prìblhma beltistopoÐhshc me periorismoÔc diatup¸netai wc prìblhma tess�rwn
sunistws¸n pou aforoÔn:

(a) Thn elaqistopoÐhsh thc tim c thc antikeimenik c sun�rthshc F (−→x ), F : ℜN →
ℜ, ìpou kat� ta gnwst�−→x ∈ ℜN eÐnai to di�nusma twn metablht¸n sqediasmoÔ.

(b) Thn ikanopoÐhsh M1 periorism¸n isìthtac grammènwn sth morf 

hi(
−→x ) = 0 , i = 1, . . . ,M1 (5.1)

(g) Thn ikanopoÐhshM2 periorism¸n anisìthtac (ousiastik�, anisoðsìthtac), gram-
mènwn sth morf 

gi(
−→x ) ≤ 0 , i = 1, . . . ,M2 (5.2)
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(d) Thn ikanopoÐhsh M3 periorism¸n anisìthtac gia tic Ðdiec tic metablhtèc sqedi-
asmoÔ (dhlad  gia k�poiec   ìlec apì tic N metablhtèc, �ra M3 ≤ N). AutoÐ
diatup¸nontai wc

xL
i ≤ xi ≤ xU

i (5.3)

me ton �nw deÐkth L   U na sumbolÐzei antÐstoiqa thn kat¸terh kai an¸terh
epitrepìmenh tim  gia th metablht . Ac shmeiwjeÐ ìti gia k�poiec metablhtèc
mporeÐ na up�rqei mìno k�tw   mìno �nw ìrio.

GnwrÐzontac mÐa proc mÐa tic piì shmantikèc mejìdouc beltistopoÐhshc, ja faneÐ
ìti oi periorismoÐ tÔpou 5.3 antimetwpÐzontai diaforetik� apì mèjodo se mèjodo. 'Et-
si, gia par�deigma, se ènan exeliktikì algìrijmo) eÐnai aparaÐthtoc o orismìc k�tw
kai �nw orÐou gia k�je metablht . Ta ìria aut� upeisèrqontai sthn kwdikopoÐhsh
twn metablht¸n kai to ìti h bèltisth lÔsh perièqetai sto metaxÔ touc di�sthma exas-
falÐzetai apì ton Ðdio ton algìrijmo. AntÐjeta, se mia mèjodo beltistopoÐhshc pou
basÐzetai sthn klÐsh thc antikeimenik c sun�rthshc, tètoioi periorismoÐ den mporoÔn
na qrhsimopoihjoÔn �mesa.

Se k�je perÐptwsh, eÐnai logikì oi periorismoÐ 5.3 na enswmatwjoÔn stouc M2

periorismoÔc anisìthtac kai autì ja isqÔei gia to upìloipo kef�laio. M�lista, me
stìqo ton eniaÐo sumbolismì twn periorism¸n, eÐte isìthtac   anisìthtac, eÐte gia
tic metablhtèc sqediasmoÔ   gia par�gwgec sunart seic aut¸n, epanadiatup¸noume
touc stìqouc tou probl matoc wc ex c:

(a) ElaqistopoÐhsh thc tim c thc antikeimenik c sun�rthshc F (−→x ), F : ℜN → ℜ.

(b) IkanopoÐhsh K2 periorism¸n anisìthtac, thc morf c

ci(
−→x ) ≤ 0 , i = 1, . . . , K2 (5.4)

 , me enallaktikì sumbolismì wc proc tic timèc tou deÐkth, ìti i ∈ I, ìpou I
(=Inequality) eÐnai sÔnolo tim¸n tou deÐkth i gia touc periorismoÔc anisìthtac.

(g) IkanopoÐhsh K1 periorism¸n isìthtac, thc morf c

ci(
−→x ) = 0 , i = K2 + 1, . . . , K1 +K2 (5.5)

 , me i ∈ E, ìpou E (=Equality) eÐnai sÔnolo tim¸n tou deÐkth i gia touc
periorismoÔc isìthtac.

Orismìc 5.1 OrÐzoume wc q¸ro apodekt¸n lÔsewn dedomènou probl matoc
to sÔnolo

Ω = {−→x | ci(−→x ) ≤ 0, i ∈ I; ci(−→x ) = 0, i ∈ E}
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Me th bo jeia tou sunìlou Ω, to prìblhma beltistopoÐhshc upì periorismoÔc epana-
diatup¸netai aploÔstera wc

min−→x ∈Ω
F (−→x ) (5.6)

Sth sunèqeia, ja orÐsoume majhmatikèc ènnoiec ìpwc eÐnai h �topik  lÔsh� kai ta
par�gwg� thc. 'Etsi:

Orismìc 5.2 To di�nusma −→x ∗ kaleÐtai topik  lÔsh tou probl matoc 5.6, an
−→x ∗ ∈ Ω kai up�rqei geitoni� γ tou −→x ∗ sthn opoÐa F (−→x ) ≥ F (−→x ∗), ∀−→x ∈ (γ ∩ Ω).

Orismìc 5.3 To di�nusma −→x ∗ kaleÐtai austhr� topik  lÔsh tou probl matoc
5.6, an −→x ∗ ∈ Ω kai up�rqei geitoni� γ tou −→x ∗ sthn opoÐa F (−→x ) > F (−→x ∗), ∀−→x ∈
(γ ∩ Ω).

Orismìc 5.4 To di�nusma −→x ∗ kaleÐtai memonwmènh topik  lÔsh tou prob-
l matoc 5.6, an −→x ∗ ∈ Ω kai up�rqei geitoni� γ tou −→x ∗ sthn opoÐa to −→x ∗ eÐnai h
monadik  topik  lÔsh tou (γ ∩ Ω).

Tèloc, eÐnai polÔ qr simoi kai oi dÔo epìmenoi orismoÐ:

Orismìc 5.5 Sthn upoy fia lÔsh −→x ∈ Ω, o i-iostìc periorismìc anisìthtac
eÐnai energìc an kai mìno an ci(

−→x ) = 0.

Orismìc 5.6 Sthn upoy fia lÔsh −→x ∈ Ω, o i-iostìc periorismìc anisìthtac
eÐnai anenergìc an kai mìno an ci(

−→x ) < 0.

5.1.1 MetasqhmatismoÐ kai Teqn�smata

Den eÐnai sp�niec oi forèc ìpou den up�rqei leiìthta stìqou  /kai periorism¸n. Stic
peript¸seic autèc, qrei�zontai sun jwc paremb�seic tou mhqanikoÔ gia th diatÔpwsh
tou probl matoc se trìpo ¸ste, me teqn�smata kai kat�llhlouc metasqhmatismoÔc,
na antimetwpisjeÐ to prìblhma kai na katasteÐ efiktì na efarmosjoÔn majhmatikèc
mèjodoi beltistopoÐhshc pou apaitoÔn leiìthta thc antikeimenik c sun�rthshc kai
twn periorism¸n.

Wc pr¸to par�deigma, ac exet�soume thn perÐptwsh enìc majhmatikoÔ probl -
matoc elaqistopoÐhshc thc tim c miac antikeimenik c sun�rthshc thc morf c 5.6 ìpou
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to di�nusma −→x èqei dÔo sunist¸sec (x1, x2) kai o monadikìc periorismìc eÐnai h
anisìthta

||x||1
−→x ∈ℜ2

= |x1|+ |x2| ≤ 1 (5.7)

H teleutaÐa kajorÐzei to q¸ro twn apodekt¸n lÔsewn wc to rìmbo (perÐgramma kai
eswterikì) pou sqhmatÐzetai me korufèc ta shmeÐa (x1, x2) = (1, 0), (0, 1), (−1, 0), (0,−1),
bl. sq ma 5.1 Se mia tètoia perÐptwsh, eÐnai skìpimo na epanadiatup¸soume to
monadikì all� dustuq¸c mh-leÐo periorismì sth morf  tess�rwn leÐwn periorism¸n,
dhlad 

x1 + x2 ≤ 1

x1 − x2 ≤ 1

−x1 + x2 ≤ 1

−x1 − x2 ≤ 1

(1,0)

(0,1)

(−1,0)

(0,−1)

x1

x2

Sq ma 5.1: Grafik  par�stash tou q¸rou twn apodekt¸n lÔsewn gia to prìblhma
me ton periorismì thc sqèshc 5.7.

Wc deÔtero par�deigma, anafèretai h perÐptwsh beltistopoÐhshc ìpou den up�r-
qoun periorismoÐ all� h antikeimenik  sun�rthsh den eÐnai leÐa. Ac upojèsoume ìti
tÐjetai proc epÐlush to prìblhma

min−→x ∈ℜ
F (−→x ) = min−→x ∈ℜ

max(x2, x)

me bèltisth lÔsh to x = 0. H mh-leiìthta thc F (−→x ) eÐnai profan c. Se mia tètoia
perÐptwsh sumfèrei h epanadiatÔpwsh tou probl matoc wc nèo prìblhma me perior-
ismoÔc kai leÐa antikeimenik  sun�rthsh. 'Etsi, ant' autoÔ proteÐnetai na lujeÐ to
prìblhma
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min
t∈ℜ,x∈ℜ,

t

(dÔo metablhtèc, oi x kai t) me touc periorismoÔc

x ≤ t , x2 ≤ t

Parousi�zontac kai sqoli�zontac autèc tic lÐgec endeiktikèc peript¸seic, stìqoc
 tan na gÐnei katanoht  h t�sh-an�gkh na qrhsimopoioÔntai tètoiou eÐdouc teqn�s-
mata kai metasqhmatismoÐ k�je for� pou sthn antikeimenik  sun�rthsh emfanÐzontai
apìlutec timèc, nìrmec   sunart seic ìpwc eÐnai oi min kai max.

5.2 DiatÔpwsh me Qr sh Sun�rthshc Lagrange

Arqik�, prèpei na upenjumÐsoume kai anasunjèsoume dÔo orismoÔc pou eÐnai gnw-
stoÐ apì ta prohgoÔmena. Se k�je shmeÐo sto q¸ro twn metablht¸n sqediasmoÔ,
h efaptìmenh (eujeÐa gia dÔo metablhtèc sqediasmoÔ, epÐpedo gia treic, kok) sth-
n isostajmik  F (−→x ) qwrÐzei to q¸ro se dÔo upoq¸rouc   upotomeÐc. Apì autoÔc,
ekeÐnoc ston opoÐo an epilèxoume kateÔjunsh anÐqneushc anamènetai beltÐwsh thc trè-
qousac lÔshc, onom�zetai qrhstikìc tomèac (usable sector). Jewr¸ntac proc
to parìn mìno periorismoÔc anisìthtac (qwrÐc bl�bh thc genikìthtac ac jewr soume
mìno ènan, ton c1(

−→x ) ≤ 0), h gramm -epif�neia-klp c1(
−→x ) = 0 qwrÐzei to q¸ro se

dÔo upoq¸rouc   upotomeÐc. O ènac apì autoÔc sqhmatÐzetai apì lÔseic pou den
ikanopoioÔn ton periorismì en¸ o �lloc me lÔseic pou ton ikanopoioÔn ja onom�zetai
apodektìc tomèac (feasible sector). Gia perissìterouc apì ènan periorismoÔc,
o telikìc apodektìc tomèac eÐnai h tom  twn apodekt¸n tomèwn k�je periorismoÔ.
Tèloc h tom  qrhstikoÔ kai apodektoÔ tomèa, se k�je shmeÐo tou q¸rou twn lÔsewn
orÐzei ton apodektì-qrhstikì tomèa (feasible-usable sector).

Sth sunèqeia, ja anaferjoÔme se paradeÐgmata diaqeÐrishc tou apodektoÔ-qrhstikoÔ
tomèa se majhmatik� probl mata me periorismoÔc isìthtac kai anisìthtac. Prìkeitai
gia eisagwgik� paradeÐgmata pou stoqeÔoun na proetoim�soun to èdafoc gia thn
parousÐash kai katanìhsh twn sunjhk¸n Karush–Kuhn–Tucker.

5.2.1 ElaqistopoÐhsh me Enan Periorismì Isìthtac

Skopìc thc enìthtac aut c eÐnai na diatup¸sei thn anagkaÐa sunj kh gia th bèltisth
lÔsh se èna prìblhma beltistopoÐhshc me ènan periorismì isìthtac kai, sth sunèqeia,
na deÐxei th shmasÐa thc sqèshc aut c me èna par�deigma.

Je¸rhma 5.1 (AnagkaÐa sunj kh elaqÐstou me ènan periorismì isìthtac )
AnagkaÐa sunj kh ¸ste to di�nusma −→x ∗ na apoteleÐ bèltisth lÔsh sto prìblhma
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min−→x ∈ℜN
F (−→x ) , |= c1(

−→x ) = 0 (5.8)

(me to sÔmbolo |= na diab�zetai �me ton periorismì�) eÐnai na mhn up�rqei kateÔjunsh
−→p gia thn opoÐa sugqrìnwc na isqÔoun oi sqèseic

−→p T ∇c1(−→x ∗) = 0
−→p T ∇F (−→x ∗) < 0

}
(5.9)

Enallaktik  diatÔpwsh thc sunj khc 5.9 eÐnai h:

Je¸rhma 5.2 (AnagkaÐa sunj kh elaqÐstou me ènan periorismì isìthtac )
AnagkaÐa sunj kh ¸ste to di�nusma −→x ∗ na apoteleÐ bèltisth lÔsh sto prìblhma 5.8
eÐnai ta dianÔsmata ∇F (−→x ∗) kai ∇c1(−→x ∗) na eÐnai par�llhla, dhlad  na isqÔei

∇F (−→x ∗) = λ∗1 ∇c1(−→x ∗) (5.10)

gia k�poia tim  λ∗1.

H anagkaÐa sunj kh tou jewr matoc 5.2 sqoli�zetai grafik� sto sq ma 5.2.

c  (x  )1 * c  (x  )1 * c  (x  )1 *

F(x  )*

F(x  )* F(x  )*

p

Sq ma 5.2: Di�forec peript¸seic sqetik c jèshc twn dianusm�twn klÐshc thc an-
tikeimenik c sun�rthshc kai tou periorismoÔ, sqetik� me th dunatìthta   ìqi eÔreshc
kateÔjunshc kat� thn opoÐa na up�rqei beltÐwsh thc trèqousac lÔshc.

Sto shmeÐo autì, kai prin to par�deigma efarmog c twn parap�nw, ac shmei¸soume
ìti an den isqÔei h 5.10, tìte up�rqei kateÔjunsh −→p gia thn opoÐa sugqrìnwc na
isqÔoun oi dÔo sqèseic 5.9. Tètoia kateÔjunsh ja  tan l.q. h

−→p = −
(
I − ∇c1(

−→x ∗)T∇c1(−→x ∗)

||∇c1(−→x ∗)||2

)
∇F (−→x ∗) (5.11)

Den ja d¸soume thn apìdeixh thc teleutaÐac prìtashc. H apìdeixh sthrÐzetai sthn
anisìthta tou Holder, sÔmfwna me thn opoÐa isqÔei ìti |−→x T−→z | ≤ ||−→x || ||−→z ||, me thn
isìthta na isqÔei ìtan −→x = λ1

−→z , λ1 ≥ 0. Ja epishm�noume, ìmwc, ìti to di�nusma
thc sqèshc 5.11 ikanopoieÐ kai tic dÔo sqèseic 5.9, ìso den isqÔei h 5.10 gia k�poia
tim  λ∗1.
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Wc efarmog , ac jewr soume to parak�tw prìblhma beltistopoÐhshc me ènan
periorismì isìthtac

min−→x ∈ℜ2
F (−→x ) , F (−→x ) = x1 + x2 (5.12)

|= c1(
−→x ) = x2

1 + x2
2 − 2 = 0 (5.13)

O periorismìc 5.13 sugkekrimenopoieÐ to q¸ro twn apodekt¸n lÔsewn wc thn per-
ifèreia kÔklou aktÐnac

√
2. Sta shmeÐa thc perifèreiac, pou sÔmfwna me thn prohgoÔ-

menh orologÐa sunistoÔn to q¸ro Ω, anazhtoÔme wc bèltisth lÔsh to   ta shmeÐa pou
elaqistopoioÔn thn F (−→x ) thc sqèshc 5.12. EÔkola gÐnetai antilhptì ìti h bèltisth
lÔsh eÐnai h −→x ∗ = (−1,−1).

O upologismìc twn klÐsewn thc antikeimenik c sun�rthshc kai thc sun�rthshc
periorismoÔ dÐnei

∇F (−→x ) = (1, 1)

∇c1(−→x ) = (2x1, 2x2) (5.14)

To di�nusma ∇F (−→x ) eÐnai stajeroÔ mètrou kai dieÔjunshc en¸ to ∇c1(−→x ) èqei men
stajerì mètro sta shmeÐa thc perifèreiac aktÐnac

√
2 all� h kateÔjuns  tou all�zei

paramènontac k�jeto se k�je shmeÐo thc me kateÔjunsh proc ta èxw tou kÔklou.
ParathroÔme eÔkola ìti mìno stic apodektèc lÔseic (−1,−1) kai (1, 1), ta ∇F (−→x )
kai ∇c1(−→x ) gÐnontai suggrammik�, bl. sq ma 5.3, mìno ekeÐ dhlad  mporoÔme na
gr�youme ìti

1c

1c

F

F

1x

x2

Sq ma 5.3: Grafik  an�lush tou probl matoc elaqistopoÐhshc 5.12 me ton periorismì
5.13.

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



5.2. DiatÔpwsh me Qr sh Sun�rthshc Lagrange 85

∇F (−→x ) = λ1 ∇c1(−→x ) (5.15)

Eidik� gia th bèltisth lÔsh−→x ∗ isqÔei h (antÐstoiqh thc 5.15) sqèsh 5.10, me λ∗1 = −1
2
.

Ac diereun soume se megalÔtero b�joc to nìhma twn parap�nw. 'Enac trìpoc gia
na gÐnei antilhpt  mia diadikasÐa beltistopoÐhshc eÐnai, ìntac se mia lÔsh −→x ∈ Ω, na
dhmiourghjeÐ mia nèa lÔsh (−→x +−→p ) ∈ Ω me mikrìterh tim  antikeimenik c sun�rthshc.
Praktik�, anaferìmaste se dÔo shmeÐa thc perifèreiac tou kÔklou aktÐnac

√
2 ìpou,

se prosèggish pr¸thc t�xhc, na isqÔoun oi ex c dÔo apait seic:

• wc proc th sunèqish ikanopoÐhshc tou periorismoÔ

c1(
−→x +−→p ) ≈ c1(

−→x ) +−→p T∇c1(−→x ) = −→p T∇c1(−→x ) = 0 (5.16)

• wc proc th beltÐwsh (meÐwsh) thc tim c thc antikeimenik c sun�rthshc

F (−→x +−→p ) ≈ F (−→x ) +−→p T∇F (−→x ) < F (−→x ) ⇒ −→p T∇F (−→x ) < 0 (5.17)

An h trèqousa lÔsh −→x eÐnai h bèltisth (−→x = −→x ∗), tìte den prèpei na up�rqei
di�nusma −→p gia to opoÐo na isqÔoun sugqrìnwc h isìthta 5.16 kai h anisìthta 5.17.
Ousiastik�, katal xame ètsi sthn anagkaÐa sunj kh 5.9, me paradoqèc kai sq mata
pr¸thc t�xhc.

Epìmeno b ma thc parap�nw an�ptuxhc kai suz thshc eÐnai h epanadiatÔpwsh
tou probl matoc 5.8 wc èna prìblhma sto opoÐo anazhtoÔme ta st�sima shmeÐa miac
sun�rthshc Lagrange. H teleutaÐa orÐzetai wc

L(−→x , λ1) = F (−→x )− λ1c1(
−→x ) (5.18)

kai h eÔresh twn st�simwn shmeÐwn thc prokÔptei apì to mhdenismì thc klÐshc thc

∇L(−→x , λ1) = ∇F (−→x )− λ1∇c1(−→x ) = 0 (5.19)

H sqèsh 5.19 parapèmpei eujèwc sthn ikanopoÐhsh thc sqèshc 5.10 gia k�poia tim 
λ∗1. 'Ara, ènac trìpoc na epilujeÐ èna prìblhma beltistopoÐhshc me periorismì isìth-
tac eÐnai mèsw thc anaz thshc st�simwn shmeÐwn thc sun�rthshc Lagrange 5.18.
Ja tonÐsoume ìmwc ìti h sunj kh aut  eÐnai apl� anagkaÐa, ìqi ikan . Gia thn
katanìhsh autoÔ, sto par�deigma pou analÔsame, parathroÔme ìti h sqèsh 5.10
isqÔei se dÔo shmeÐa: to (−1,−1) kai to (1, 1). Kai sta dÔo, ta dianÔsmata ∇F (−→x )
kai ∇c1(−→x ) eÐnai suggrammik�, mìno ìmwc to pr¸to apoteleÐ bèltisth lÔsh tou
probl matoc. Tèloc, me skopì na prol�boume k�je skèyh-idèa pou ja aforoÔse
sto prìshmo thc posìthtac λ∗1, gÐnetai h dieukrÐnhsh ìti k�ti tètoio den eustajeÐ. H
ex ghsh eÐnai apl : mporoÔme na gr�youme ton periorismì isìthtac c1(

−→x ) = 0 sth
morf  −c1(−→x ) = 0 opìte k�je prosp�jeia �ntlhshc plhroforÐac apì to prìshmo
thc posìthtac λ∗1 eÐnai m�taih, afoÔ kai to ∇c1(−→x ) all�zei prìshmo.

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



86 5. BeltistopoÐhsh me PeriorismoÔc

5.2.2 ElaqistopoÐhsh me Enan Periorismì Anisìthtac

AkoloujeÐ h diatÔpwsh thc anagkaÐac sunj khc gia th Ôparxh bèltisthc lÔshc se
prìblhma beltistopoÐhshc me ènan periorismì anisìthtac. IsqÔei:

Je¸rhma 5.3 (AnagkaÐa sunj kh elaqÐstou me ènan periorismì anisìthtac )
AnagkaÐa sunj kh ¸ste to di�nusma −→x ∗ na apoteleÐ bèltisth lÔsh sto prìblhma

min−→x ∈ℜN
F (−→x ) , |= c1(

−→x ) ≤ 0 (5.20)

eÐnai h

∇F (−→x ∗) = λ∗1 ∇c1(−→x ∗) , λ1 ≤ 0 (5.21)

gia k�poia tim  λ∗1 kai

λ∗1c1(
−→x ∗) = 0 (5.22)

H sunj kh aut  sqetÐzetai asfal¸c me tic sqèseic 5.18 kai 5.19 kai th qr sh
sun�rthshc Lagrange. Diafèrei de apì thn antÐstoiqh sunj kh gia th beltistopoÐhsh
me periorismì isìthtac wc proc thn epiplèon apaÐthsh na eÐnai h posìthta λ∗1 mh-
jetik . UpenjumÐzetai ìti, sto tèloc thc prohgoÔmenhc enìthtac, sqoli�same ìti,
ekeÐ, to prìshmo tou λ1 den èqei shmasÐa. Sugqrìnwc me th sqèsh 5.21, epib�lletai
kai h sumplhrwmatik  sunj kh 5.22, pou shmaÐnei ìti ja eÐnai λ∗1 < 0 mìno an o
periorismìc c1(

−→x ) eÐnai energìc (ci(
−→x ) = 0). An o periorismìc ci(

−→x ) eÐnai anenergìc,
h 5.22 epib�llei λ∗1 = 0.

To arijmhtikì prìblhma pou ja analujeÐ gia thn katanìhsh twn parap�nw eÐnai
to

min−→x ∈ℜ2
F (−→x ) , F (−→x ) = x1 + x2 (5.23)

|= c1(
−→x ) = x2

1 + x2
2 − 2 ≤ 0 (5.24)

O periorismìc 5.24 kajorÐzei wc q¸ro apodekt¸n lÔsewn (q¸ro Ω) to eswterikì kai
thn perifèreia kÔklou aktÐnac

√
2. H bèltisth lÔsh pou anazhtoÔme eÐnai kai p�li h

−→x ∗ = (−1,−1).
SÔmfwna me thn analutik  suz thsh thc prohgoÔmenhc enìthtac, h trèqousa

lÔsh −→x den eÐnai bèltisth an mporeÐ na entopisteÐ geitonik  thc lÔsh −→x +−→p ∈ Ω h
opoÐa na dÐnei mikrìterh tim  thc F (−→x ). Se prosèggish pr¸thc t�xhc, prèpei

c1(
−→x +−→p ) ≈ c1(

−→x ) +−→p T∇c1(−→x ) ≤ 0 (5.25)

en¸, sugqrìnwc, ja isqÔei kai h sqèsh 5.17.
Me apl  gewmetrik  je¸rhsh tou probl matoc, mporoÔme na diakrÐnoume dÔo

pijanèc peript¸seic:
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• Arqik�, èstw ìti to shmeÐo −→x eÐnai eswterikì tou kÔklou, dhlad  c1(
−→x ) < 0.

Gia k�je tètoio (eswterikì) shmeÐo tou kÔklou, h epilog  thc kateÔjunshc

−→p = c1(
−→x )

∇F (−→x )

||∇F (−→x )||
(5.26)

exasfalÐzei kai ikanopoÐhsh thc 5.17 all� kai thc 5.25. Monadik  perÐptwsh

gia na mhn isqÔei autì eÐnai na isqÔei ∇F (−→x ) =
−→
0 . H apìdeixh twn parap�nw

eÐnai idiaÐtera eÔkolh.

• DeÔterh perÐptwsh pou axÐzei na exetasjeÐ eÐnai aut  ìpou to −→x an kei sto ì-
rio tou kÔklou, eÐnai dhlad  ci(

−→x ) = 0 (energìc periorismìc). H apaÐthsh 5.25
gr�fetai aploÔstera wc −→p T∇c1(−→x ) ≤ 0 kai sunodeÔei thn −→p T∇F (−→x ) < 0
sthn anaz thsh kalÔterhc lÔshc apì thn trèqousa. Oi dÔo teleutaÐec apait -
seic orÐzoun ènan kleistì (h pr¸th) kai ènan anoiktì (h deÔterh) upìqwro.
H tom  touc orÐzei to qrhstikì-apodektì tomèa, ston opoÐo mporeÐ na epilegeÐ
kateÔjunsh meÐwshc thc tim c thc antikeimenik c sun�rthshc qwrÐc na diatar�s-
setai o periorismìc. H monadik  perÐptwsh pou h tom  aut  eÐnai to kenì sÔnolo
eÐnai ìtan ta dianÔsmata ∇c1(−→x ) kai ∇F (−→x ) eÐnai suggrammik� kai antÐjethc
for�c. EÐnai h perÐptwsh pou isqÔei ∇F (−→x ) = λ1∇c1(−→x ) me λ1 ≤ 0. Mìno
an ikanopoieÐtai h teleutaÐa sqèsh (prohgoumènwc th diatup¸same wc anagkaÐa
sunj kh 5.21) tìte eÐnai adÔnato na brejeÐ �kalÔterh� lÔsh pou na ikanopoieÐ
ton periorismì, �ra h trèqousa eÐnai kai h bèltisth lÔsh −→x ∗.

5.2.3 Sunj kec Karush–Kuhn–Tucker

Me th bo jeia twn mèqri t¸ra apl¸n paradeigm�twn, diatup¸same th basik  anagkaÐ-
a sunj kh gia thn eÔresh bèltisthc lÔshc. Diatup¸same th sun�rthsh Lagrange,
sqèsh 5.18, thc opoÐac anazht same ta st�sima shmeÐa. Epib�lame apait seic pros -
mou stouc pollaplasiastèc λi pou antistoiqoÔn se periorismoÔc anisìthtac (bl.
sqèsh 5.21) kai diatup¸same th sumplhrwmatik  anagkaÐa sunj kh sth morf  thc
sqèshc 5.22, p�li gia thn perÐptwsh periorism¸n anisìthtac.

GenikeÔontac, anex�rthta tou pl jouc periorism¸n tÔpou isìthtac   anisìthtac
pou up�rqoun, h sun�rthsh Lagrange gr�fetai

L(−→x ,
−→
λ ) = F (−→x )−

∑
i∈E∪I

λici(
−→x ) (5.27)

ìpou me
−→
λ ekfr�zoume to di�nusma twn pollaplasiast¸n Lagrange λi.

Oi pr¸thc t�xhc anagkaÐec sunj kec, gnwstèc wc sunj kec Karush–
Kuhn–Tucker, gia thn Ôparxh bèltisthc lÔshc diatup¸nontai sth morf  tou parak�tw
jewr matoc:
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88 5. BeltistopoÐhsh me PeriorismoÔc

An −→x ∗ eÐnai mia topik  lÔsh tou probl matoc 5.6, tìte up�rqei èna di�nusma

pollaplasiast¸n Lagrange
−→
λ ∗, me sunist¸sec λ∗i , i ∈ E ∪ I, tètoio ¸ste sto

(−→x ∗,
−→
λ ∗) na isqÔoun

∇L(−→x ∗,
−→
λ ∗) = 0

ci(
−→x ∗) = 0 , ∀ i ∈ E

ci(
−→x ∗) ≤ 0 , ∀ i ∈ I
λ∗i ≤ 0 , ∀ i ∈ I

λi ci(
−→x ∗) = 0 , ∀ i ∈ E ∪ I (5.28)

Tic sunj kec 5.28 onom�zoume sunj kec Karush–Kuhn–Tucker. AxÐzei na xanagr�y-
oume thn pr¸th apì autèc tic sqèseic wc

∇F (−→x ∗)−
∑

i∈E∪I

λi∇ci(−→x ) = 0 (5.29)

EpishmaÐnetai ìti o telest c klÐshc ∇ pou qrhsimopoieÐtai ja èprepe kanonik�
na sumbolÐzetai me ∇x ¸ste na gÐnetai emfanèc ìti h parag¸gish gÐnetai mìno wc

proc tic sunist¸sec tou dianÔsmatoc −→x kai ìqi autèc tou
−→
λ . H teleutaÐa apì tic

sqèseic 5.28 eÐnai aut  pou sun jwc apokaloÔme �sumplhrwmatik  sunj kh�. Gia touc
energoÔc periorismoÔc anisìthtac (ci(

−→x ∗) = 0, i ∈ I) h sumplhrwmatik  sunj kh
den dÐnei plhroforÐa gia to prìshmo tou pollaplasiast  λi. AntÐjeta, ìmwc, deÐqnei
thn an�gkh mhdenismoÔ opoioud pote pollaplasiast  λi sunodeÔei èna mh�energì
periorismì anisìthtac (ci(

−→x ∗) < 0, i ∈ I).
AkoloujeÐ èna akìmh par�deigma gia thn katanìhsh twn anagkaÐwn sunjhk¸n

Karush–Kuhn–Tucker. Gia −→x ∈ ℜ2, zhtoÔmeno eÐnai h elaqistopoÐhsh thc

F (x1, x2) = (x1 −
3

2
)2 + (x2 −

1

8
)2 (5.30)

|= c1(x1, x2) = x1 + x2 − 1 ≤ 0

c2(x1, x2) = x1 − x2 − 1 ≤ 0

c3(x1, x2) = −x1 + x2 − 1 ≤ 0

c4(x1, x2) = −x1 − x2 − 1 ≤ 0

me touc tèsseric parap�nw periorismoÔc kai bèltisth lÔsh thn −→x ∗ = (1, 0). Sth
bèltisth lÔsh, oi dÔo pr¸toi periorismoÐ eÐnai energoÐ afoÔ c1(

−→x ∗) = 0 kai c2(
−→x ∗) =

0. To Ðdio ìmwc den isqÔei gia touc �llouc dÔo periorismoÔc, c3(
−→x ∗) ̸= 0, c4(

−→x ∗) ̸= 0.
Gia to lìgo autì, h sumplhrwmatik  sunj kh (teleutaÐa sqèsh twn 5.28) epib�llei
ìti λ3 = λ4 = 0. UpologÐzontac tic klÐseic thc antikeimenik c sun�rthshc kai twn
dÔo periorism¸n, sth bèltisth lÔsh, èqoume
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∇F (−→x ∗) = (−1 , −1

2
)T

∇c1(−→x ∗) = (1 , 1)T

∇c2(−→x ∗) = (1 , −1)T

H sqèsh 5.29 dÐnei to sÔsthma

−1− λ∗1 − λ∗2 = 0

−1

2
− λ∗1 + λ∗2 = 0

apì to opoÐo prokÔptei ìti λ∗1 = −3
4
kai λ∗2 = −1

4
. Sunolik� dhlad  oi pollaplasi-

astèc Lagrange eÐnai

(λ∗1, λ
∗
2, λ

∗
3, λ

∗
4) = (−3

4
,−1

4
, 0, 0)

me mh�jetikèc ìlec tic timèc. Tèloc, eÐnai aplì na elègxoume ìti c3(
−→x ∗) = −2 < 0

kai c4(
−→x ∗) = −2 < 0, �ra epalhjeÔontai kai oi tèsseric periorismoÐ.

5.3 Seiriak  ElaqistopoÐhsh gia Probl mata
me PeriorismoÔc

Sthn paroÔsa enìthta ja parousi�soume algorijmikèc parallagèc me tic opoÐec m-
poroÔn na antimetwpisjoÔn probl mata beltistopoÐhshc ta opoÐa dièpontai apì peri-
orismoÔc isìthtac  /kai anisìthtac. Basikì qarakthristikì touc eÐnai ìti mporoÔn na
qrhsimopoi soun wc mèjodo anÐqneushc opoiad pote mèjodo beltistopoÐhshc ikan  na
epilÔei probl mata beltistopoÐhshc qwrÐc periorismoÔc. FaÐnetai, ètsi, eÔkola ìti an
o mhqanikìc diajètei mia opoiad pote mèjodo beltistopoÐhshc gia probl mata qwrÐc
periorismoÔc, eÐnai dunatì na th qrhsimopoi sei gia na lÔsei probl mata me perioris-
moÔc, arkeÐ na epèmbei kat�llhla (ìpwc ja doÔme sth sunèqeia) sthn antikeimenik 
sun�rthsh pou h mèjodoc qrhsimopoieÐ. 'Omwc, to kìstoc pou kaleÐtai na plhr¸sei
wc ant�llagma thc eukolÐac aut c eÐnai ìti ja lÔsei seiriak� perissìtera apì èna
probl mata elaqistopoÐhshc qwrÐc periorismoÔc. Ta parap�nw sqìlia dikaiologoÔn
pl rwc to sÔnjeto tÐtlo tou parìntoc kefalaÐou.

Basikì stoiqeÐo ìlwn twn mejìdwn pou ja parousiasjoÔn sth sunèqeia eÐnai h
qr sh sunart sewn   suntelest¸n poin c (penalty) gia thn enswm�twsh
twn periorism¸n sthn antikeimenik  sun�sthsh. H idèa eÐnai, ousiastik�, apl : gia
na lujeÐ to prìblhma me periorismoÔc
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min F (−→x ) (5.31)

|= ci(
−→x ) ≤ 0 , i ∈ I

ci(
−→x ) = 0 , i ∈ E

orÐzetai h yeudo�antikeimenik  sun�rthsh (pseudo–objective function) Φ(−→x ,wp) sÔm-
fwna me th sqèsh

Φ(−→x ,wp) = F (−→x ) + wpP (−→x ) (5.32)

ìpou wp eÐnai o suntelest c poin c (  b�roc poin c, penalty weight) kai P (−→x ) eÐnai h
sun�rthsh poin c, h opoÐa exart�tai apì thn parallag  mejìdou pou ja epilèxoume.
O suntelest c wp mporeÐ na paramènei stajerìc kat� th di�rkeia twn seiriak¸n
kl sewn sth mèjodo beltistopoÐhshc qwrÐc periorismoÔc (k�je mia tètoia kl sh ja
thn onom�zoume kÔklo) an kai sun jwc diathreÐ stajer  tim  se ènan kÔklo kai
epanaprosdiorÐzetai ston epìmeno.

Gia th sunèqeia, gia lìgouc suntomografÐac, k�je mèjodoc h opoÐa epilÔei prob-
l mata beltistopoÐhshc me periorismoÔc, mèsw seiriak¸n kl sewn miac mejìdou e-
laqistopoÐhshc qwrÐc periorismoÔc kai me th bo jeia thc yeudo�antikeimenik c sun�rthsh-
c thc sqèshc 5.32, ja onom�zetai SUMT (Sequential Unconstrained Minimization
Technique).

Sugkekrimèna, ja parousiasjoÔn treÐc parallagèc SUMT, twn opoÐwn ta basik�
qarakthristik� kathgoriopoioÔntai sth sunèqeia:

H mèjodoc thc exwterik c poin c , h opoÐa eÐnai h perissìtero klasik  kai
h eukolìterh ston programmatismì. H sun�rthsh poin c P (−→x ) apokt� mh�
mhdenik  tim  kai �ra timwreÐ/epaux�nei thn antikeimenik  sun�rthsh mìno ìtan
den ikanopoieÐtai ènac periorismìc.

H mèjodoc thc eswterik c poin c , kat� thn opoÐa h sun�rthsh poin c P (−→x )
apokt� mh�mhdenik  tim  kai �ra timwreÐ/epaux�nei thn antikeimenik  sun�rthsh
ìtan h lÔsh plhsi�zei th mh�apodekt  perioq  lÔsewn èstw kai an h trèqousa
lÔsh eÐnai akìma apodekt . Sth mèjodo aut  den epitrèpetai na diataraqjeÐ
opoiosd pote periorismìc kai h telik  bèltisth lÔsh prokÔptei apì th diadoq 
apodekt¸n lÔsewn.

H mèjodoc thc dieurumènhc eswterik c poin c , h opoÐa sundu�zei pleonek-
t mata kai apofeÔgei meionekt mata twn dÔo prohgoÔmenwn, ìpwc ja perigrafeÐ
leptomer¸c sth sunèqeia.

5.3.1 Mèjodoc thc Exwterik c Poin c

'Hdh anafèrjhke ìti h mèjodoc thc exwterik c poin c (exterior penalty function
method) eÐnai h aploÔsterh kat� thn efarmog  thc. H sun�rthsh poin c orÐzetai
apì th sqèsh
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P (−→x ) =
∑
i∈I

[max(0, ci(
−→x ))]2 +

∑
i∈E

[ci(
−→x )]2 (5.33)

Apì th sqèsh 5.31 faÐnetai autì pou diatup¸same wc basikì qarakthristikì thc
mejìdou: h sun�rthsh poin c timwreÐ/epaux�nei thn antikeimenik  sun�rthsh mìno
ìtan den ikanopoieÐtai ènac periorismìc isìthtac   anisìthtac. EÐnai, dhlad , P (−→x ) =
0 gia k�je lÔsh −→x sthn apodekt  perioq  lÔsewn Ω. Sth sqèsh 5.33, ta tetr�g-
wna kai stouc dÔo ìrouc tou dexioÔ mèlouc exuphretoÔn afenìc men to mhdenismì
thc klÐshc miac sunist¸sac tou P (−→x ) sto shmeÐo pou oriak� ikanopoieÐtai o antÐs-
toiqoc periorismìc, afetèrou de to na èqei h yeudo�antikeimenik  sun�rthsh Φ(−→x ,wp)
suneq  klÐsh pantoÔ. Ac sugkrat soume, ìmwc, ìti h deÔterh par�gwgoc thc P (−→x )
kai sunep¸c kai thc Φ(−→x ,wp) eÐnai asuneq c ekeÐ pou oriak� diatar�ssetai o perior-
ismìc. H teleutaÐa parat rhsh shmaÐnei ìti endeqomènwc na prokÔyoun probl mata
kak c arijmhtik c sumperifor�c kai duskolÐac sÔgklishc an qrhsimopoihjeÐ mèjodoc
beltistopoÐhshc deÔterhc t�xhc.

'Eqontac orÐsei th sun�rthsh poin c, to epìmeno b ma eÐnai na epilegeÐ h kat�llhlh
tim  gia to suntelest  wp, ¸ste na sqhmatisjeÐ h Φ(−→x ,wp), sÔmfwna me th sqèsh
5.32. Ta parak�tw sqìlia sqetik� me to an eÐnai kalÔtera na epilegeÐ mikr    meg�lh
tim  gia to wp gÐnontai eÔkola katanoht�. Mikr  tim  tou wp odhgeÐ se èna eÔkola
epiluìmeno prìblhma beltistopoÐhshc (upobajmÐzetai o rìloc twn periorism¸n sth
sqèsh 5.32) all� h lÔsh pou ja prokÔyei eÐnai polÔ pijanì na mhn ikanopoieÐ touc
periorismoÔc. AntÐjeta, epilègontac meg�lh tim  gia to wp, o rìloc twn perioris-
m¸n sth sqèsh 5.32 anabajmÐzetai, apì arijmhtik c pleur�c to prìblhma parousi�zei
duskolÐec sÔgklishc all� h bèltisth lÔsh pou telik� ja prokÔyei dÔskola den ja
ikanopoieÐ touc periorismoÔc.

'Amesh sunèpeia twn parap�nw eÐnai o ex c aplìc algìrijmoc: h elaqistopoÐhsh
xekin� me mia mikr  tim  tou wp me thn opoÐa pragmatopoieÐtai o pr¸toc kÔkloc
kai sth sunèqeia, k�je for� pou arqÐzei ènac nèoc kÔkloc, to wp aux�netai (l.q.
triplasi�zetai). Me mia tètoia epilog  diadoqik¸n tim¸n tou wp, eÐnai profanèc ìti
stouc pr¸touc kÔklouc anamènontai mh-apodektèc lÔseic kai, ìso megal¸nei h tim 
tou wp, h lÔsh plhsi�zei thn apodekt  perioq . To krit rio termatismoÔ thc seiri-
ak c diadikasÐac energopoieÐtai ìtan h metabol  thc antikeimenik c sun�rthshc F (−→x )
ston teleutaÐo kÔklo eÐnai mikrìterh apì mia anoq  pou kajorÐzei o qr sthc  /kai ìti
ìloi oi periorismoÐ ikanopoioÔntai (me anoqèc, p�li, pou kajorÐzei o qr sthc). Basikì
loipìn qarakthristikì thc mejìdou thc exwterik c poin c eÐnai ìti h bèltisth lÔsh
(pou stic perissìterec twn peript¸sewn ikanopoieÐ oriak� touc periorismoÔc) pros-
eggÐzetai apì thn perioq  twn mh-apodekt¸n lÔsewn. Sunep¸c, an diakopeÐ prìwra h
sÔgklish tou algorÐjmou, ja èqei entopisjeÐ mia �bèltisth� lÔsh pou (oriak�, èstw)
den ja ikanopoieÐ k�poiouc   ìlouc touc periorismoÔc.

To parak�tw prìblhma ja bohj sei sthn peraitèrw katanìhsh thc mejìdou thc
exwterik c poin c. To Ðdio prìblhma ja faneÐ qr simo kai stic epìmenec parallagèc
thc SUMT. Prìkeitai gia prìblhma miac eleÔjerhc metablht c kai dÔo periorism¸n
anisìthtac, to
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min F (x) =
(x+ 2)2

20
(5.34)

|= c1(x) =
1− x

2
≤ 0

c2(x) =
x− 2

2
≤ 0

Oi periorismoÐ kajorÐzoun kai to pedÐo twn apodekt¸n lÔsewn Ω = [1, 2], bl. kai
sq ma 5.4. H bèltisth lÔsh eÐnai h x = 1 (me F = 0.45), ikanopoieÐ dhlad  oriak�
ton periorismì c1.
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Sq ma 5.4: H antikeimenik  sun�rthsh kai oi periorismoÐ tou probl matoc thc sqèshc
5.34. H bèltisth lÔsh eÐnai h x∗ = 1, sto aristerì ìrio thc apodekt c perioq c
lÔsewn Ω = [1, 2].

Grafik�, h efarmog  thc mejìdou thc exwterik c poin c apeikonÐzetai sto sq ma
5.5. An efarmosjeÐ o algìrijmoc pou perigr�yame prohgoÔmena (ìti, dhlad , sthn ar-
q  qrhsimopoioÔntai mikrèc timèc tou wp, oi opoÐec stadiak� aux�nontai), parathroÔme
ìti se k�poion apì touc pr¸touc kÔklouc (ìpou, ac upotejeÐ, ìti wp = 1), h el�qisth
tim  thc yeudo�antikeimenik c sun�rthshc sumbaÐnei gia x < 1 (�ra h bèltisth lÔsh
eÐnai mh�apodekt , bl. sq ma 5.5). Se epìmenouc kÔklouc kaj¸c aux�nei h tim  tou
wp, apì to sq ma 5.5 antilambanìmaste th bèltisth lÔsh k�je kÔklou na plhsi�zei
sthn pragmatik  bèltisth x∗ = 1, p�ntote ìmwc apì th mh-apodekt  perioq . H lÔsh
x∗ = 1 prokÔptei ousiastik� kaj¸c wp →∞.

'Etsi, an h seiriak  ektèlesh twn kÔklwn tou SUMT diakopeÐ nwrÐtera, h bèltisth
lÔsh pou ja prokÔyei ja eÐnai mh�apodekt  all� me tim  kont� sthn pragmatik�
bèltisth (praktik�, x = 1 − ε, ìpou ε eÐnai mia mikr  posìthta). Autì pou mìlic
diatup¸same apoteleÐ kai ton kÔrio lìgo pou anaptÔqjhke h mèjodoc thc eswterik c
poin c wc enallaktik c thc trèqousac.
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Sq ma 5.5: Mèjodoc thc Exwterik c Poin c: H yeudo�antikeimenik  sun�rthsh
Φ(x,wp) tou probl matoc 5.34, ìpwc diamorf¸netai gia treÐc timèc tou suntelest 
wp (wp = 100, 10, 1). Parathr ste ìti,sth mèjodo thc exwterik c poin c, h yeudo�
antikeimenik  sun�rthsh paramènei analloÐwth sthn perioq  twn apodekt¸n lÔsewn
x ∈ [1, 2].

5.3.2 Mèjodoc thc Eswterik c Poin c

'Opwc ègine safèc sthn prohgoÔmenh par�grafo, o lìgoc pou anaptÔqjhke h mèjodoc
thc (sun�rthshc) eswterik c poin c (interior penalty function method) eÐnai gia na
mporeÐ h diadikasÐa SUMT na proseggÐzei th bèltisth lÔsh apì thn perioq  twn
apodekt¸n lÔsewn. Profanèc kèrdoc eÐnai to ìti, an h mèjodoc termatÐsei nwrÐtera,
mporeÐ men h lÔsh na mhn eÐnai akrib¸c h bèltisth (ja eÐnai Ðswc mia polÔ kontin 
thc) all� ja eÐnai sÐgoura mia apodekt  lÔsh. Praktik�, h telik  bèltisth lÔsh
prokÔptei wc mia allhlouqÐa apodekt¸n lÔsewn, pleonèkthma to opoÐo �stoiqÐzei� th
diatÔpwsh enìc piì polÔplokou probl matoc beltistopoÐhshc qwrÐc periorismoÔc. H
mèjodoc thc eswterik c poin c den epitrèpei thn emf�nish mh�apodekt¸n lÔsewn se
kanèna kÔklo tou SUMT.

H diafor� metaxÔ mejìdwn exwterik c kai eswterik c poin c ègkeitai ston trìpo
orismoÔ thc sun�rthsh poin c gia touc periorismoÔc anisìthtac. Sth mèjodo eswterik -
c poin c, h sun�rthsh poin c gia touc periorismoÔc anisìthtac dÐnetai apì th sqèsh

P (−→x ) =
∑
i∈I

−1

ci(
−→x )

(5.35)

Parak�tw den qrei�zetai na anaferjoÔme idiaÐtera se periorismoÔc isìthtac. An
up�rqoun, antimetwpÐzontai me to antÐstoiqo tm ma thc sun�rthshc exwterik c poin c
(sqèsh 5.33). 'Etsi h yeudo�antikeimenik  sun�rthsh Φ(−→x ,wp) gr�fetai
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Φ(−→x ,wp) = F (−→x ) + w′
pP (−→x ) + wp

∑
i∈E

[ci(
−→x )]2 (5.36)

 

Φ(−→x ,wp) = F (−→x ) + w′
p

∑
i∈I

−1

ci(
−→x )

+ wp

∑
i∈E

[ci(
−→x )]2 (5.37)

ìpou qrhsimopoi jhke o diaforetikìc suntelest c poin c w′
p gia touc periorismoÔc

anisìthtac.
EÐnai basikì na katano soume ton orismì 5.35. 'Ontac sthn perioq  apodekt¸n

lÔsewn, isqÔei ci(
−→x ) < 0 kai epomènwc up�rqei jetik  suneisfor� sthn tim  thc

sun�rthshc P (−→x ). MporoÔn de na qrhsimopoihjoÔn kai �llec sunart seic antÐs-
toiqhc sumperifor�c me thn 5.35. Endeiktik�, dÐnetai kai h enallaktik  èkfrash

P (−→x ) =
∑
i∈I

[−ln(−ci(−→x ))] (5.38)

Anex�rthta an ja qrhsimopoihjeÐ h 5.35   h 5.38, h tim  thc poin c aux�nei (P (−→x )→
∞) kaj¸c plhsi�zoume to shmeÐo ìpou o periorismìc ikanopoieÐtai oriak� (ekeÐ pou
ci(
−→x ) = 0). H sqèsh 5.38 sunodeÔetai, genik�, apì kalÔterh arijmhtik� sumperi-

for�.
UpenjumÐzetai ìti, sto Ðdio shmeÐo, sth mèjodo thc exwterik c poin c h tim  thc

P (−→x )  tan ex orismoÔ mhdenik .
Kat� thn poreÐa thc mejìdou eswterik c poin c, h sumperifor� twn suntelest¸n

w′
p kai wp eÐnai antÐstrofh. H tim  tou w′

p me thn opoÐa xekin� h mèjodoc eÐnai
meg�lh (jetik ) en¸, antÐjeta, stouc pr¸touc kÔklouc epilègetai mikr  tim  gia to
suntelest  wp. Apì kÔklo se kÔklo, h tim  tou w′

p mei¸netai (ja mporoÔse l.q. ston
epìmeno kÔklo na diaireÐtai me 3) en¸ aut  tou wp aux�netai (ja mporoÔse l.q. na
pollaplasi�zetai me 3). Kai stic dÔo peript¸seic up�rqei sun jwc k�tw ìrio tim c
gia to w′

p kai �nw ìrio gia to wp.
An upotejeÐ ìti to prìblhm� mac èqei mìno ènan periorismì anisìthtac kai den

èqei periorismoÔc isìthtac, mporoÔme na skiagraf soume ton trìpo pou sugklÐnei
h mèjodoc. H arqik  lÔsh eÐnai p�nta apodekt . An upotejeÐ ìti eÐnai makru� apì
to shmeÐo oriak c ikanopoÐhshc tou periorismoÔ, h tim  thc P (−→x ) eÐnai mikr  all�
pollaplasi�zetai me thn arqik� meg�lh tim  tou w′

p. Apì kÔklo se kÔklo, kaj¸c h
lÔsh plhsi�zei thn oriak  ikanopoÐhsh tou periorismoÔ, h tim  thc P (−→x ) aux�netai
arket� all� sugqrìnwc mei¸netai o suntelest c w′

p.
Sth sunèqeia, ja sqoli�soume ton trìpo me ton opoÐo h mèjodoc thc eswterik c

poin c antimetwpÐzei to prìblhma 5.34. Sto eswterikì thc perioq c twn apodekt¸n
lÔsewn Ω = [1, 2], h yeudo�antikeimenik  sun�rthsh gr�fetai

Φ(x,w′
p) =

(x+ 2)2

20
+ w′

p

(
−2

1− x
− 2

x− 2

)
(5.39)

H grafik  par�stash thc sqèshc 5.39 dÐnetai sto sq ma 5.6.
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Sq ma 5.6: Mèjodoc thc Eswterik c Poin c: H yeudo�antikeimenik  sun�rthsh
Φ(x,wp) tou probl matoc 5.34, ìpwc diamorf¸netai gia treÐc timèc tou suntelest  w′

p

(w′
p = 0.5, 0.1, 0.01). Parathr ste ìti sth mèjodo thc eswterik c poin c, h yeudo�

antikeimenik  sun�rthsh eÐnai asuneq c ekeÐ ìpou h lÔsh eisèrqetai sth mh�apodekt 
perioq .

Ja oloklhr¸soume thn enìthta aut  me sugkritik� sqìlia gia tic mejìdouc thc
eswterik c kai exwterik c poin c.

• H sun�rthsh exwterik c poin c orÐzetai pantoÔ qwrÐc asunèqeia kat� th met�bash
apì th mh�apodekt  sthn apodekt  perioq . H bèltisth lÔsh prokÔptei kaj¸c
wp →∞ kai proseggÐzetai apì thn pleur� twn mh�apodekt¸n lÔsewn. Gi' autì
eloqeÔei o kÐndunoc h telik  lÔsh na eÐnai kont� sth bèltisth all� na mhn eÐnai
apodekt  an, gia opoiod pote lìgo, h sÔgklish termatÐsei prìwra.

• H sun�rthsh eswterik c poin c parousi�zei asunèqeia tim c kat� th met�bash
apì th mh�apodekt  sthn apodekt  perioq . H bèltisth lÔsh prokÔptei ka-
j¸c w′

p → 0 kai proseggÐzetai apì thn pleur� twn apodekt¸n lÔsewn en¸
apokleÐontai mh�apodektèc lÔseic.

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



96 5. BeltistopoÐhsh me PeriorismoÔc

5.3.3 H Mèjodoc thc Dieurumènhc Eswterik c Poin c

O epÐlogoc thc prohgoÔmenhc enìthtac dikaiologeÐ thn an�gkh sugkerasmoÔ twn
dÔo prohgoÔmenwn mejìdwn (exwterik c kai eswterik c poin c) ¸ste, uiojet¸ntac
ta pleonekt mata kai apofeÔgontac ta meionekt mata k�je mejìdou, na dhmiourghjeÐ
mia dieurumènh mèjodoc (extended method). Epeid  oi basikèc paremb�seic gÐnontai
stic sunart seic poin c oi opoÐec orÐsjhkan wc sunart seic eswterik c poin c, h
nèa mèjodoc ja onom�zetai mèjodoc thc dieurumènhc eswterik c poin c
(extended internal penalty method). UpenjumÐzetai ìti oi paremb�seic aforoÔn p�nta
ton trìpo diaqeÐrishc twn periorism¸n anisìthtac en¸ gia touc periorismoÔc isìthtac
efarmìzetai tupik� h mèjodoc thc exwterik c poin c.

Parìlo pou me ton ìro dieurumènec SUMT qarakthrÐzontai arketèc mèjodoi, ed¸
ja parousiasjoÔn mìno dÔo apì autèc.

H Mèjodoc thc Grammik c Dieurumènhc Eswterik c Poin c

H mèjodoc thc grammik c dieurumènhc eswterik c poin c (linear extended penalty
method) sthrÐzetai se sun�rthsh poin c gia touc periorismoÔc anisìthtac thc morf c

P (−→x ) =
∑
i∈I

c̃(−→x ) (5.40)

ìpou

c̃(−→x ) = − 1

ci(
−→x )

, if ci(
−→x ) ≤ ε (5.41)

c̃(−→x ) = −2ε− ci(−→x )

ε2
, if ci(

−→x ) > ε

kai ε eÐnai arnhtikìc arijmìc mikroÔ mètrou.
H pr¸th apì tic dÔo prohgoÔmenec sqèseic den eÐnai �llh apì th sqèsh 5.35,

thn èkfrash dhlad  thc sun�rthshc eswterik c poin c. Apl�, paÔei na efarmìzetai
metapÐptontac sth deÔterh apì tic sqèseic 5.41, kaj¸c plhsi�zei h oriak  ikanopoÐhsh
(wc isìthta) tou periorismoÔ anisìthtac. H deÔterh apì tic sqèseic 5.41 eÐnai autì
pou, eidik�, ja apokaloÔsame sun�rthsh thc dieurumènhc exwterik c poin c. Ek-
tel¸ntac tic aparaÐthtec pr�xeic stic sqèseic 5.41, apodeiknÔetai eÔkola h sunèqeia
tim c kai pr¸thc parag¸gou sto shmeÐo met�bashc c1(

−→x ) = ε. Sugqrìnwc, faÐne-
tai eÔkola ìti h deÔterh par�gwgoc sto Ðdio shmeÐo eÐnai asuneq c. H teleutaÐa
asunèqeia kajist� to sq ma autì episfalèc opoted pote qrhsimopoieÐtai mèjodoc
beltistopoÐhshc deÔterhc t�xhc.

Shmei¸netai ìti mèqri t¸ra den asqolhj kame me thn tim  tou ε, h opoÐa apoteleÐ
(krÐsimh) epilog  tou mhqanikoÔ pou qrhsimopoieÐ th mèjodo aut  se prìblhma beltistopoÐhsh-
c. 'Enac tupikìc trìpoc epilog c tim c tou ε eÐnai apait¸ntac na apokt� h Φ(−→x ,w′

p)
jetik  klÐsh sto oriakì shmeÐo ikanopoÐhshc tou periorismoÔ. Me autì wc krit rio,
proteÐnetai to ε na kajorÐzetai apì th sqèsh
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Sq ma 5.7: Grafik  anapar�stash twn sunart sewn 5.41, sqediasmènwn gia thn
(tuqaÐa) tim  ε = −0.001. To deÔtero sq ma eÐnai megèjunsh tou pr¸tou, sto
shmeÐo met�bashc.

ε = −C(w′
p)

a (5.42)

ìpou 1
2
≤ a ≤ 1

3
kai C eÐnai mia stajer�.

Gia to  dh gnwstì prìblhma 5.34, me a = 1
2
kai C = 0.15, h morf  thc yeudo�

antikeimenik c sun�rthshc Φ(−→x ,wp), ìpwc prokÔptei gia treic timèc tou w′
p kai tic

antÐstoiqec timèc tou ε parousi�zetai sto sq ma 5.8

H Mèjodoc thc Tetragwnik c Dieurumènhc Eswterik c Poin c

H mèjodoc thc tetragwnik c dieurumènhc eswterik c poin c (quadratic extended
penalty method) kalÔptei to meionèkthma thc grammik c mejìdou wc proc thn a-
sunèqeia thc deÔterhc parag¸gou. Oi antÐstoiqec thc sqèshc 5.41 ekfr�seic eÐnai

c̃(−→x ) = − 1

ci(
−→x )

, if ci(
−→x ) ≤ ε (5.43)

c̃(−→x ) = −1

ε

[
(
ci(
−→x )

ε
)2 − 3(

ci(
−→x )

ε
) + 3

]
, if ci(

−→x ) > ε

Oi sqèseic 5.43 eÐnai pleonektikèc ìtan qrhsimopoioÔntai se sunduasmì me mejìdouc
beltistopoÐhshc deÔterhc t�xhc. Par�llhla, ìmwc, aux�nei o bajmìc mh-grammikìthtac
thc yeudo�antikeimenik c sun�rthshc.

5.4 H Epauxhmènh Mèjodoc me Pollaplasi-
astèc Lagrange

Mèqri t¸ra parousi�sjhkan oi pio klasikèc mèjodoi gia thn epÐlush problhm�twn
beltistopoÐhshc me periorismoÔc, qrhsimopoi¸ntac seiriak� (dhlad , arketèc forèc)
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Sq ma 5.8: Mèjodoc thc Dieurumènhc Eswterik c Poin c: H yeudo�antikeimenik 
sun�rthsh Φ(x,w′

p) tou probl matoc 5.34, ìpwc diamorf¸netai gia treÐc timèc
tou suntelest  w′

p (wp = 0.5, 0.1, 0.01) kai tic antÐstoiqec timèc tou ε (ε =
−0.106,−0.047,−0.0047).

mia mèjodo epÐlushc problhm�twn beltistopoÐhshc qwrÐc periorismoÔc (teqnikèc SUMT).
Mèjodoi SUMT me sunart seic exwterik c, eswterik c   dieurumènhc eswterik c
poin c qarakthrÐzontai apì eÔkolo programmatismì kai eÐnai, genik�, arket� apodotikèc.
Parìla aut�, ja exasfalÐzontan megalÔterh axiopistÐa kai apìdosh, an oi par�metroi-
sunj kec bèltisthc lÔshc summeteÐqan kai autèc ston algìrijmo beltistopoÐhshc.
Me �lla lìgia, ja  tan epijumhtì na paÔsei na exart�tai tìso polÔ h diadikasÐ-
a beltistopoÐhshc apì thn epilog  bohjhtik¸n paramètrwn (l.q. twn suntelest¸n
poin c).

Autì akrib¸c epitugq�noun oi legìmenec epauxhmènec mèjodoi me qr sh pol-
laplasiast¸n Lagrange (Augmented Lagrange Multiplier Methods, suntomografik�
mèjodoi ALM). Ja parousiasjoÔn qwrist� gia periorismoÔc isìthtac kai anisìthtac
kai ja akolouj sei genÐkeush sto tèloc tou kefalaÐou autoÔ.

5.4.1 H Mèjodoc ALM gia PeriorismoÔc Isìthtac

Anaferìmaste arqik� sthn epÐlush tou probl matoc

min−→x ∈ℜN
F (−→x ) , |= ci(

−→x ) = 0 , i ∈ E (5.44)

Ed¸, ta pr¸ta sqìlia aforoÔn ton arijmì twn periorism¸n isìthtac pou epib�llontai.
O arijmìc touc prèpei na eÐnai mikrìteroc tou arijmoÔ N twn eleÔjerwn metablht¸n.
EÐnai profanèc ìti, an up rqan akrib¸c N periorismoÐ isìthtac, ja arkoÔse h epÐlush
tou sust matoc twn N (genik�, mh�grammik¸n) exis¸sewn (twn periorism¸n) ¸ste
na upologisjoÔn oi timèc twn eleÔjerwn paramètrwn tou probl matoc. Se mia tètoia
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perÐptwsh, h tim  thc antikeimenik c sun�rthshc ja kajorÐzontan ek twn ustèrwn,
qrhsimopoi¸ntac tic lÔseic tou proanaferjèntoc sust matoc. Sthn perÐptwsh pou
up rqan perissìteroi apì N periorismoÐ isìthtac, h lÔsh tou sust matoc ja  tan
apl� adÔnath.

Gia na jemeliwjeÐ h mèjodoc ALM gia to prìblhma 5.44, afethrÐa apoteloÔn oi
anagkaÐec sunj kec Karush–Kuhn–Tucker. 'Eqoume  dh deÐxei ìti h bèltisth lÔsh
−→x ∗ apoteleÐ st�simo shmeÐo thc sun�rthshc Lagrange

L(−→x ,
−→
λ ) = F (−→x )−

∑
i∈E

λici(
−→x ) (5.45)

en¸ sugqrìnwc ofeÐloun na ikanopoioÔn touc periorismoÔc isìthtac tou probl matoc.
Me dedomèna parap�nw, mporeÐ l.q. na efarmosjeÐ h mèjodoc thc sun�rthshc

exwterik c poin c, dhmiourg¸ntac thn yeudo�antikeimenik  sun�rthsh

Φ∗(−→x ,
−→
λ ,wp) = F (−→x ) +

∑
i∈E

(
−λici(

−→x ) + wp[ci(
−→x )]2

)
(5.46)

pou ja onom�zetai epauxhmènh sun�rthsh Lagrange.
H graf  thc sqèshc 5.46 ja mporoÔse na parapèmpei apeujeÐac sth gnwst  mè-

jodo thc sun�rthshc exwterik c poin c, all� den eÐnai upoqrewtik� ètsi. Mìno an
λi = 0 gia k�je i ∈ E ja katèlhge sthn efarmog  thc mejìdou thc exwterik -
c poin c kai ja prosèggize th bèltisth lÔsh arqÐzontac me mikr  tim  tou wp kai
aux�nont�c thn apì kÔklo se kÔklo. UpenjumÐzetai ìti sthn perÐptwsh aut , h lÔsh
proseggÐzetai apì thn perioq  twn mh�apodekt¸n lÔsewn kai oi periorismoÐ isìthtac
ikanopoioÔntai oriak� ìtan wp →∞.

Sto antÐjeto akrib¸c �kro ja mporoÔse k�poioc na upojèsei ìti eÐnai diajèsimec

oi bèltistec timèc
−→
λ =

−→
λ ∗. Tìte, h elaqistopoÐhsh thc Φ∗(−→x ,

−→
λ ∗

i , wp) gia mia
jetik  all� peperasmènh tim  tou wp pou ja epilegeÐ, odhgeÐ sto alhjinì el�qisto
thc F (−→x ) me èna mìno kÔklo beltistopoÐhshc qwrÐc periorismoÔc. Dhlad , eÐnai h
perÐptwsh pou h mèjodoc ALM mporeÐ na breÐ th bèltisth lÔsh me ènan mìno kÔklo me
pl rh ikanopoÐhsh periorism¸n, k�ti pou den eÐnai dunatì me th mèjodo thc exwterik c
poin c.

Praktik�, bèbaia, eÐnai adÔnato na gnwrÐzoume tic timèc tou dianÔsmatoc
−→
λ ∗, �ra

prèpei na uiojethjeÐ èna epanalhptikì sq ma pou, xekin¸ntac apì tuqaÐec timèc λi

(λi = 0 eÐnai mia sunhjismènh epilog ), na proseggÐzetai h lÔsh anane¸nontac tic
timèc twn λi se k�je kÔklo. Enallaktik�, ja mporoÔsame na enswmat¸soume ta λi

stouc bajmoÔc eleujerÐac all� ètsi ja aÔxane shmantik� o arijmìc twn agn¸stwn
tou probl matoc.

O algìrijmoc ALM gia probl mata beltistopoÐhshc me periorismoÔc isìthtac
paÐrnei genik� thn parak�tw morf :

B ma 1: Epilègetai arqik  tim  tou dianÔsmatoc twn eleÔjerwn metablht¸n −→x 0,
arqik  tim  tou dianÔsmatoc twn pollaplasiast¸n λ0

i (endeqomènwc, mhdenik )
kai arqik  mikr  tim  tou suntelest  poin c wp. Sugqrìnwc epilègetai tim 
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tou pollaplasiast  (èstw γ) me ton opoÐo ja pollaplasi�zetai h tim  tou wp

se k�je nèo kÔklo kai an¸tath epitrepìmenh tim  tou wmax
p .

B ma 2: ElaqistopoieÐtai h yeudo�antikeimenik  sun�rthsh Φ∗(−→x ,
−→
λ i, wp), sqèsh

5.46, lÔnontac èna prìblhma qwrÐc periorismoÔc me opoiad pote sqetik  mèjo-
do.

B ma 3: Elègqetai h sÔgklish thc mejìdou. Tupikì krit rio eÐnai h tim  thc an-
tikeimenik c sun�rthshc F (−→x ) na metab�lletai polÔ lÐgo se sqèsh me thn tim 
thc ston prohgoÔmeno kÔklo kai sugqrìnwc na ikanopoioÔntai oi periorismoÐ
isìthtac, èstw me sthn anoq  pou orÐzei o qr sthc. An den èqei sugklÐnei h
mèjodoc, ekteleÐtai to epìmeno b ma.

B ma 4: Anane¸nontai oi timèc twn pollaplasiast¸n Lagrange qrhsimopoi¸ntac
th sqèsh

λi ← λi − 2wpci(
−→x ) , i ∈ E (5.47)

H sqèsh aut  dÐnetai qwrÐc apìdeixh kai basÐzetai se jewrhtikèc paradoqèc.
Sth sunèqeia, anane¸netai kai h tim  tou suntelest  poin c apì th sqèsh

wp ← min(γwp, w
max
p ) (5.48)

B ma 5: Epistrof  sto B ma 2.

Gia thn kalÔterh katanìhsh thc mejìdou, aut  efarmìzetai se èna prìblhma e-
laqistopoÐhshc miac analutik c sun�rthshc me ènan periorismì isìthtac. To prìblh-
ma diatup¸netai sth morf 

min−→x ∈ℜ2
F (−→x ) , F (−→x ) = x2

1 + x2
2 (5.49)

|= c1(
−→x ) = x1 + x2 − 1 = 0 (5.50)

O periorismìc 5.50 sugkekrimenopoieÐ to q¸ro twn apodekt¸n lÔsewn wc thn eujeÐa
pou dièrqetai apì ta shmeÐa (1, 0) kai (0, 1) en¸ h bèltisth lÔsh eÐnai h −→x ∗ = (1

2
, 1

2
),

me F (−→x ∗) = 1
2
. Grafik  par�stash tou probl matoc dÐnetai sto sq ma 5.9.

H epauxhmènh sun�rthsh Lagrange, thc opoÐac anazhtoÔme ta st�sima shmeÐa,
gr�fetai

Φ∗(x1, x2, λ1, wp) = x2
1 + x2

2 − λ1(x1 + x2 − 1) + wp(x1 + x2 − 1)2 (5.51)

kai, epib�llontac to mhdenismì thc klÐshc thc wc proc ta x1 kai x2, diatup¸netai to
sÔsthma

2x1 − λ1 + 2wp(x1 + x2 − 1) = 0 (5.52)

2x2 − λ1 + 2wp(x1 + x2 − 1) = 0
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Sq ma 5.9: H antikeimenik  sun�rthsh kai oi periorismoÐ tou probl matoc 5.49 kai
5.50. H bèltisth lÔsh eÐnai h (1

2
, 1

2
), h perioq  twn apodekt¸n lÔsewn eÐnai h sqe-

diazìmenh eujeÐa. Epiplèon, oi sqediazìmenoi kÔkloi parist�noun isoôyeÐc thc an-
tikeimenik c sun�rthshc F .

Sto shmeÐo autì, o anagn¸sthc eÐnai bèbaio ìti antilamb�netai ìti epilèqjhke èna
prìblhma gia to opoÐo to epimèrouc prìblhma beltistopoÐhshc lÔnetai analutik�. Se
opoiad pote �llh perÐptwsh, to b ma 2 tou teleutaÐou algorÐjmou ja apaitoÔse
k�poia arijmhtik  mèjodo elaqistopoÐhshc thc yeudo�antikeimenik c sun�rthshc.
Ed¸, loipìn, arkeÐ h analutik  lÔsh thc 5.52, apì thn opoÐa prokÔptei

x1 = x2 =
2wp + λ1

2 + 4wp

(5.53)

Apì th sqèsh 5.53, gnwrÐzontac (k�ti pou asfal¸c den genikeÔetai) th bèltisth
lÔsh (x1, x2) = (1

2
, 1

2
), upologÐzetai h antÐstoiqh bèltisth tim  tou pollaplasiast 

λ1, h λ∗1 = 1. EÐnai shmantikì na gÐnei katanohtì to giatÐ h lÔsh thc exÐswshc

1

2
=

2wp + λ1

2 + 4wp

den exart�tai apì to wp (afoÔ ikanopoieÐtai o periorismìc isìthtac).
Gia lìgouc katanìhshc thc mejìdou ALM, proqwroÔme sthn epÐlush ektel¸ntac

touc 4 pr¸touc kÔklouc. Ja uiojet soume th stajer  tim  wp = 1, se k�je kÔklo.
Dhlad , den ja qrhsimopoihjeÐ h sqèsh 5.48 ananèwshc thc tim c tou wp  , alloi¸c,
èstw ìti γ = 1.

Pr¸toc KÔkloc: Epilègetai, wc arqikopoÐhsh, h tim  λ1 = 0, apì thn opoÐa
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upologÐzontai oi trèqousec lÔseic

x1 = x2 =
2 + 0

2 + 4
=

1

3
me

F (x1, x2) = (
1

3
)2 + (

1

3
)2 =

2

9
= 0.22222

O periorismìc den ikanopoieÐtai kai eÐnai

c1(
1

3
,
1

3
) =

1

3
+

1

3
− 1 = −1

3

Epomènwc, h ananèwsh (sqèsh 5.47) thc tim c tou λ1 dÐnei

λ1 = 0− 2(−1

3
) =

2

3

DeÔteroc KÔkloc: Me thn tim  λ1 = 2
3
upologÐzontai nèec lÔseic, oi

x1 = x2 =
2 + 2

3

2 + 4
=

4

9
me

F (x1, x2) = (
4

9
)2 + (

4

9
)2 =

32

81
= 0.39506

H tim  thc sun�rthshc periorismoÔ gÐnetai

c1(
4

9
,
4

9
) =

4

9
+

4

9
− 1 = −1

9

kai h nèa tim  tou λ1 eÐnai

λ1 =
2

3
− 2(−1

9
) =

8

9

TrÐtoc KÔkloc: Me thn tim  λ1 = 8
9
upologÐzontai nèec lÔseic, oi

x1 = x2 =
2 + 8

9

2 + 4
=

13

27
me

F (x1, x2) = (
13

27
)2 + (

13

27
)2 =

338

729
= 0.46365

kai h tim  thc sun�rthshc periorismoÔ gÐnetai

c1(
13

17
,
13

17
) =

13

17
+

13

17
− 1 = − 1

27

H nèa tim  tou λ1 eÐnai

λ1 =
8

9
− 2(− 1

27
) =

26

27
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Tètartoc KÔkloc: Me thn tim  λ1 = 26
27

upologÐzontai nèec lÔseic (tic opoÐec
ja deqjoÔme wc telikèc, an apofasisjeÐ h diakop  thc seiriak c ektèleshc sto
shmeÐo autì)

x1 = x2 =
2 + 26

27

2 + 4
=

40

81

me

F (x1, x2) = (
40

81
)2 + (

40

81
)2 =

3200

6561
= 0.48773

kai h tim  thc sun�rthshc periorismoÔ gÐnetai

c1(
40

81
,
40

81
) =

40

81
+

40

81
− 1 = − 1

81
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Sq ma 5.10: Grafik  anapar�stash thc exèlixhc thc lÔshc kai twn sqetik¸n
posot twn sto prìblhma 5.49 kai 5.50. P�nw-arister�: exèlixh twn lÔsewn x1 = x2.
P�nw-dexi�: exèlixh tou pollaplasiast  Lagrange λ1. K�tw-arister�: exèlixh thc
tim c thc sun�rthshc periorismoÔ c1. K�tw-dexi�: exèlixh thc tim c thc antikeimenik -
c sun�rthshc F .

Ta parap�nw parousi�zontai sunolik� kai grafik� sto sq ma 5.10. Parathr ste
ìti to el�qisto proseggÐzetai kinoÔmenoi sth diqotìmo tou pr¸tou tetarthmìriou apì
thn perioq  arnhtik¸n tim¸n thc sun�rthshc periorismoÔ c1. To an ja proseggisjeÐ
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h bèltisth lÔsh apì thn perioq  jetik¸n   arnhtik¸n tim¸n thc sun�rthshc perioris-
moÔ den èqei idiaÐterh shmasÐa efìson prìkeitai gia prìblhma me periorismì isìthtac.
Ja èqei ìmwc shmasÐa sth sunèqeia pou ja asqolhjoÔme me thn perÐptwsh twn peri-
orism¸n anisìthtac, giatÐ autì ja kajorÐzei an h prosèggish thc lÔshc gÐnetai apì
thn perioq  twn apodekt¸n   twn mh�apodekt¸n lÔsewn.

O anagn¸sthc mporeÐ na dokim�sei �llh arqik  tim  tou λ1 (jetik    arnhtik ,
eÐnai endiafèron na parakolouj sei th diafor� ston trìpo sÔgklishc) all� kai na
energopoihjeÐ h sqèsh 5.48 ananèwshc tou wp, l.q. me γ = 3.

O anagn¸sthc mporeÐ akìma na parathr sei ìti an xekinoÔse apì th �swst � tim 
tou λ1 (λ∗1 = 1) ja èlune, mia for� mìno, èna prìblhma qwrÐc periorismì. GiatÐ, me
thn tim  λ1 = 1 upologÐzontai oi lÔseic

x1 = x2 =
2wp + 1

2 + 4wp

=
1

2

5.4.2 H Mèjodoc ALM gia PeriorismoÔc Anisìthtac

'Otan up�rqoun mìno periorismoÐ anisìthtac, dhlad  to prìblhma pou prèpei na epilu-
jeÐ eÐnai to

min−→x ∈ℜN
F (−→x ) , |= ci(

−→x ) ≤ 0 , i ∈ I (5.54)

pr¸th kÐnhsh eÐnai na metatrapeÐ to prìblhma 5.54 se èna isodÔnamo prìblhma beltistopoÐhsh-
c me periorismoÔc isìthtac. Autì pragmatopoieÐtai eis�gontac epiplèon metablhtèc
(mia gia k�je periorismì anisìthtac) kai, antÐ thc ci(

−→x ) ≤ 0, gr�foume

ci(
−→x ) + z2

i = 0 , i ∈ I (5.55)

To tetr�gwno sth nèa metablht  zi dikaiologeÐtai apì to ìti h posìthta pou prosjè-
toume prèpei na eÐnai jetik .

SÔmfwna me ta parap�nw, h epauxhmènh sun�rthsh Lagrange gr�fetai

Φ∗(−→x ,
−→
λ ,−→z , wp) = F (−→x ) +

∑
i∈I

(
−λi[ci(

−→x ) + z2
i ] + wp[ci(

−→x ) + z2
i ]

2
)

(5.56)

To kìstoc gia na diatupwjeÐ h Φ∗(−→x ,
−→
λ ,−→z , wp) eÐnai ìti eis�gontai epiplèon yeudo�

metablhtèc (ta zi).
Enallaktik� diatupwmènh, h èkfrash 5.56 gr�fetai

Φ∗(−→x ,
−→
λ ,wp) = F (−→x ) +

∑
i∈I

(
−λiψi + wpψ

2
i

)
(5.57)

ìpou

ψi = max

[
ci(
−→x ) ,

λi

2wp

]
(5.58)
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H sqèsh 5.57 qrhsimopoieÐtai wc yeudo�antikeimenik  sun�rthsh ìpwc akrib¸c
gÐnetai kai me touc periorismoÔc isìthtac. ParathroÔme ìti aut  èqei suneqeÐc pr¸tec
parag¸gouc wc proc −→x all� asuneqeÐc deÔterec parag¸gouc sto ci = λi

2wp
. Epomèn-

wc, apaiteÐtai prosoq  ìtan qrhsimopoieÐtai mèjodoc beltistopoÐhshc deÔterhc t�xhc.
AfoÔ  dh metatr�phke to prìblhma me periorismoÔc anisìthtac se èna antÐstoiqo

prìblhma me periorismoÔc isìthtac, ja qrhsimopoihjoÔn oi trìpoi epÐlushc pou  dh
parousi�sjhkan, l.q. h teqnik  ALM thc opoÐac dìjhke o basikìc algìrijmoc.

Prosoq  apaiteÐtai kat� thn ananèwsh tim¸n twn pollaplasiast¸n Lagrange
ìpou, antÐ thc sqèshc 5.47, ja qrhsimopoieÐtai h

λi ← λi − 2wpψi(
−→x ) , i ∈ I (5.59)

5.4.3 GenÐkeush thc Mejìdou ALM

Oloklhr¸nontac to kef�laio autì ja genikeÔsoume thn epauxhmènh mèjodo me qr sh
pollaplasiast¸n Lagrange (ALM) gia thn perÐptwsh pou up�rqoun periorismoÐ
isìthtac kai anisìthtac. Sto genikì, loipìn, prìblhma

min−→x ∈ℜN
F (−→x ) , |= ci(

−→x ) = 0, i ∈ E, ci(
−→x ) ≤ 0, i ∈ I (5.60)

diatup¸netai h epauxhmènh sun�rthsh Lagrange sth morf 

Φ∗(−→x ,
−→
λ ,wp) = F (−→x )+

∑
i∈E

(
−λici(

−→x ) + wpc
2
i (
−→x )
)

+
∑
i∈I

(
−λiψi + wpψ

2
i

)
(5.61)

se sunduasmì me thn exÐswsh 5.58 gia ton upologismì twn ψi.
Oi sqèseic ananèwshc thc tim c twn pollaplasiast¸n Lagrange eÐnai, plèon, oi

λi ← λi − 2wpci(
−→x ) , i ∈ E (5.62)

λi ← λi − 2wpmax[ci(
−→x ),

λi

2wp

] , i ∈ I (5.63)

EÐnai perittì na dojeÐ nèoc algìrijmoc epÐlushc. IsqÔei autìc pou dìjhke gia
thn perÐptwsh mìno twn periorism¸n isìthtac me tic nèec sqèseic 5.62 kai 5.63.

Oloklhr¸nontac, anafèrontai sugkentrwmèna ta pleonekt mata thc mejìdouALM:

• H mèjodoc ALM eÐnai arket� anex�rthth thc tim c tou wp kai den apaiteÐtai h
prosektik  aÔxhsh thc tim c tou wp apì kÔklo se kÔklo, me to wp na teÐnei
jewrhtik� sto �peiro.

• Parèqei th dunatìthta na entopÐzontai lÔseic pou ikanopoioÔn akrib¸c touc
periorismoÔc. H bèltisth lÔsh pou entopÐzetai dÐnei ci(

−→x ) = 0, i ∈ E kai
endeqomènwc ci(

−→x ) = 0, i ∈ I (an pr�gmati isqÔei autì).
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• MporeÐ na exasfalisjeÐ epit�qunsh thc sÔgklishc anane¸nontac tic timèc twn
pollaplasiast¸n Lagrange.

• To shmeÐo ekkÐnhshc eÐnai dunatì na brÐsketai sthn perioq  twn apodekt¸n  
twn mh�apodekt¸n lÔsewn.

• Ft�nontac sth bèltisth lÔsh, h tim  tou pollaplasiast  λi , i ∈ I, ìtan
λi ̸= 0, upodeiknÔei �mesa touc energoÔc periorismoÔc anisìthtac.
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Kef�laio 6

'Allec Mèjodoi BeltistopoÐhshc

Mèqri t¸ra parousi�sjhkan arketèc �paradosiakès� mèjodoi beltistopoÐhshc. 'Olec
eÐqan èna koinì qarakthristikì, to ìti h anÐqneush thc bèltisthc lÔshc xekinoÔse
apì mia arqik  lÔsh pou (me opoiod pote trìpo) epèlege o qr sthc kai, sth sunè-
qeia, suneqÐzontan upologÐzontac kai qrhsimopoi¸ntac plhroforÐec gia thn pr¸th  
deÔterh par�gwgo thc antikeimenik c sun�rthshc wc proc tic eleÔjerec metablhtèc.
H logik  thc apìtomhc kajìdou mporeÐ na jewrhjeÐ wc o antiproswpeutikìteroc (al-
l� ìqi o taqÔteroc) trìpoc beltÐwshc thc lÔshc, an�mesa sta diadoqik� ekteloÔmena
b mata. Kat� ta b mata aut�, h lÔsh belti¸netai suneq¸c, k�nontac qr sh twn ka-
jar� aitiokratik¸n (deterministic) diadikasi¸n�krithrÐwn pou proanafèrame. Gia to
lìgo autì, oi mèjodoi pou mèqri t¸ra parousi�sjhkan onom�zontai �aitiokratikès�
(deterministic methods). Tèloc, ac sugkrat soume akìma èna qarakthristikì aut¸n
twn mejìdwn, to ìti basÐzontai se mia lÔsh an� epan�lhyh, dhlad  o algìrijmoc
parakoloujeÐ kai belti¸nei mia lÔsh, apì epan�lhyh se epan�lhyh. O trìpoc autìc
anÐqneushc thc bèltisthc lÔshc enèqei ton kÐnduno egklwbismoÔ thc lÔshc se k�poio
topikì, antÐ tou kajolikoÔ bèltistou. EÐnai autonìhto ìti, kat� meg�lo bajmì, to
an ja egklwbisteÐ   ìqi h lÔsh se topikì akrìtato, exart�tai apì thn arqik  lÔsh.

'Eqontac upìyh ta parap�nw, eunìhth  tan h prosp�jeia na anaptuqjoÔn e-
nallaktikèc mèjodoi beltistopoÐhshc, me kÔrio qarakthristikì th dunatìthta na
apofeÔgetai pagÐdeush se topik� akrìtata. Up�rqoun polloÐ trìpoi na kathgori-
opoihjoÔn autèc oi ��llec mèjodoi beltistopoÐhshc �, an�loga me to pou epijumoÔme
na dojeÐ èmfash. Sth sunèqeia, ja anafèroume tic dÔo basikèc dr�seic pou mporoÔn
na analhfjoÔn se aut  thn kateÔjunsh, �ra ja dojeÐ mia pr¸th kathgoriopoÐhsh
twn mejìdwn aut¸n:

• Mia pr¸th antimet¸pish �apokleistik�� tou probl matoc ja  tan na egkataleifjoÔn
(en mèrei   sto sÔnolì touc) ta aitiokratik� krit ria beltÐwshc thc trèqousac
lÔseic. Tautìqrona me aut�, mporoÔn na qrhsimopoihjoÔn kai stoqastik�
krit ria, dhlad  na upeisèljei tuqaiìthta sth mèjodo pou qrhsimopoioÔme.
H me opoiod pote trìpo eisagwg  kai qr sh tuqaiìthtac se ènan algìrijmo
anÐqneushc bèltistwn lÔsewn arkeÐ gia na ton katat�xei stouc legìmenouc s-
toqastikoÔc algìrijmouc beltistopoÐhshc (stochastic optimization
algorithms). H stoqastikìthta kat� thn anÐqneush tou q¸rou twn lÔsewn
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eÐnai h basik  diadikasÐa pou apotrèpei thn pagÐdeush se topik� akrìtata kai
dÐnei eukairÐec anÐqneushc kai �llwn upoperioq¸n tou pedÐou orismoÔ gia thn
eÔresh thc kajolik� bèltisthc lÔshc. Eunìhto kai anamenìmeno eÐnai, ìmwc,
kai to epiplèon kìstoc autoÔ tou pleonekt matoc: h dunatìthta kalÔterhc
anÐqneushc tou pedÐou twn lÔsewn stoiqÐzei perissìtero se qrìno upologist .

• Mia �llh antimet¸pish tou probl matoc ja  tan na egkataleifjeÐ h arq  tou
ìti (apì epan�lhyh se epan�lhyh) o algìrijmoc parakoloujeÐ kai belti¸nei
mia mìno lÔsh. AntÐ autoÔ, proteÐnontai sq mata sta opoÐa o algìrijmoc di-
aqeirÐzetai pollèc lÔseic an� epan�lhyh. O plouralismìc autìc aux�nei men to
upologistikì kìstoc tou algìrijmou beltistopoÐhshc all� parèqei megalÔter-
h sigouri� ìti h lÔsh pou telik� ja brejeÐ ja eÐnai kai to kajolikì el�qisto.
Mèjodoi pou diaqeirÐzontai pollèc lÔseic k�je for�, ( , kat� k�poia ènnoia,
ènan plhjusmì lÔsewn onom�zontai mèjodoi beltistopoÐhshc basis-
mènec se plhjusmoÔc lÔsewn, population–based optimization method-
s). Akrib¸c me to Ðdio skeptikì, oi mèjodoi pou mèqri t¸ra mac apasqìlhsan ja
onom�zontai mèjodoi beltistopoÐhshc basismènec se memonwmèna
�toma (single–individual–based optimization methods). Sth nèa kathgorÐ-
a mejìdwn pou ed¸ proteÐnetai, epeid  oi mèjodoi parakoloujoÔn thn exèlixh
plhjusm¸n lÔsewn kai epeid  sun jwc (ìpwc ja doÔme se epìmeno kef�laio)
efarmìzontai telestèc pou jumÐzoun th biologik  exèlixh twn plhjusm¸n, an k-
oun kai oi legìmenoi exeliktikoÐ algìrijmoi (evolutionary algorithms).

Prohgoumènwc anafèrjhkan dÔo sugkekrimènec diadikasÐec antimet¸pishc tou
probl matoc pagÐdeushc se topik� akrìtata. EÐnai logikì oi dÔo parap�nw trìpoi
na mporoÔn na sunduasjoÔn metaxÔ touc, epomènwc dhmiourgeÐtai mia kathgorÐa s-
toqastik¸n mejìdwn beltistopoÐhshc basismènwn se plhjusmoÔc lÔsewn. Pollèc
forèc, me skopì thn apemplok  apì apì tic prohgoÔmenec kathgoriopoi seic, sun-
hjÐzetai na qrhsimopoieÐtai o ìroc mh�aitiokratik  mèjodoc (non–deterministic
method) gia opoiad pote mèjodo qrhsimopoieÐ stoqastikìthta.

6.1 SÔndesh me ta ProhgoÔmena�Nèec Diatup¸-
seic

Ed¸ epiqeireÐtai mia sÔndesh, ìqi tìso me tic sugkekrimènec aitiokratikèc mejìdouc
beltistopoÐhshc pou parousi�sjhkan prohgoumènwc, ìso kurÐwc me tic genikèc ar-
qèc aut¸n twn algorÐjmwn. Gia par�deigma, mèjodoi ìpwc h anÐqneush kat� gramm 
  h anÐqneush kat� perioqèc empistosÔnhc sundÔazan thn ènnoia thc geitoni�c thc
trèqousac lÔshc kai upodeÐxeic gia thn kateÔjunsh thc mègisthc metabol c (apì thn
klÐsh thc antikeimenik c sun�rthshc F ()) kai prospajoÔsan na belti¸soun thn trè-
qousa lÔsh. Ed¸, ja apemplakoÔme proswrin� apì ton trìpo pou ènac algìrijmoc
entopÐzei thn epìmenh lÔsh proc axiolìghsh kai, ja prospaj soume na ent�xoume
ìlec tic aitiokratikèc mejìdouc pou parousi�same se genikìtera algorijmik� sq -
mata. Kat� th melèth ìswn akoloujoÔn, ac esti�soume sthn arq  k�je mejìdou
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kai ìqi anagkastik� stic teqnikèc leptomèreiec. Opoiosd pote algìrijmoc akolou-
jeÐ, mèqri thn eisagwg  stoqastikìthtac se aut , den eÐnai nèoc algìrijmoc, all�
epanadiatÔpwsh  dh gnwst¸n algorÐjmwn.

An jewr soume ìti h beltistopoÐhsh lamb�nei th morf  probl matoc megistopoÐhsh-
c thc antikeimenik c sun�rthshc, ja d¸soume ston algìrijmo pou akoloujeÐ to
genikì tÐtlo mèjodoc anarrÐqhshc lìfou (hill-climbing method). To ìti
anaferìmaste se megistopoÐhsh den eÐnai perioristikì. MporoÔme eÔkola na tropopoi -
soume ton algìrijmo se èna sq ma kat�bashc lìfou kai, me autì, na lÔsoume prob-
l mata elaqistopoÐhshc. EÐnai ìmwc basikì na èqoume upìyh mac ìti o algìrijmoc
pou akoloujeÐ eÐnai mia topik  mèjodoc anÐqneushc (local search method).

O aploÔsteroc kai genikìteroc algìrijmoc anarrÐqhshc lìfou me top-
ik  anÐqneush èqei th morf :

B ma 1: ArqikopoieÐtai o metrht c kÔklwn n = 0 kai epilègetai tuqaÐa h ar-
qik  lÔsh −→x n sto q¸ro anaz thshc lÔsewn Ω. UpologÐzetai h tim  thc an-
tikeimenik c sun�rthshc sto −→x n.

B ma 2: EntopÐzontai olec oi lÔseic sth geitoni� thc trèqousac lÔshc −→x n, gia
kajemi� apì autèc upologÐzetai h antÐstoiqh tim  thc antikeimenik c sun�rthshc
kai entopÐzetai h kalÔterh (aut , dhlad , me th megalÔterh tim  thc F ) apì
autèc, èstw h −→x #.

B ma 3: An h −→x # upertereÐ thc −→x n, tìte −→x n ← −→x #, eÐnai n ← n + 1 kai o
algìrijmoc suneqÐzei apì to b ma 2.

B ma 4: O algìrijmoc termatÐzei me bèltisth lÔsh th −→x n.

Jèmata ìpwc eÐnai o kajorismìc thc geitoni�c Γ(−→x n) thc trèqousac lÔshc −→x n,
  to ti shmaÐnei �ìles� oi lÔseic sth geitoni� enìc shmeÐou af nontai skìpima qwrÐc
perissìterec dieukrin seic. 'Etsi ki alloi¸c, o parap�nw algìrijmoc af nei meg�la
perij¸ria autosqediasmoÔ. To mègejoc thc geitoni�c Γ mporeÐ na eÐnai stajerì  
epanakajorizìmeno kat� th di�rkeia ektèleshc thc mejìdou. Sto kef�laio gia tic
mejìdouc perioq c empistosÔnhc gnwrÐsame tètoiec diadikasÐec. StoiqeÐa touc m-
poroÔn eÔkola na eisaqjoÔn ston parap�nw algìrijmo (autì jewreÐtai �teqnik  lep-
tomèreia� kai den ja mac apasqol sei peraitèrw). AntÐstoiqa, h exètash ìlwn twn
lÔsewn se mia geitoni�, h opoÐa jewrhtik� eÐnai anèfikth, mporeÐ na antikatastajeÐ
apì mia �piì èxupnh� diadikasÐa topik c anÐqneushc (bl. kef�laia anÐqneushc kat�
gramm  kai tic mejìdouc perioq c empistosÔnhc), all� kai autì den eÐnai ousi¸dec
gia ìsa ja akolouj soun.

ParathroÔme ìti h monadik  diadikasÐa me upologistikì kìstoc eÐnai h eÔresh thc
tim c thc antikeimenik c sun�rthshc gia k�poia lÔsh −→x kai autì ja sumbolÐzetai
plèon wc axiolìghsh(−→x ). AfoÔ anaferìmaste se probl mata megistopoÐhshc, sug-
krÐseic ìpwc aut  tou b matoc 3 ja sumbolÐzontai plèon wc −→x # > −→x n. Gia ton
Ðdio lìgo, h kalÔterh lÔsh se èna sÔnolo lÔsewn Γ ja sumbolÐzetai wc maxΓ(−→x ).
Thn apìdosh tuqaÐac tim c, mèsw miac genn triac tuqaÐwn arijm¸n, se mia metablht ,
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l.q. th x, ja th sumbolÐzoume wc x←tuqaÐa epilog . Genik�, h anagraf  ìrwn ston
algìrijmo me pl�gia stoiqeÐa uponoeÐ sugkekrimènh tèlesh, kai se gl¸ssa program-
matismoÔ ja mporoÔse na antistoiqeÐ se diakritì upoprìgramma tou sqetikoÔ k¸dika.
To proc ta arister� kateujunìmeno bèloc shmaÐnei apìdosh tim c sthn posìthta
pou autì deÐqnei en¸, kat� ta gnwst� apì prohgoÔmena kef�laia, −→x ∗ sumbolÐzei
th bèltisth lÔsh. To proc ta dexi� kateujunìmeno bèloc upodeiknÔei to epìmeno
gia ektèlesh b ma. Tèloc, �lloi deÐktec (ìpwc l.q. sth graf  −→x #) sumbolÐzoun
eidikès�proswrinèc lÔseic.

'Etsi, epanamb�noume ton parap�nw algìrijmo anarrÐqhshc lìfou me to sunto-
mografikì trìpo pou ja uiojethjeÐ se olìklhro to kef�laio autì:

B ma 1: n← 0, −→x n ←tuqaÐa epilog , axiolìghsh−→x n).

B ma 2: Γ← geitoni� (−→x n), axiolìghsh(−→x : ∀−→x ∈ Γ), −→x # ← maxΓ(−→x ).

B ma 3: An −→x # > −→x n tìte: [ −→x n ← −→x #, n← n+ 1, → b ma 2 ].

B ma 4: −→x ∗ ← −→x n.

Me thn eisagwg  enìc exwterikoÔ brìqou ston parap�nw algìrijmo beltistopoÐhsh-
c, ¸ste na xekin� pollèc forèc apì diaforetikèc lÔseic kai na katal gei katagr�-
fontac wc bèltisth thn kalÔterh apì tic �bèltistes� lÔseic pou proèkuptan se k�je
kÔklo, dhmiourgeÐtai o epanalhptikìc algìrijmoc anarrÐqhshc lìfou  
algìrijmoc anarrÐqhshc lìfou me epanekkÐnhsh (iterated hill climber),
pou perigr�fetai amèswc parak�tw:

B ma 1: k ← 0, −→x ∗ ←akraÐa kak  epilog 

B ma 2: n← 0, −→x n ←tuqaÐa epilog , axiolìghsh(−→x n).

B ma 3: Γ← geitoni� (−→x n), axiolìghsh(−→x : ∀−→x ∈ Γ), −→x # ← maxΓ(−→x ).

B ma 4: An −→x # > −→x n tìte: [ −→x n ← −→x #, n← n+ 1, → b ma 3 ]

B ma 5: (alloi¸c) −→x ∗,k ← −→x n

B ma 6: An −→x ∗,k > −→x ∗, tìte: [ −→x ∗ ← −→x ∗,k, k ← k + 1]. → b ma 2

Ed¸, k eÐnai o metrht c tou exwterikoÔ brìqou, dhlad  twn kÔklwn. O eswterikìc
brìqoc (apì to b ma 2 wc kai to b ma 4 upologÐzei èna topikì akrìtato, se k�je
ektèles  tou. Sto b ma 6 energopoieÐtai kai èna krit rio sÔgklishc (basismèno
sto mègisto arijmì kÔklwn   to mègisto arijmì twn telèsewn axiolìghsh pou èqei
prokajorÐsei o mhqanikìc   akìma kai sto an h bèltisth mèqri tou shmeÐou autoÔ
lÔsh paramènei amet�blhth gia k�poio arijmì kÔklwn) pou termatÐzei to sunolikì
algìrijmo   epistrèfei sto b ma 1. Me ton telest  akraÐa kak  epilog  prosdÐdoume
sthn tim  katallhlìthtac tou dianÔsmatoc −→x ∗ thc anazhtoÔmenhc bèltisthc lÔshc
mia polÔ mikr  tim , sthn arqik  f�sh tou algìrijmou megistopoÐhshc.
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H eisagwg  stoqastikìthtac stouc parap�nw algorÐjmouc mporeÐ na pragmatopoi-
hjeÐ eÔkola. Ac shmeiwjeÐ arqik� ìti o algìrijmoc anarrÐqhshc lìfou me epanekkÐnhsh
pou mìlic parousi�same  dh enèqei stoiqeÐa stoqastikìthtac afoÔ k�je exwterikìc
kÔkloc xekin� me mi� nèa, tuqaÐa epilegmènh, arqik  lÔsh. Parìla aut�, dÔskola
mpo•reÐ na ktataqjeÐ o algìrijmoc autìc stouc stoqastikoÔc.

'Eqontac upìyh to parap�nw sqìlio, sth sunèqeia ja tropopoihjeÐ o algìrij-
moc anarrÐqhshc lìfou (qwrÐc epanekkÐnhsh, ja sqoliasjeÐ argìtera to giatÐ) kai
ja apokt sei stoiqeÐa stoqastikìthtac kat� thn epilog  thc bèltisthc lÔshc. O
algìrijmoc pou akoloujeÐ mporeÐ na onomasjeÐ stoqastikìc algìrijmoc a-
narrÐqhshc lìfou (stochastic hill climber, p�li gia prìblhma megistopoÐhshc).

B ma 1: n← 0, −→x n ←tuqaÐa epilog , axiolìghsh(−→x n).

B ma 2: −→x (∈ Γ(−→x n))←tuqaÐa epilog , axiolìghsh(−→x ),
p← ( 1

1+e
F (−→x n)−F (−→x )

T

), τ ← tuqaÐoc[0, 1)

B ma 3: An τ < p tìte: [ −→x n ← −→x ]

B ma 4: −→x ∗ ← max(−→x ∗,−→x ), n← n+ 1, → b ma 2.

H tèlesh tuqaÐoc[0, 1) ekfr�zei thn tuqaÐa epilog  enìc pragmatikoÔ arijmoÔ sto
di�sthma [0, 1), mèsw miac genn triac tuqaÐwn arijm¸n. H posìthta p pou orÐzetai
sto b ma 2 apoteleÐ mia pijanìthta thc opoÐac h tim  exart�tai apì thn apìklish
tou bajmoÔ katallhlìthtac metaxÔ twn dÔo teleutaÐwn diajèsimwn lÔsewn −→x n kai
−→x . H posìthta T , ston paronomast  thc sqèshc paramènei stajer  kai rujmÐzei
ta epÐpeda tim c thc pijanìthtac p. O rìloc thc ja mporoÔse na eÐnai deutereÔwn,
antÐjeta ìmwc axÐzei na prosèxoume aut n thn par�metro afoÔ ja apotelèsei basikì
stoiqeÐo dìmhshc thc mejìdou thc prosomoioÔmenhc anìpthshc pou akoloujeÐ.

ParathroÔme ìti o stoqastikìc algìrijmoc anarrÐqhshc lìfou den qrei�zetai
exwterikì brìqo, dhlad  epanekkÐnhsh apì nèa, tuqaÐa epilegmènh, arqik  tim . Ed¸,
to rìlo thc epanekkÐnhshc diadramatÐzei h dunatìthta apodoq c wc nèou epÐkentrou
anÐqneushc −→x n thc nèac lÔshc −→x akìmh ki an h teleutaÐa den eÐnai kalÔterh thc
−→x n. ParathroÔme akìmh ìti den aniqneÔetai ìlh h geitoni� Γ(−→x n) all�, sto b ma 2
epilègetai tuqaÐa èna stoiqeÐo thc gia axiolìghsh kai sÔgkrish me to −→x n.

Bèbaia, to basikìtero stoiqeÐo tou parap�nw algorÐjmou eÐnai h epilog  tou
b matoc 3. 'Eqontac to paliì epÐkentro anÐqneushc −→x n kai thn tuqaÐa epilegmènh
geitonik  tou lÔsh −→x , up�rqoun dÔo peript¸seic stic opoÐec to −→x diadèqetai to −→x n

wc nèo epÐkentro anÐqneushc: (a) opoted pote to −→x upertereÐ tou −→x n   (b) me mia
mikr  pijanìthta, èstw kai an to −→x ustereÐ. H pijanìthta aut  eÐnai an�logh thc
diafor�c katallhlìthtac metaxÔ −→x n kai −→x , se trìpo ¸ste h pijanìthta aut  na
mei¸netai ìso qeirìterh eÐnai h lÔsh −→x sugkritik� me to −→x n.

To na epitrèpetai to nèo epÐkentro −→x n na mhn tautÐzetai me th mèqri t¸ra bèltisth
lÔsh eÐnai mia �èxupnh� teqnik  ¸ste h lÔsh na xefeÔgei apì topik� akrìtata. Apì
thn �llh pleur�, apaiteÐ th qr sh diakritoÔ dianÔsmatoc gia thn apoj keush thc
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T e
−15
T p

1 3.059023× 10−7 ≈ 1
10 0.2231 0.817
50 0.7418 0.574

100 0.8607 0.537
1000 0.9851 0.504
1010 0.9999 0.500

PÐnakac 6.1: H pijanìthta p apodoq c thc nèac lÔshc wc nèo epÐkentro anÐqneushc,
pinakopoihmènh wc sun�rthsh endeiktik¸n tim¸n thc paramètrou T . H nèa lÔsh
jewreÐtai ìti upertereÐ kat� 15 mon�dec tim c antikeimenik c sun�rthshc apì thn
trèqousa bèltisth lÔsh.

kalÔterhc (se k�je kÔklo) lÔshc (−→x ∗, b ma 4), ¸ste na eÐnai p�ntote diajèsimh h
bèltisth lÔsh.

Ac exet�soume posotik� th sqèsh

p =
1

1 + e
F (−→x n)−F (−→x )

T

(6.1)

me thn opoÐa upologÐzetai h pijanìthta na gÐnei dekt  wc nèo epÐkentro anÐqneushc
mia nèa lÔsh −→x sth geitoni� tou trèqontoc epÐkentrou −→x n. H katanìhsh tou trìpou
pou leitourgeÐ aut  h sqèsh eÐnai eÔkolh me èna arijmhtikì par�deigma ìpou ja faneÐ
o rìloc thc rujmistik c paramètrou T . 'Estw ìti to nèo shmeÐo −→x upertereÐ tou −→x n

kat� 15 mon�dec. H sÔgkrish gÐnetai wc proc thn tim  thc antikeimenik c sun�rthshc,
eÐnai dhlad  F (−→x ) = F (−→x n) + 15. H sqèsh 6.1 gr�fetai

p =
1

1 + e
−15
T

(6.2)

Gia th sqèsh 6.2, pinakopoioÔme thn tim  thc pijanìthtac p, gia di�forec timèc thc
paramètrou T ston pÐnaka 6.1. Gia mikrèc timèc tou T , h pijanìthta na uiojeth-
jeÐ h nèa lÔsh plhsi�zei to 100%. Epeid  h nèa lÔsh eÐnai kalÔterh thc trèqousac
bèltisthc kai h apodoq  thc eÐnai apìluth, o algìrijmoc me mikrèc timèc tou T moi�zei
me thn klasik  mèjodo anarrÐqhshc lìfou. Apì thn �llh pleur�, gia meg�lec timèc
tou T , h pijanìthta na gÐnei apodekt  h nèa lÔsh eÐnai ìsh kai h pijanìthta na
parameÐnoume me thn trèqousa bèltisth lÔsh (50%). Epomènwc, h epilog  thc miac  
thc �llhc eÐnai tuqaÐa kai h anÐqneush katal gei na eÐnai mia tuqaÐa anaz thsh. 'Ara,
o rìloc tou T eÐnai na rujmÐzei thn analogÐa metaxÔ tuqaÐac anaz thshc kai mejìdou
anarrÐqhshc lìfou pou ja uiojet soume. Epilègontac mia �endi�mesh� tim  T , ousi-
astik� uiojetoÔme èna sq ma me endi�mesa qarakthristik�. DÔo eÐnai oi erwt seic
pou eÔloga prokÔptoun (kai pou odhgoÔn ousiastik� sth jemelÐwsh thc mejìdou thc
prosomoioÔmenhc anìpthshc). AforoÔn:

• To jèma thc epilog c tim c tou T , to an ja epilègetai apì to qr sth   an ja
upologÐzetai autìmata apì analutik  sqèsh.
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F (−→x n)− F (−→x ) e
F (−→x n)−F (−→x )

10 p
−30 0.0498 0.952
−10 0.3678 0.731

0 1.0000 0.500
10 2.7182 0.269
30 20.085 0.047

PÐnakac 6.2: H pijanìthta p apodoq c thc nèac lÔshc wc nèo epÐkentro anÐqneushc,
pinakopoihmènh wc sun�rthsh endeiktik¸n tim¸n thc diafor�c tim c thc antikeimenik -
c sun�rthshc. Arnhtikèc diaforèc shmaÐnoun uperoq  thc nèac lÔshc (prìblhma
megistopoÐhshc).

• To jèma tou an h tim  tou T paramènei stajer  an aut  metab�lletai (kai pwc)
kat� th di�rkeia ektèleshc tou algorÐjmou.

Prohgoumènwc, ìmwc, axÐzei na parousi�soume èna deÔtero pÐnaka o opoÐoc, gia
dedomènh tim  tou T (T = 10) ja ereun sei posotik� th sumperifor� thc pijanìth-
tac p gia di�forec timèc, jetikèc kai arnhtikèc, thc diafor�c F (−→x n) − F (−→x ). Ta
apotelèsmata faÐnontai ston pÐnaka 6.2. Apì ton pÐnaka sumperaÐnoume eÔkola ìti
ìso perissìtero upertereÐ h nèa lÔsh −→x (megalÔterou mètrou, arnhtik  diafor�)
tìso megalÔterec eÐnai oi pijanìthtec apodoq c thc. Apì thn �llh pleur�, faÐnetai
h èstw mikr  pijanìthta na gÐnei apodekt  h nèa lÔsh èstw kai an ustereÐ thc trè-
qousac bèltisthc. Tèloc, to profanèc eÐnai ìti ìtan F (−→x n) = F (−→x ) h pijanìthta
gÐnetai 50%, afoÔ isobajmoÔn oi dÔo isodÔnamec lÔseic.

6.2 ProsomoioÔmenh Anìpthsh(Simulated An-

nealing)

Ta ìsa prohg jhkan sthn prohgoÔmenh enìthta proetoÐmasan to èdafoc gia thn
eÔkolh parousÐash thc mejìdou thc prosomoioÔmenhc anìpthshc, wc ergaleÐo beltistopoÐhsh-
c sta majhmatik� all� kai th mhqanologÐa. H aerodunamik , wc ènac eidikìc kl�doc
thc mhqanologÐac, mporeÐ kai aut  na epwfelhjeÐ apì mia tètoia mèjodo beltistopoÐhsh-
c. Parìla aut�, mia bibliografik  anaskìphsh ja apok�lupte eÔkola ìti gia probl -
mata beltistopoÐhshc sthn aerodunamik  ja sunant soume m�llon lÐgec ergasÐec pou
qrhsimopoioÔn th mèjodo thc prosomoioÔmenhc anìpthshc. 'Omwc, apofasÐsjhke na
sumperilhfjeÐ sthn Ôlh tou maj matoc, ìqi wc mia �exwtik � mèjodoc beltistopoÐhshc
all� kurÐwc gia na peisjeÐ, sig�-sig�, o anagn¸sthc ìti ìlec oi stoqastikèc mèjodoi
beltistopoÐhshc (anex�rthta me to ìnoma pou èlaban kai thn orologÐa pou qrhsi-
mopoioÔn) basÐzontai se antÐstoiqec arqèc. Perissìtera sqetik� sqìlia ja akolou-
j soun argìtera.

Arqik�, ja anaferjoÔme kai ja dikaiolog soume thn onomasÐa kai orologÐa thc
mejìdou. H anìpthsh, wc morf  katergasÐac, eÐnai gnwst  apì th metallourgÐ-
a. Prìkeitai gia mia jermik  katergasÐa sthn opoÐa upob�lletai èna metallikì an-
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tikeÐmeno ¸ste na apokt sei orismènec idiìthtec, ìpwc eÐnai h aÔxhsh tou mètrou
elastikìthtac  , sun jwc, h skl runs  tou. Me thn anìpthsh, to mètallo proseg-
gÐzei thn kat�stash isorropÐac tou se epÐpedo dom c en¸ mei¸nontai (elaqistopoioÔn-
tai, idoÔ h sÔndesh me thn ènnoia thc beltistopoÐhshc) oi t�seic sto eswterikì tou.
H anìpthsh efarmìzetai sun jwc se elat� mètalla kai kr�mata ta opoÐa èqoun up-
osteÐ skl runsh me yuqr  katergasÐa, ¸ste aut� na epanèljoun sthn arqik  touc
kat�stash. 'Oso diarkeÐ h anìpthsh, h susswreumènh (wc mhqanikì èrgo, lìgw thc
paramìrfwshc) enèrgeia sto eswterikì tou met�llou eleujer¸netai kai ta swmatÐdia
tou met�llou fj�noun se mia kat�stash qamhl c enèrgeiac.

Sth metallourgÐa, h anìpthsh (isojermokrasiak  anìpthsh) akoloujeÐ thn epanafor�
tou met�llou apì thn polÔ uyhl  jermokrasÐa Thigh, se qamhl  jermokrasÐa Tlow

met� l.q. th baf  tou. Gia thn anìpthsh, to mètallo epanajermaÐnetai se uyh-
l  jermokrasÐa Tann, Tlow < Tann < Thigh, ekeÐ paramènei gia to anagkaÐo qronikì
di�sthma ¸ste na suntelesteÐ metabol  thc dom c tou kai, ìtan h dom  tou metasqh-
matisjeÐ pl rwc, yÔqetai kai epanèrqetai sth qamhl  jermokrasÐa Tlow. Enallaktik�,
antÐ thc yÔxhc se Tlow kai thc anajèrmanshc se Tann, efarmìzetai kai to parak�tw
sq ma: apì thn Thigh, to mètallo yÔqetai mìno mèqri thn Tann, ekeÐ paramènei gia
to apaitoÔmeno qronikì di�sthma kai sth sunèqeia yÔqetai sthn telik  jermokrasÐa
Tlow.

Met� apì tic dieukrin seic se jèmata orologÐac kai me afethrÐa th mèjodo thc s-
toqastik c anarrÐqhshc lìfou pou prohgoumènwc anafèrame, mporoÔme na parousi�-
soume th mèjodo thc prosomoioÔmenhc anìpthshc. Basik  thc diafor� apì th s-
toqastik  anarrÐqhsh lìfou eÐnai ìti h par�metroc T metab�lletai (rujmÐzetai)
autìmata kat� thn exèlixh tou algorÐjmou. Plèon, thn par�metro T mporoÔme na
apokaloÔme kai jermokrasÐa, se eujeÐa analogÐa me th fusik  thc anìpthshc stic
katergasÐec met�llwn.

Mia klasik  diatÔpwsh tou algìrijmou thc prosomoioÔmenhc anìpthshc gia prob-
l mata beltistopoÐhshc eÐnai:

B ma 1: n← 0, T ←arqikopoÐhsh, −→x n ←tuqaÐa epilog , axiolìghsh(−→x n).

B ma 2: −→x (∈ Γ(−→x n))←tuqaÐa epilog , axiolìghsh(−→x ),
p← (eF (−→x n)−F (−→x )

T
, τ ← tuqaÐoc[0, 1)

B ma 3: An −→x > −→x n tìte: [−→x n ← −→x ]
Alloi¸c an τ < p tìte: [ −→x n ← −→x ]

B ma 4: −→x ∗ ← max(−→x ∗,−→x ), n← n+ 1

B ma 5: An Krit rio 1 tìte: [ → b ma 2]
Alloi¸c: [ T ← f(T, n) ]

B ma 6: An Krit rio 2 tìte: [ → b ma 2]

Ta dÔo krit ria ta opoÐa emfanÐzontai ston algìrijmo sqetÐzontai me to pìte
gÐnetai ananèwsh thc tim c thc jermokrasÐac T (Krit rio 1) kai me to pìte h mèjodoc
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jewreÐtai ìti èqei sugklÐnei   èstw prèpei na termatisjeÐ giatÐ xepèrase to mègisto
arijmì apotim sewn   to mègisto upologistikì kìstoc pou ìrise o qr sthc (Krit rio
2).

Me b�sh ta ìsa prèpei na èginan antilhpt� apì thn perÐptwsh pou analÔjhke
ston pÐnaka 6.1, o epanakajorismìc nèac tim c jermokrasÐac T , sto b ma 5, prak-
tik� shmaÐnei meÐwsh thc tim c thc jermokrasÐac. H sun�rthsh f(T, n), sthn opoÐ-
a den krÐnetai skìpimo na epektajoÔme eÐnai mia sun�rthsh yÔxhc. Sth bibli-
ografÐa ja sunant soume di�forouc trìpouc yÔxhc, �ra di�forec morfèc sun�rthshc
f(T, n). Genik�, to pìso mei¸netai h jermokrasÐa exart�tai apì thn prohgoÔmenh tim 
jermokrasÐac kai to pìsec axiolog seic upoyhfÐwn lÔsewn prohg jhkan (metrht -
c n). Ac shmeiwjeÐ ìti o upologismìc arqÐzei me uyhl  tim  T kai ìti k�je for�
pou metab�lletai h tim  tou T aut  qrhsimopoieÐtai gia ènan arijmì kÔklwn pou
akoloujoÔn, prin thn epìmenh metabol . Me b�sh ìsa èqoume  dh anafèrei, h ar-
qikopoÐhsh me uyhl  jermokrasÐa kai h diadikasÐa thc yÔxhc sth mèjodo thc proso-
moioÔmenhc anìpthshc shmaÐnei ìti stouc pr¸touc kÔklouc diathroÔme uyhl� epÐpeda
stoqastikìthtac kai, kaj¸c h mèjodoc sugklÐnei (kai �ra proseggÐzetai h bèltisth
lÔsh) o algìrijmoc apokt� kat� to pleÐsto qarakthristik� mejìdou anarrÐqhshc
lìfou.

H teleutaÐa parat rhsh eÐnai polÔ shmantik  kai qarakthrÐzei touc perissìterouc
(Ðswc kai ìlouc) stoqastikoÔc algìrijmouc anaz thshc thc bèltisthc lÔshc. K�je
tètoioc algìrijmoc prèpei na èqei (sth swst  �analogÐa�) dÔo ikanìthtec:

Ikanìthta ExereÔnhshc (Exploration), ¸ste na exereun� me ton kalÔtero, kai
sugqrìnwc oikonomikìtero, trìpo to q¸ro twn upoyhfÐwn lÔsewn, qwrÐc na
egklwbÐzetai eÔkola se topok� bèltistec lÔseic.

Ikanìthta Ekmet�lleushc (Exploitation), ¸ste na ekmetalleÔetai me ton kalÔtero
trìpo k�je plhroforÐa pou èqei apokt sei mèqri t¸ra kai, me th bo jei� thc,
na prospaj sei na proseggÐsei apodotik� th bèltisth lÔsh.

H arqik  uyhl  jermokrasÐa enisqÔei thn ikanìthta exereÔnhshc sta pr¸ta st�-
dia ¸ste na entopisjeÐ h geitoni� tou kajolikoÔ akrìtatou kai na mhn pagideujeÐ
o algìrijmoc se topik� akrìtata. Sth sunèqeia, h yÔxh aux�nei thn ikanìthta ek-
met�lleushc ¸ste na entopisjeÐ gr gora h bèltisth lÔsh.

6.3 AnÐqneush me ApagoreÔseis(Tabu Search)

H mèjodoc thc anÐqneushc thc bèltisthc lÔshc me apagoreÔseic (tabu search) qarak-
thrÐzetai apì thn Ôparxh mn mhc h opoÐa katagr�fei plhroforÐec gia ta b mata pou
èginan prìsfata kai tic qrhsimopoieÐ kat� ta epìmena b mata. H apagìreush (pou
anafèrei kai o tÐtloc thc mejìdou) sqetÐzetai me thn apotrop  epan�lhyhc twn piì
prìsfatwn bhm�twn, dÐnontac ètsi sth dunatìthta na aniqneujeÐ me megalÔterh eu-
elixÐa o q¸roc twn upoyhfÐwn lÔsewn.
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H mèjodoc thc anÐqneushc me apagoreÔseic eÐnai ousiastik� mia aitiokratik  mè-
jodoc. 'Omwc, eÐnai eÔkolo na apokt sei kai stoiqeÐa stoqastik c anÐqneushc kai
tètoiec parallagèc thc sunant¸ntai sth bibliografÐa.

Prin thn parousÐash thc mejìdou, ja parousiasjeÐ se suntomÐa to jèma thc
kwdikopoÐhshc twn upoyhfÐwn lÔsewn. EÐnai èna sobarìtato jèma se k�je prìblh-
ma beltistopoÐhshc gia arketèc sÔgqronec mejìdouc beltistopoÐhshc. Afor� to
pwc kwdikopoioÔntai�anaparist¸ntai ta stoiqeÐa tou dianÔsmatoc −→x kai oi dÔo enal-
laktikèc mèjodoi eÐnai h pragmatik  (real coding) kai h duadik  kwdikopoÐhsh
(binary coding). Se èna prìblhma ìpou oi bajmoÐ eleujerÐac eÐnai pragmatikoÐ arij-
moÐ, kat� thn pragmatik  kwdikopoÐhsh h diaqeÐrish apì th mèjodo beltistopoÐhshc
k�je bajmoÔ eleujerÐac gÐnetai diathr¸ntac ton analloÐwto se graf  pragmatikoÔ
arijmoÔ. AntÐjeta, sth duadik  kwdikopoÐhsh, oi pragmatikèc metablhtèc tou prob-
l matoc diatup¸nontai se duadik  graf , wc sustoiqÐec duadik¸n yhfÐwn (0 kai 1)
tic opoÐec qeirÐzetai o algìrijmoc beltistopoÐhshc. Mia perissìtero leptomer c gn-
wrimÐa me to jèma ja dojeÐ kat� thn parousÐash twn exeliktik¸n algorÐjmwn, ìpou
jèmata kwdikopoÐhshc eÐnai perissìtero shmantik�.

H pr¸th gnwrimÐa me th mèjodo thc anÐqneushc me apagoreÔseic eÐnai eukolìterh
ìtan qrhsimopoieÐtai duadik  kwdikopoÐhsh. H mèjodoc ja parousiasjeÐ me th bo jeia
arijmhtikoÔ paradeÐgmatoc. Ac upojèsoume, loipìn, ìti to di�nusma twn metablht¸n
sqediasmoÔ kwdikopoieÐtai se mia sustoiqÐa okt¸ duadik¸n yhfÐwn (bit), kai sthn
n�iost  epan�lhyh   kÔklo, h trèqousa lÔsh eÐnai h

−→x n = ( 1 , 1 , 0 , 0 , 0 , 1 , 1 , 1 ) (6.3)

Me k�je sustoiqÐa   di�nusma −→x sundèetai mia antikeimenik  sun�rthsh F (−→x ).
H mn mh sth mèjodo thc anÐqneushc me apagoreÔseic mporeÐ (kat� èna trìpo, pou

den eÐnai anagkastik� o monadikìc) na perilhfjeÐ se èna di�nusma okt¸ (ìsoi kai oi
bajmoÐ eleujerÐac) akeraÐwn. K�je akèraio stoiqeÐo tou dianÔsmatoc posotikopoieÐ
th diajesimìthta k�je duadikoÔ yhfÐou gia endeqìmenh allag  kat� thn epìmenh
epan�lhyh. Sto par�deigma mac, ac eÐnai Mn h eikìna thc mn mhc kat� thn trèqousa
epan�lhyh kai ac èqei tic timèc

Mn = ( 3 , 0 , 1 , 5 , 0 , 4 , 2 , 0 ) (6.4)

Prin ermhneÔsoume th shmasÐa twn stoiqeÐwn tou Mn, ac k�noume safèc ìti h m-
n mh den afor� ìlo to pareljìn thc mejìdou anÐqneushc all� o qr sthc prosdiorÐzei
to b�joc   orÐzonta thc mn mhc. Ac upojèsoume ìti ed¸ o qr sthc di�lexe wc b�joc
mn mhc touc pènte teleutaÐouc kÔklouc, k�je for�. Mia leptomèreia, h opoÐa ja
faneÐ sth sunèqeia, eÐnai ìti to b�joc mn mhc prèpei na eÐnai mikrìtero tou arijmoÔ
twn metablht¸n (ed¸ 5 < 8, giatÐ;). An o k�tw deÐkthc sumbolÐzei th sunist¸sa
enìc dianÔsmatoc (ed¸, l.q. xn

3 = 0 me Mn
3 = 1), tìte h tim  Mn

i = j shmaÐnei ìti
to i�iostì bit tou −→x tropopoi jhke gia teleutaÐa for� prin apì 5− j epanal yeic.
Parathr ste ìti ìloi oi arijmoÐ apì 1 wc 5 emfanÐzontai mìno mia for� sto Mn, h
tim  5 sumbolÐzei to bit pou �llaxe tim  kat� ton teleutaÐo kÔklo kai ìti ìla ta bits
me mhdenik  tim  sthn antÐstoiqh jèsh tou pÐnaka mn mhc eÐnai ekeÐna ta opoÐa den
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èqoun all�xei tim  kat� touc teleutaÐouc 5 kÔklouc kai, �ra, eÐnai �mesa diajèsima
gia na all�xoun tim . Me �lla lìgia, h tim  Mn

1 = 3 shmaÐnei ìti gia tic epìmenec 3
epanal yeic to pr¸to bit den eÐnai diajèsimo gia allag , kok.

Me thn parap�nw eikìna tou dianÔsmatoc mn mhc, h epìmenh epan�lhyh pou ja
diamorf¸sei to −→x n+1 kai h opoÐa epitrèpetai na prokÔyei me allag  (apo 0 se 1  
apì 1 se 0), ja mporoÔse na odhg sei se èna apì ta okt¸ geitonik� dianÔsmata

−→x n+1 = ( 0 , 1 , 0 , 0 , 0 , 1 , 1 , 1 ) ,
−→x n+1 = ( 1 , 0 , 0 , 0 , 0 , 1 , 1 , 1 ) ,
−→x n+1 = ( 1 , 1 , 1 , 0 , 0 , 1 , 1 , 1 ) ,
−→x n+1 = ( 1 , 1 , 0 , 1 , 0 , 1 , 1 , 1 ) ,
−→x n+1 = ( 1 , 1 , 0 , 0 , 1 , 1 , 1 , 1 ) ,
−→x n+1 = ( 1 , 1 , 0 , 0 , 0 , 0 , 1 , 1 ) ,
−→x n+1 = ( 1 , 1 , 0 , 0 , 0 , 1 , 0 , 1 ) ,
−→x n+1 = ( 1 , 1 , 0 , 0 , 0 , 1 , 1 , 0 )

'Omwc, me b�sh to di�nusma thc mn mhc 6.4, mìno to deÔtero, to pèmpto kai to ìgdoo
apì autì epitrèpontai na qrhsimopoihjoÔn. 'Ola ta �lla eÐnai apagoreumèna (tabu)
gia qr sh se aut n thn epan�lhyh. Ja epilegeÐ, loipìn, to −→x n+1 wc ekeÐno apo ta

−→x n+1 = ( 1 , 0 , 0 , 0 , 0 , 1 , 1 , 1 ) ,
−→x n+1 = ( 1 , 1 , 0 , 0 , 1 , 1 , 1 , 1 ) ,
−→x n+1 = ( 1 , 1 , 0 , 0 , 0 , 1 , 1 , 0 )

pou dÐnei thn kalÔterh tim  thc antikeimenik c sun�rthshc. Ac eÐnai autì to deÔtero
apì ta trÐa epitrepìmena, to opoÐo ja apotelèsei to −→x n+1 akìma kai an h tim 
katallhlìtht�c tou tuqaÐnei na eÐnai mikrìterh apì thn tim  F (−→x n). Sugqrìnwc,
anaprosarmìzontai ta stoiqeÐa tou dianÔsmatoc thc mn mhc: apì ìla ta mh�mhdenik�
stoiqeÐa afaireÐtai h mon�da, ta mhdenik� paramènoun wc èqoun kai gia to −→x n+1 pou
dialèqjhke h tim  mn mhc tÐjetai Ðsh me 5 kai ètsi apomakrÔnetai h pijanìthta na
qrhsimopoihjeÐ xan� kat� touc epìmenouc 5 kÔklouc.

To nèo di�nusma mn mhc gÐnetai

Mn+1 = ( 2 , 0 , 0 , 4 , 5 , 3 , 1 , 0 ) (6.5)

H mèjodoc sth morf  pou mìlic parousi�sjhke eÐnai arket� perioristik  kai o
kajènac eÔkola skèftetai peript¸seic ìpou aut  h sumperifor� odhgeÐ se spat�lh
kÔklwn. Qarakthristikì tètoio par�deigma ja  tan h perÐptwsh ìpou k�poio apì
ta apagoreumèna geitonik� dianÔsmata tou trèqontoc èdine mia polÔ kalÔterh lÔsh
kai parìla aut� o algìrijmoc den epitrèpetai na to epilèxei afoÔ prìsfata eÐqe x-
anaqrhsimopoihjeÐ. BebaÐwc, mia tètoia algorijmik  parallag  ja s maine ìti èqei
pragmatopoihjeÐ axiolìghsh kai twn okt¸ geitonik¸n dianusm�twn tou −→x n antÐ twn
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tri¸n pou t¸ra qrei�zeta na axiologhjoÔn. Ja aÔxane dhlad  to upologistikì kìs-
toc an� kÔklo. KalÔterh algorijmik  diatÔpwsh ja mporoÔse na eÐnai mia �endi�mesh�
ìpou, eis�gontac stoqastikìthta, h epilog  ja mporoÔse na kajorÐzetai me k�poia
tuqaiìthta kai autì ja droÔse wc trìpoc antimet¸pishc thc pagÐdeushc thc lÔshc
se topik� akrìtata.

Tèloc, ac epishm�noume ìti polÔ suqn� o algìrijmoc thc anÐqneushc me apagoreÔ-
seic qrhsimopoieÐ kai mia deÔterh mn mh, èstw th Nn. EkeÐ apojhkeÔetai h suqnìthta
allag¸n k�je bit se èna megalÔtero apì ìti prin b�joc kÔklwn. Gia par�deigma, an
o qr sthc epilèxei b�joc 50 kÔklwn, tìte to di�nusma autì ja mporoÔse na eÐnai to

Nn = ( 5 , 7 , 11 , 3 , 9 , 8 , 1 , 6 ) (6.6)

kai na shmaÐnei ìti to pr¸to bit metabl jhke 5 forèc stouc teleutaÐouc 50 kÔklouc,
kok. H qr sh tou dianÔsmatoc Nn periorÐzetai sun jwc se eidikèc peript¸seic. Gia
par�deigma, ìtan apì ìlec oi mh�tabu lÔseic odhgoÔn se qeirìterh apì thn trèqousa
lÔsh, axÐzei na epilegeÐ aut  pou èqei qrhsimopoihjeÐ ligìtero kat� tic teleutaÐec 50
l.q. epanal yeic.

6.4 Mèjodoc tou Polutìpou (Simplex)

H mèjodoc Simplex apoteleÐ mia gnwst  mèjodo beltistopoÐhshc h opoÐa mporeÐ na e-
farmosjeÐ se probl mata dÔo   perissotèrwn metablht¸n. To ìti h sÔntomh parousÐ-
ash thc mejìdou pou ja akolouj sei anafèretai se probl mata sto didi�stato q¸ro
−→x ∈ ℜ2 eÐnai mìno gia lìgouc epopteÐac. H mèjodoc tou polutìpou   Simplex
ofeÐletai stouc Nelder kai Mead kai suqn� anafèretai me to ìnom� touc. Basikì
thc qarakthristikì eÐnai ìti apaiteÐ mìno timèc antikeimenik c sun�rthshc kai ìqi
parag¸gouc aut c. H taqÔthta sÔgklishc thc mejìdou exart�tai polÔ apì th morf 
thc antikeimenik c sun�rthshc kai, sthn klasik  thc morf , h mèjodoc den jewreÐ-
tai idiaÐtera gr gorh. Ston kajar� aitiokratikì kai me kal  gewmetrik  ermhneÐa
trìpo pou leitourgeÐ h mèjodoc mporoÔme na eis�goume stoiqeÐa stoqastikìthtac, me
trìpo an�logo me autìn pou qrhsimopoieÐtai se �llec mejìdouc pou gnwrÐsame   ja
gnwrÐsoume.

Me ton ìro simplex anaferìmaste se èna gewmetrikì sqhmatismì pou apoteleÐtai
apì N + 1 korufèc sto q¸ro twn lÔsewn (ℜN). An l.q. N = 2, to simplex tou
didi�statou q¸rou eÐnai èna trÐgwno. Sto ℜ3 eÐnai èna tetr�edro, bl. sq ma 6.1.
Ed¸ ja anaferjoÔme mìno sth genik  perÐptwsh pou to simplex den eÐnai ekfulis-
mèno, ìtan dhlad  sto N�di�stato parametrikì prìblhma to 6.1 ènan pragmatikì kai
peperasmèno N�di�stato ìgko.

O algìrijmoc Simplex, gia to N�di�stato prìblhma xekin� epilègontac N + 1
arqik� shmeÐa�upoy fiec lÔseic. H epilog  aut  eÐnai sun jwc tuqaÐa, all� elègqon-
tac thn �poiìthta� tou simplex, me b�sh ìsa proanafèrjhkan. Gia N = 3, h arqik 
epilog  ja mporoÔse na eÐnai to tetr�edro tou sq matoc 6.1. Epilègontac ton ar-
qikì autì sqhmatismì, to pr¸to b ma eÐnai na gÐnei h axiolìghsh twn koruf¸n tou
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simplex, o upologismìc dhlad  thc tim c thc antikeimenik c sun�rthshc gia tic lÔ-
seic thc arqikopoÐhshc. Genik�, an se k�je simplex mia koruf  orisjeÐ wc to shmeÐo
anafor�c, tìte to simplex eÐnai apl� ta N dianÔsmata jèshc pou, me afethrÐa thn
koruf  anafor�c, kajorÐzoun tic �llec korufèc tou simplex.

K�je epìmeno b ma, kataqwroÔmeno wc ènac nèoc kÔkloc   mia nèa epan�lhyh
sto epanalhptikì sq ma pou qarakthrÐzei th mèjodo Simplex, qrhsimopoieÐ thn an-
tikat�stash thc qeirìterhc (wc proc thn tim  thc antikeimenik c sun�rthshc) apì
tic korufèc tou simplex me mia nèa koruf �pijan  lÔsh. H teleutaÐa kataskeu�ze-
tai me gewmetrik� ermhneuìmenouc trìpouc, ìpwc autoÐ pou faÐnontai sto sq ma 6.1.
Ston trìpo eÔreshc tou nèou shmeÐou, h t�sh eÐnai na antikajÐstatai to qeirìtero
shmeÐo me to �eÐdwlo� tou wc proc thn epif�neia pou orÐzoun oi upìloipec korufèc
tou simplex. H eÔresh tou �eid¸lou� eÐnai o aploÔsteroc mhqanismìc kai mporeÐ
na sunodeÔetai me di�forec paramorfwtikèc, diorjwtikèc   akìma kai stoqastikèc
paremb�seic me stìqo (a) thn aÔxhsh thc pijanìthtac na èqei to nèo shmeÐo kalÔterh
tim  antikeimenik c sun�rthshc kai (b) ton apegklwbismì apì katast�seic ìpou to
simplex èqei pagideujeÐ se topik� akrìtata   sthn atèleiwth epan�lhyh atelèsforwn
katoptrism¸n.

Den eÐnai skopìc aut¸n twn shmei¸sewn na upeisèljoun se teqnik� jèmata gia ton
trìpo pou exelÐssetai èna simplex. O anagn¸sthc pou endiafèretai gia perissìterec
leptomèreiec parapèmpetai se sqetik� biblÐa   dhmosieÔseic. Oi basikìterec idèec kai
teqnikèc faÐnontai, p�ntwc, sto sq ma 6.1 kai exhgoÔntai sth lez�nta tou.
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(a) (b)

(c) (d)

AB

Sq ma 6.1: Sqhmatismìc simplex gia èna prìblhma beltistopoÐhshc me N = 3. EÐnai
h perÐptwsh pou to simplex eÐnai tetr�edro kai apeikonÐzetai kai exelÐssetai ston
tridi�stato q¸ro. To arqikì tetr�edro   to tetr�edro thc trèqousac epan�lhyhc
(kat� perÐptwsh) parousi�zetai wc (a). H koruf  pou shmei¸netai me B eÐnai aut 
me th qeirìterh tim  antikeimenik c sun�rthshc apì tic 4 korufèc tou tetraèdrou.
K�je kÔkloc   epan�lhyh èqei skopì na antikatast sei thn koruf  B me mia �llh.
'Etsi, sto (b) faÐnetai h perÐptwsh tou aploÔ katoptrismoÔ (reflection) wc proc th
skiasmènh b�sh (tic treÐc dhlad  korufèc ektìc apì th B). H perÐptwsh (c) eÐnai o
katoptrismìc me epèktash (reflection and expansion), h opoÐa sun jwc energopoieÐtai
gia lìgouc epit�qunshc thc diadikasÐac sÔgklishc, upì proôpojèseic. H perÐptwsh
thc surrÐknwshc (contraction), pou apeikonÐzetai sto (d), energopoieÐtai ìtan me b�sh
sqetik� krit ria o katoptrismìc me   qwrÐc epèktash apotugq�nei. Sthn perÐptwsh
aut , h t�sh eÐnai na aniqneujeÐ o upoq¸roc apì thn pleur� thc lÔshc B, se mikrìterh
ìmwc apìstash apì th skiasmènh b�sh.
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Kef�laio 7

ExeliktikoÐ Algìrijmoi
BeltistopoÐhshc

Apì th dekaetÐa tou 1990 kai èktote, h gewmetrik  aÔxhsh thc upologistik c isqÔoc
kai to prositì kìstoc twn meg�lwn kai gr gorwn upologist¸n sunetèlesan sthn
eureÐa apodoq  kai qr sh stoqastik¸n mejìdwn beltistopoÐhshc me ènan apì touc
basikìterouc ekpros¸pouc touc exeliktikoÔc algìrijmouc beltistopoÐhshc (evolutionary
algorithms, EA). Basikì stoiqeÐo pou od ghse sth gr gorh kai eureÐa epikr�ths 
touc  tan afenìc to endiafèron, mh�majhmatikì upìbajrì touc, h eukolÐa me thn opoÐ-
a prosarmìzontai se k�je nèo prìblhma arkeÐ na up�rqei programmatismèno logismikì
axiolìghshc k�je upoy fiac lÔshc kai, kurÐwc, h dunatìtht� touc (wc stoqastik 
mèjodoc) na mhn egklwbÐzontai se topik� akrìtata. To megalÔtero pleonèkthm� twn
EA eÐnai ìti, praktik�, se èna nèo prìblhma h qr sh touc eÐnai genik� �mesh qwrÐc
tic paremb�seic sth diadikasÐa beltistopoÐhshc pou apaitoÔn oi aitiokratikèc mèjodoi,
an kai anamfisb thta h gn¸sh tou probl matoc kai h qr sh plhroforÐac apì autì
mèsw eidik¸n telest¸n epitaqÔnei to rujmì sÔgklishc. Parìla aut�, basikì touc
meionèkthma eÐnai ìti o entopismìc thc bèltisthc lÔshc apaiteÐ sun jwc meg�lo ar-
ijmì axiolog sewn, gegonìc pou faÐnetai kurÐwc ìtan k�je axiolìghsh (l.q. k�je
an�lush miac upoy fiac aerotom c gÐnetai me qronobìro logismikì ìpwc eÐnai k¸dikec
Navier–Stokes). Oi EA den eÐnai nèec mèjodoi. EÐqan protajeÐ apì th dekaetÐa tou
1960, all� thn teleutaÐa dekaetÐa h qr sh touc exapl¸jhke polÔ perissìtero.

Basikì gn¸risma twn EA eÐnai ìti qeirÐzontai plhjusmoÔc upoyhfÐwn lÔsewn
(population–based methods) kai ìqi mia memonwmènh lÔsh se k�je epan�lhyh, ìpwc
�llec stoqastikèc mèjodoi (l.q. h mèjodoc thc prosomoioÔmenhc anìpthshc). Oi EA,
en¸ arqik� anaptÔqjhkan gia thn epÐlush problhm�twn enìc stìqou, me kat�llhlec
metatropèc mporoÔn na antimetwpÐsoun probl mata poll¸n stìqwn kai m�lista up-
erteroÔn wc proc autì to jèma se sqèsh me �llec mejìdouc lìgw tou gegonìtoc
ìti qeirÐzontai ènan plhjusmì atìmwn kai, me thn olokl rws  touc, apodÐdoun èna
sÔnolo lÔsewn.

Me ton ìro �exèlixh� qarakthrÐzoume thn autìmath diadikasÐa thc prosarmog c
k�je sust matoc sto perib�llon. O ìroc �perib�llon� perilamb�nei to sÔnolo twn
exwterik¸n sunjhk¸n pou ephre�zoun to sÔsthma. Oi EA eÐnai upologistik� montèla
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ta opoÐa me qr sh antÐstoiqhc me th fÔsh diadikasÐac prosarmog c sto perib�llon,
epilÔoun probl mata. Gia to skopì autì qrhsimopoioÔn stoqastikoÔc mhqanismoÔc
exèlixhc proerqìmenouc apì th fÔsh kai basÐzontai stic arqèc exèlixhc twn eid¸n ìp-
wc autèc diatup¸jhkan arqik� apì to DarbÐno, perÐ to 1960. Oi EA prosomoi¸noun
merik¸c kai me aplousteumèno trìpo thn exèlixh twn fusik¸n plhjusm¸n. SÔmfw-
na me th jewrÐa tou DarbÐnou, ta �toma enìc plhjusmoÔ sunagwnÐzontai gia thn
apìkthsh pìrwn ìpwc stègh, trof  kai gia thn prosèlkush suntrìfou. Ta epituqh-
mèna �toma èqoun megalÔterh pijanìthta na odhghjoÔn se anaparagwg  kai na diai-
wnisjoÔn. Aut  h fusik  epilog , shmaÐnei ìti ta gonÐdia twn epituqhmènwn atìmwn
  twn atìmwn pou èqoun prosarmosjeÐ kalÔtera sto perib�llon epibi¸noun kai me
thn p�rodo twn gene¸n ta qarakthristik� touc metafèrontai se megalÔtero arijmì
apogìnwn. O sunduasmìc kal¸n qarakthristik¸n apì diaforetikoÔc epituqhmènouc
goneÐc endeqìmena na par�gei apogìnouc me qarakthristik� kalÔtera apì aut� twn
gonèwn. Me ton trìpo autì oi fusikoÐ plhjusmoÐ exelÐssontai kai prosarmìzontai
sto ek�stote perib�llon.

Oi genetikoÐ algìrijmoi (genetic algorithms, GA) eÐnai m�llon h piì diade-
domènh kathgorÐa exeliktik¸n algorÐjmwn, idÐwc sthn perioq  thc aerodunamik c kai
twn strobilomhqan¸n. Oi exeliktikèc strathgikèc (evolution strategies, SE)
eÐnai mia ligìtero qrhsimopoioÔmenh teqnik . Wc trÐth kathgorÐa, arket� diaforetik 
apì tic dÔo prohgoÔmenec, anafèretai o genetikìc programmatismìc (GP ).
AnaptÔqjhke stic arqèc tic dekaetÐac to 1990 kai apoteleÐ mia shmantik  parallag 
twn GA ìpou wc �toma tou plhjusmoÔ qrhsimopoioÔntai progr�mmata upologist .
Prìkeitai gia mia mèjodo dhmiourgÐac programm�twn pou lÔnoun   proseggÐzoun èna
sugkekrimèno prìblhma. O GP gr�fetai sun jwc se mia aplopoihmènh ekdoq  thc
LISP me thn opoÐa eÐnai dunat  h efarmog  kat�llhlwn genetik¸n telest¸n ¸ste na
paraqjoÔn progr�mmata me orj  sÔntaxh. Epeid  oi lÔseic tou GP eÐnai progr�mma-
ta, den eÐnai �mesh h efarmog  tou se praktik� probl mata beltistopoÐhshc kai den
ja asqolhjoÔme perissìtero me autìn.

An kai k�je kathgorÐa twn EA (GA, SE, GP ) èqei h kajemÐa ta dik� thc diakritik�
gnwrÐsmata, h austhr  taxinìmhs  touc moi�zei plèon na stereÐtai no matoc. O lìgoc
eÐnai ìti oi sÔgqronoi EA allhlodaneÐzontai stoiqeÐa ìpwc trìpo kwdikopoÐhshc
  telestèc exèlixhc, an�loga me thn empeirÐa   thn katallhlìthta touc sto k�je
prìblhma.

Oloklhr¸nontac, mporoÔme na sunoyÐsoume ta qarakthristik� pou prèpei na èqei
ènac algìrijmoc beltistopoÐhshc ¸ste na qarakthrisjeÐ exeliktikìc:

• Na qrhsimopoieÐ plhjusmoÔc atìmwn ta opoÐa exelÐssontai sugqrìnwc, antÐ
memonwmènwn atìmwn.

• H exèlixh tou plhjusmoÔ apì geni� se geni� (orologÐa antÐstoiqh twn kÔklwn
  twn epanal yewn pou qrhsimopoi soume mèqri t¸ra) na kajorÐzetai apì thn
tim  katallhlìthtac (megistopoÐhsh)   tim  kìstouc atìmwn (elaqistopoÐhsh),
me b�sh kat�llhlh antikeimenik  sun�rthsh.

• Na lamb�nei q¸ra dunamik  diadoq  plhjusm¸n, me th dhmiourgÐa nèwn atìmwn
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kai exaf�nish �llwn me b�sh thn tim  katallhlìtht�c touc.

• Kat� thn exèlixh apì geni� se geni�, na up�rqei klhronomikìthta qarakthris-
tik¸n apì touc goneÐc stouc apogìnouc, all� kai stoqastik  emf�nish nèwn
qarakthristik¸n.

7.1 Perigraf  enìc ExeliktikoÔ AlgorÐjmou

Sthn enìthta aut  perigr�fetai ènac Genikeumènoc Exeliktikìc Algìrijmoc, me sÔm-
meikta qarakthristik� pou èqoun lhfjeÐ apì touc GA kai tic SE. Profan¸c, me epi-
log  kat�llhlwn tim¸n twn emplekìmenwn paramètrwn kai �llec aplèc algorijmikèc
paremb�seic, o algìrijmoc pou ja perigr�youme metapÐptei sth mÐa   thn �llh kath-
gorÐa. Sthn perigraf  den ja upeisèljoume se pollèc leptomèreiec, afoÔ skopìc
eÐnai apl� na paratejoÔn oi basikoÐ algìrijmoi.

'Opwc proanafèrame, oi EA qeirÐzontai plhjusmoÔc lÔsewn. Kat� thn exèlixh,
pou eÐnai h basik  diadikasÐa anaz thshc thc bèltisthc lÔshc, ènac plhjusmìc µ
upoyhfÐwn lÔsewn (goneÐc, kat� th genetik  orologÐa) exelÐssetai ston plhjusmì
twn λ apogìnwn. AutoÐ oi apìgonoi eÐnai nèec lÔseic, pou prokÔptoun apì touc
µ goneÐc, èqontac endeqomènwc kalÔtera qarakthristik�. Apì touc λ apogìnouc,
me krit rio thn katallhlìtht� touc, epilègontai oi µ goneÐc thc epìmenhc geni�c.
Autì suneqÐzetai, geni� me geni�, mèqri thn ikanopoÐhsh k�poiou krit riou sÔgklishc.
Tètoia krit ria up�rqoun arket� kai ènac EA mporeÐ na èqei se isqÔ perissìtera tou
enìc apì aut�. MetaxÔ aut¸n eÐnai : (a) to na mhn belti¸netai peraitèrw h lÔsh
gia ènan arijmì axiolog sewn   gene¸n, (b) to na èqei omogenopoihjeÐ o plhjusmìc
 /kai (g) h an�lwsh tou upologistikoÔ qrìnou pou epètrepe o qr sthc.

H parap�nw parousÐash tou ti sumbaÐnei se ènan EA mporeÐ na jemeliwjeÐ austhrìter-
a. Piì sugkekrimèna, se k�je geni� g enìc EA mporoÔme na jewr soume ìti sunup�r-
qoun trÐa diakrit� sÔnola atìmwn. H orologÐa proèrqetai apì thn antÐstoiqh thc
biologÐac. 'Etsi, up�rqei to sÔnolo twn goni¸n Sg,µ me µ mèlh, twn apogìnwn Sg,λ

me λ mèlh kai twn epÐlektwn   elÐt atìmwn Sg,e. MporeÐ eÔkola na gÐnei antilhptì
to giatÐ, se ènan algìrijmo pou basÐzetai sthn exèlixh, up�rqoun sÔnola goni¸n kai
apogìnwn, se k�je geni�. To sÔnolo Sg,e apojhkeÔei ta epÐlekta�kalÔtera �toma
(dhlad , upoy fiec lÔseic) pou èqoun prokÔyei apì th diadikasÐa exèlixhc mèqri th
geni�. O skopìc Ôparxhc tou sunìlou eÐnai diplìc. 'Enac lìgoc eÐnai ìti, opoted pote
stamat sei h exèlixh, to Sg,e perièqei thn   tic bèltistec lÔseic. 'Enac �lloc lìgoc
eÐnai ìti kat� thn exèlixh, qrhsimopoieÐtai plhroforÐa apì to sÔnolo Sg,e gia thn
enÐsqush twn kal¸n qarakthristik¸n twn mel¸n thc nèac geni�c pou ja prokÔyei.
Aut  h enÐsqush apoteleÐ to legìmeno �elitismì� stouc EA.

Ac parakolouj soume, b ma�b ma to ti sumbaÐnei se k�je geni� enìc EA. Ousi-
astik�, h apl  eisagwgik  perigraf  enìc EA pou prohg jhke, ed¸ ja apokt sei
morf  diakrit¸n bhm�twn, emplèkontac epiplèon kai to sÔnolo twn epÐlektwn atìmwn.
Upojèste prìblhma enìc stìqou.

B ma 1: Epilègontai basikèc par�metroi thc mejìdou, ìpwc to mègejoc twn dÔo
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basik¸n plhjusm¸n Sg,µ kai Sg,λ, dhlad  oi timèc twn µ kai λ. Jètoume g = 0
sumbolÐzontac ètsi thn arqikopoÐhsh, th legìmenh kai mhdenik  geni�. Epilè-
gontai tuqaÐa ta mèlh tou arqikoÔ plhjusmoÔ S0,λ.

B ma 2: AxiologoÔntai ta λ �toma tou sunìlou Sg,λ. Sqhmatik�, to b ma autì
perigr�fetai apì th diadikasÐa (bl. kai sq ma 7.1)

y(−→x ) = F (−→x ), ∀−→x ∈ Sg,λ (7.1)

An prìkeitai gia prìblhma beltistopoÐhshc sthn aerodunamik , kai gia thn axi-
olìghsh apaitoÔntai arijmhtikèc analÔseic tou pedÐou ro c, to b ma autì prak-
tik� apaiteÐ λ kl seic tou k¸dika an�lushc thc ro c (logismikì arijmhtik c
epÐlushc twn exis¸sewn Navier–Stokes). EÐnai dhlad  to tm ma tou algorÐj-
mou pou fèrei to megalÔtero (praktik�, olìklhro) to upologistikì kìstoc

Sq ma 7.1: Axiolìghsh twn mel¸n tou Sg,λ.

B ma 3: Anane¸netai to sÔnolo twn epilèktwn Sg,e me ìso mèlh tou Sg,λ axÐzoun,
me krit rio thn tim  thc antikeimenik c sun�rthshc, na entaqjoÔn se autì.
Kat� thn paroÔsa f�sh, eÐnai exÐsou pijanì na diagrafoÔn k�poia mèlh tou
Sg,e, an prokÔyoun �toma tou Sg,λ apokt soun kalÔterh tim  antikeimenik c
sun�rthshc. Sqhmatik�

Sg+1,e = Te(S
g,λ ∪ Sg,e) (7.2)

ìpou me Te sumbolÐzetai o telest c entopismoÔ twn epÐlektwn mel¸n, bl. kai
sq ma 7.2. An anaferìmaste se prìblhma enìc stìqou, h piì apl  ekdoq  tou
telest  Te eÐnai na entopÐzei to (èna) kalÔtero �tomo apì ta dÔo sÔnola pou
epexerg�zetai (Sg,λ kai Sg,e). Ed¸, up�rqei p�nta h perÐptwsh kanènac apì
touc λ na mhn upertereÐ thc trèqousac bèltisthc lÔshc, dhlad  tou monadikoÔ
stoiqeÐou tou Sg,e. Tìte, praktik�, to Sg,e paramènei wc èqei kai autì eÐnai
èndeixh ìti o EA den kat�fere na belti¸sei th lÔsh kat� thn teleutaÐa geni�.
TonÐzetai ìti o EA den eÐnai eÐnai upoqrewtikì na belti¸nei th lÔsh se k�je
geni�. Se probl mata poll¸n stìqwn (all� akìmh kai se probl mata enìc
stìqou an ètsi apofasisjeÐ) to sÔnolo Sg,e mporeÐ na perièqei perissìtera tou
enìc (pl joc e) stoiqeÐa.
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T

Sq ma 7.2: Ananèwsh twn mel¸n tou Sg,e.

B ma 4: Efarmìzetai o telest c epilektikìthtac   elitismoÔ, me ton opoÐo (sun jwc
tuqaÐa epilegìmena) �toma apì to sÔnolo twn epilèktwn Sg,e antikajistoÔn
�toma tou Sg,λ. To poi� ja antikatastajoÔn exart�tai apì thn tim  thc an-
tikeimenik c sun�rthshc (sun jwc ta qeirìtera) an kai mèroc aut¸n mporeÐ na
epilègetai tuqaÐa. Sqhmatik�

Sg,λ = Te2(S
g,λ ∪ Sg+1,e) (7.3)

ìpou me Te2 sumbolÐzetai o telest c elitismoÔ, bl. kai sq ma 7.3. Me ton
elitismì apofeÔgetai mia nèa geni� na d¸sei bèltisth lÔsh qeirìterh apì aut n
thc prohgoÔmenhc geni�c (ja èqei toul�qiston Ðdia tim  antikeimenik c sun�rthsh-
c) an kai ta wfèlh eÐnai arket� perissìtera kai piì sÔnjeta apì autì pou mìlic
anafèrjhke.

T

Sq ma 7.3: Ananèwsh twn mel¸n tou Sg,e.

B ma 5: Efarmìzetai o telest c epilog c gonèwn Tµ me th bo jeia tou opoÐou
epilègetai to sÔnolo twn mel¸n tou nèou plhjusmoÔ gonèwn Sg+1,µ. Gia to
sqhmatismì tou, qrhsimopoioÔntai oi trèqontec plhjusmoÐ gonèwn Sg,µ kai a-
pogìnwn Sg,λ, an kai up�rqoun orismènec klasikèc diatup¸seic ìpou oi µ goneÐc
epilègontai mìno apì touc prìsfatouc λ apogìnouc. Sqhmatik�

Sg+1,µ = Tµ(Sg,µ ∪ Sg,λ) (7.4)

ìpou me Tµ sumbolÐzetai o telest c epilog c gonèwn, bl. kai sq ma 7.4.
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T

Sq ma 7.4: Epilog  mel¸n tou nèou sunìlou gonèwn Sg+1,µ.

B ma 5: AkoloujeÐ h diadikasÐa anaparagwg c gia th dhmiourgÐa tou sunìlou a-
pogìnwn thc epìmenhc gene�c Sg+1,λ. Gia th dhmiourgÐa kajenìc apì ta λ �tom�
tou, epilègontai tuqaÐa ρ (sun jwc ρ = 2, all� den apokleÐetai h perÐptwsh
ρ > 2, ìpwc l.q. treÐc goneÐc na dhmiourgoÔn treÐc apogìnouc, klp) goneÐc
apì to sÔnolo twn gonèwn Sg+1,µ. Se di�forec algorijmikèc parallagèc,
epitrèpetai enÐote k�poio   k�poia apì ta ρ �toma na proèrqontai apì to sÔno-
lo Sg+1,e, epilegìmena sun jwc me mikr  pijanìthta, opìte o algìrijmoc em-
fanÐzei isqurìtera qarakthristik� elitismoÔ. Gia k�je sÔnolo ρ gonèwn pou
epilèqjhkan, efarmìzontai diadoqik� di�foroi telestèc, metaxÔ twn opoÐwn oi
piì gnwstoÐ eÐnai o telest c diastaÔrwshc   epanasunduasmoÔ (Tr, crossover  
recombination operator) kai o telest c met�llaxhc (Tm, mutation operator).
Sqhmatik�

Sg+1,λ = Tm(Tr(S
g+1,µ ∪ Sg+1,e)) (7.5)

bl. kai sq ma 7.5.

g,λS
g+1,µS g+1,eS

T m T r
ρ

Sq ma 7.5: Epilog  mel¸n tou nèou sunìlou gonèwn Sg+1,µ.

B ma 6: Efarmìzetai to krit rio sÔgklishc kai an h mèjodoc jewreÐtai ìti den èqei
sugklÐnei arqÐzei mia nèa geni�, dhlad  epanalamb�nontai ta b mata 2 wc 6,
jètontac g ← g + 1.

7.1.1 KwdikopoÐhsh EleÔjerwn Metablht¸n

'Opwc èqei  dh anaferjeÐ kat� thn perigraf  thc mejìdou thc anÐqneushc me a-
pagoreÔseic, mporeÐ na qrhsimopoihjeÐ eÐte duadik    pragmatik  kwdikopoÐhsh
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twn metablht¸n tou probl matoc. H pr¸th eÐnai ousiastik� qarakthristikì twn (k-
lasik¸n) GA en¸ h deÔterh qarakthrÐzei kurÐwc tic SE. Ed¸ ja anafèroume sÔntoma
ta basik� qarakthristik� thc duadik c kwdikopoÐhshc.

An −→x to di�nusma twn eleÔjerwn metablht¸n me N sunist¸sec (x1, x2, . . . , xN),
h duadik  kwdikopoÐhsh, me ton trìpo pou qrhsimopoieÐtai stouc GA, apaiteÐ ton
kajorismì enìc kat¸tatou orÐou xi,L (L=lower), enìc an¸tatou orÐou xi,U (U=upper)
all� kai tou pl jouc ni duadik¸n yhfÐwn an� metablht  i, i ∈ N . To pl joc ni

kajorÐzei thn akrÐbeia diakritopoÐhshc thc i�iost c metablht c, pou dÐnetai apì th
sqèsh

δxi =
xi,U − xi,L

2ni − 1
(7.6)

H sunènwsh twn duadik¸n sustoiqi¸n ìlwn twn metablht¸n dhmiourgeÐ thn eniaÐa
duadik  sustoiqÐa (qrwmìswma) pou perigr�fei sunolik� k�je upoy fia lÔsh. Gia
par�deigma, an N = 3, n1 = 5, n2 = 7, n3 = 6, èna qrwmìswma ja mporoÔse na eÐnai
to

10010︸ ︷︷ ︸
x1

1100111︸ ︷︷ ︸
x2

010010︸ ︷︷ ︸
x3

(7.7)

ìpou l.q. h tim  pou antistoiqeÐ sto x1 eÐnai h

x1 = x1,L +
x1,U − x1,L

2n1 − 1
int(10010)

ìpou int(10010) eÐnai o akèraioc pou antistoiqeÐ sth duadik  sustoiqÐa 10010.

7.1.2 Telestèc Epilog c Gonèwn

Anafèrjhke  dh ìti o telest c epilog c gonèwn Tµ dhmiourgeÐ to sÔnolo gonèwn
Sg+1,µ thc epìmenhc geni�c epilègontac �toma apì ta sÔnola apogìnwn Sg,λ kai
gonèwn Sg,µ thc trèqousac geni�c. Anafèrjhke epÐshc ìti h summetoq  tou Sg,µ dthn
epilog  gonèwn den eÐnai upoqrewtik  kai, gia to lìgo autì, sth sÔntomh parousÐash
pou akoloujeÐ ja jewr soume ìti

Sg+1,µ = Tµ(Sg,λ) (7.8)

H diadikasÐa epilog c gonèwn analamb�nei na d¸sei megalÔterec pijanìthtec
sta �toma tou Sg,λ me kalÔterh tim  antikeimenik c sun�rthshc na summet�sqoun
sth dhmiourgÐa apogìnwn. AntÐjeta, oi qeirìterec apì tic trèqousec lÔseic èqoun
mikrìterec pijanìthtec na summet�sqoun sto sÔnolo Sg+1,µ. 'Ara, h epilog  basÐze-
tai stic (sqetikèc, kurÐwc) timèc thc antikeimenik c sun�rthshc. Sth bibliografÐ-
a proteÐnontai sq mata ìpwc h analogik  epilog  (proportional selection), h
grammik  kat�taxh (linear ranking), h pijanotik  epilog  me diagwnis-
mì (probabilistic tournament selection), k.a.
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Sthn analogik  epilog , sto j�iostì apì ta λ �toma antistoiqeÐ pijanìthta Ðsh
me F (−→x j)/

∑λ
i=1 F (−→x i) (anaferìmaste se probl mata megistopoÐhshc). Oi goneÐc

epilègontai me th bo jeia miac genn triac tuqaÐwn arijm¸n, lamb�nontac upìyh tic
parap�nw pijanìthtec. 'Etsi, kalÔtera �toma èqoun megalÔterec pijanìthtec na
epilegoÔn. Parìla aut�, egkumoneÐ o kÐndunoc, h parousÐa miac sugkritik� kal c
lÔshc stic arqikèc genièc na odhg sei sthn prìwrh epikr�ths  thc kai �ra sthn
pagÐdeush se èna topikì akrìtato. Sth grammik  kat�taxh, ta λ �toma katat�ssontai
wc proc thn tim  thc antikeimenik c sun�rthshc kai epilègontai µ apì aut�, ìpou
ta kalÔtera emfanÐzontai me perissìtera antÐtupa sto Sg+1,µ en¸ apousi�zoun ta
qeirìtera. Sthn pijanotik  epilog  me diagwnismì, epilègontai tuqaÐa k �toma th
for�, summetèqoun se diagwnismì metaxÔ touc me b�sh thn tim  thc antikeimenik c
sun�rthshc kai epilègetai o kalÔteroc wc èna akìmh mèloc tou Sg+1,µ. Pollèc forèc,
o diagwnismìc apokt� kai stoiqeÐa stoqastikìthtac, epitrèpontac kai sto qeirìtero
diagwnizìmeno na epilegeÐ me mikr  pijanìthta.

7.1.3 Telestèc DiastaÔrwshc

Gia th duadik  kwdikopoÐhsh, h diastaÔrwsh sundu�zei dÔo tuqaÐa epilegmènouc
goneÐc gia na dhmiourg sei isìposouc apogìnouc. Sth bibliografÐa mporoÔme na
sunant soume kai diastaÔrwsh sthn opoÐa summetèqoun perissìteroi apì dÔo goneÐc.

Sth duadik  kwdikopoÐhsh, h legìmenh diastaÔrwsh aploÔ shmeÐou (single–
point croossover) arqik� epilègei tuqaÐa mia jèsh metaxÔ dÔo diadoqik¸n duadik¸n
yhfÐwn tou qrwmos¸matoc. Sth sunèqeia, epilègei tuqaÐa dÔo goneÐc apì th dexamen 
twn epilegèntwn gonèwn me qr sh twn telest¸n epilog c pou parousi�sjhkan sthn
prohgoÔmenh par�grafo. Touc dÔo autoÔc goneÐc diastaur¸nei, dhlad  enall�ssei
ta dÔo mèrh ekatèrwjen thc jèshc diastaÔrwshc, par�gontac ètsi dÔo apogìnouc.

Wc par�deigma, parousi�zetai h diataÔrwsh enìc shmeÐou gia dÔo epilegèntec
goneÐc, touc

10110001011001

00101101110101

ìpou èstw ìti ètuqe wc jèsh diastaÔrwshc to tèloc tou pèmptou duadikoÔ yhfÐou,
dhlad 

10110 | 001011001

00101 | 101110101

�ra, oi dÔo apìgonoi pou ja prokÔyoun apì th diastaÔrwsh eÐnai oi

10110101110101

00101001011001
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Sth bibliografÐa ja sunant soume poikilÐa sqhm�twn diastaÔrwshc. EÔkola, me
b�sh ta parap�nw, katanooÔme th diastaÔrwsh dÔo shmeÐwn (dÔo tuqaÐec jè-
seic diastaÔrwshc, o pr¸toc apìgonoc sqhmatÐzetai apì to pr¸to kai trÐto tm ma tou
pr¸tou gonèa kai to deÔtero tm ma tou deÔterou gonèa, kok)   th diastaÔrwsh enìc
shmeÐou an� metablht  (epilègetai tuqaÐa èna shmeÐo diastaÔrwshc an� metablht , h
upìloiph diadikasÐa eÐnai ìmoia). H perigraf  �llwn sqhm�twn diastaÔrwshc, ìpwc
eÐnai h diakrit  kai h omoiìmorfh diastaÔrwsh xefeÔgoun apì to plaÐsio
enìc genikoÔ maj matoc beltistopoÐhshc.

Tèloc, axÐzei na anaferjeÐ ìti, sto plaÐsio enìc stoqastikoÔ algorÐjmou, ìpwc
eÐnai o exeliktikìc algìrijmoc, h diastaÔrwsh pragmatopoieÐtai me pijanìthta Pr

(sun jwc, kont� sth mon�da, l.q. Pr = 0.90. O rìloc thc mh�monadiaÐac pijanìthtac
diastaÔrwshc eÐnai na epitrèpei me mikr  pijanìthta (Ðsh me 1 − Pr) th metafor�
analloÐwtwn qarakthristik¸n twn gonèwn stouc apogìnouc. EnergopoieÐtai, dhlad ,
kai aut  me mia genn tria tuqaÐwn arijm¸n: me pijanìthta Pr gÐnetai kanonik� h
diastaÔrwsh en¸ me pijanìthta 1− Pr oi apìgonoi tautÐzontai me touc goneÐc.

7.1.4 Telestèc Met�llaxhc

O telest c met�llaxhc efarmìzetai se k�je nèo apìgono pou proèkuye apì thn
efarmog  tou telest  diastaÔrwshc. H met�llaxh stoqeÔei sthn eisagwg  nèou
genetikoÔ ulikoÔ ston plhjusmì twn apogìnwn, me pijanìthta Pm (sun jwc polÔ
mikr , endeiktik� Pm = 0.01).

Sth duadik  kwdikopoÐhsh, h met�llaxh epitrèpei (me thn parap�nw mikr  pi-
janìthta) na antistrafeÐ to duadikì yhfÐo pou ja epilegeÐ (an  tan 0 na gÐnei 1
kai antistrìfwc). Praktik�, gia ìla ta duadik� yhfÐa k�je apogìnou pou pro lje
apì th diastaÔrwsh genn�tai ènac tuqaÐoc arijmìc (sto di�sthma [0, 1]) kai h met�l-
laxh gÐnetai mìno an o tuqaÐoc arijmìc eÐnai mikrìteroc tou Pm. Endeiktik�, an to
krit rio gia th met�llaxh energopoihjeÐ gia to èbdomo yhfÐo tou pr¸tou apì touc
dÔo apogìnouc pou sqhmatÐsjhkan sto par�deigma thc diastaÔrwshc, dhlad  tou

10110101110101

o metallagmènoc apìgonoc gÐnetai

10110111110101

7.1.5 To je¸rhma twn Sqhm�twn

To ìti oi exeliktikoÐ algìrijmoi leitourgoÔn kai upologÐzoun th bèltisth lÔsh den
èqei majhmatik  apìdeixh kai, gia to lìgo autì, qarakthrÐzontai wc euristikèc
(heuristic) mèjodoi. Parìla aut�, oi genetikoÐ algìrijmoi, pou apoteloÔn thn eu-
rÔtera diadedomènh parallag  twn exeliktik¸n algorÐjmwn (EA me basikì qarak-
thristikì ìti µ = λ kai me sugkekrimènouc telestèc exèlixhc) uposthrÐzontai apì mia
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sqetik� apl  jewrÐa, to je¸rhma twn sqhm�twn (schema theorem). H jewrÐa aut 
ofeÐletai sto Holland (1968), o opoÐoc eÐnai ousiastik� o jemeliwt c thc jewrÐac twn
genetik¸n algorÐjmwn. Parak�tw, ja parousiasjeÐ sunoptik�, afoÔ pr¸ta orisjeÐ
autì pou onom�zetai sq ma (schema).

Gia th duadik  kwdikopoÐhsh me thn opoÐa apokleistik� asqoloÔmaste ed¸ basikì
stoiqeÐo eÐnai to qrwmìswma   sustoiqÐa duadik¸n yhfÐwn (bits). Sth genik  tou
morf , autì gr�fetai

a1a2a3a4 · · · aM

ìpou M eÐnai to pl joc twn duadik¸n yhfÐwn. Me b�sh to duadikì alf�bhto pou
dièpei th duadik  kwdikopoÐhsh, k�je stoiqeÐo ai mporeÐ na eÐnai 0   1. Gia th jemelÐ-
wsh tou jewr matoc twn sqhm�twn, epitrèpoume sto stoiqeÐo ai na l�bei treic, antÐ
dÔo, timèc kai autèc eÐnai to 0 to 1 kai to ∗. O qarakt rac ∗ èqei thn ènnoia eleÔ-
jerou stoiqeÐou (don’t care or wild card symbol), dhlad  epitrèpetai na lamb�nei tic
timèc 0   1. H graf  enìc qrwmos¸matoc pou perilamb�nei kai eleÔjera stoiqeÐa ( 
asterÐskouc ∗) apoteleÐ èna sq ma S. Gia par�deigma, to sq ma

S = 011 ∗ 0 ∗ 1 (7.9)

me M = 7 duadik� yhfÐa antiproswpeÔei tèssera sugkekrimèna qrwmos¸mata, ta
0110001, 0110011, 0111001 kai 0111011.

BasikoÐ eÐnai kai h epìmenoi dÔo orismoÐ gia èna sq ma S. 'Etsi, onom�zoume
m koc orismoÔ (defining length, d(S)) tou sq matoc S thn apìstash, metroÔmenh
se jèseic duadik¸n yhfÐwn an�mesa sto pr¸to kai sto teleutaÐo duadikì yhfÐo pou
den eÐnai eleÔjero (eÐnai, dhlad , 0   1). Sto sq ma 7.9, to aristerìtero tètoio yhfÐo
eÐnai to up' arijmìn 1, to teleutaÐo eÐnai to up' arijmìn 7, �ra

d(S) = 7− 1 = 6

AntÐstoiqa, an H = ∗10 ∗ 1, tìte d(S) = 5− 2 = 3.
EpÐshc, onom�zoume t�xh (order, o(S)) tou sq matoc S to pl joc twn stajer¸n

(ìqi ∗, dhlad ) qarakt rwn tou. Sto sq ma 7.9, up�rqoun 5 jèseic me 0   1, �ra
o(S) = 5.

EÔkola katalabaÐnoume giatÐ èna sq ma S me M duadik� yhfÐa mporeÐ na an kei
se 2M sq mata. AntÐstoiqa, an èna sq ma èqei r asterÐskouc, autì antiproswpeÔei
2r diaforetik� qrwmos¸mata.

EÐnai endiafèron na katano soume to lìgo gia ton opoÐo orÐsjhkan oi dÔo teleu-
taÐec posìthtac. To m koc orismoÔ d(S) enìc sq matoc kajorÐzei thn pijanìthta
epibÐwshc tou sq matoc S kat� th diastaÔrwsh. H t�xh o(S) kajorÐzei thn pijanìth-
ta epibÐwshc tou sq matoc S kat� th met�llaxh. Exhg seic (an ìqi apodeÐxeic) gia
ta parap�nw akoloujoÔn, pou aforoÔn diadoqik� th f�sh epilog c gonèwn, th f�sh
thc diastaÔrwshc kai aut  thc met�llaxhc.
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(a) 'Estw ìti sth f�sh epilog c gonèwn, sth geni� g, to sq ma S emfanÐzetai
se mg antÐgrafa. Ac eÐnai Fmean,g h mèsh tim  thc antikeimenik c sun�rthshc
olìklhrou tou plhjusmoÔ thc geni�c (anaferìmaste se prìblhma megistopoÐhsh-
c, �ra prìkeitai gia th mèsh tim  katallhlìthtac) kai ac eÐnai F (S) h mèsh
tim  katallhlìthtac twn qrwmoswm�twn tou plhjusmoÔ pou antistoiqoÔn sto
sq ma S. Tìte, mia ektÐmhsh tou pl jouc qrwmoswm�twn pou anamènetai na
antistoiqoÔn sto sq ma S, sthn epìmenh geni� g + 1, eÐnai h

mg+1 = mg
F (S)

Fmean,g

(7.10)

EÐnai emfanèc ìti prìkeitai gia mia grammik  ektÐmhsh. H exÐswsh 7.10 onom�ze-
tai exÐswsh anaparagwg c sq matoc (reproductive schema growth equation).
Apì thn exÐswsh 7.10 gÐnetai fanerì ìti, an F (S) > Fmean,g tìte anamènetai
mg+1 > mg en¸ an F (S) < Fmean,g h parousÐa tou sq matoc S sthn epìmen-
h geni� ja eÐnai fjÐnousa (mg+1 < mg). Me thn polÔ aploðk , all� bolik 

paradoq  ìti h par�metroc 1 + k = F (S)
Fmean,g

paramènei stajer  apì geni� se
geni�, diatup¸noume ìti metaxÔ dÔo diadoqik¸n geni¸n isqÔei h sqèsh

mg+1 = mg(1 + k) (7.11)

 , sqetik� me thn parousÐa m0 tou sq matoc sthn arqik  geni�, ìti

mg+1 = m0(1 + k)(g+1) (7.12)

H exÐswsh 7.12 ekfr�zei se b�joc qrìnou th makroprìjesmh epÐdrash tou
telest  epilog c gonèwn sthn Ôparxh kai exèlixh enìc sq matoc apì geni� se
geni�.

(b) H melèth thc epÐdrashc thc diastaÔrwshc sthn Ôparxh kai exèlixh tou sq matoc
S apì geni� se geni�, sqetÐzetai me to m koc orismoÔ d(S) autoÔ. H ex ghsh,
upì paradoqèc, eÐnai apl : An to pl joc duadik¸n yhfÐwn enìc qrwmos¸matoc
eÐnai M , tìte h diastaÔrwsh enìc shmeÐou mporeÐ na leitourg sei me M − 1
diaforetikoÔc trìpouc, dhlad  up�rqoun M − 1 pijanèc tomèc. H epibÐwsh tou
sq matoc exart�tai apì thn apìstash tou pr¸tou kai teleutaÐou stajeroÔ tou
yhfÐou, posìthta pou onom�sthke  dh m koc orismoÔ d(S). 'Etsi, up�rqoun
d(S) apì tic M − 1 pijanèc diastaur¸seic oi opoÐec ja katastrèyoun to sq -
ma. 'Ara, an deqjoÔme epiplèon ìti h diastaÔrwsh gÐnetai me pijanìthta Pr, h
pijanìthta epibÐwshc tou sq matoc sthn epìmenh geni� eÐnai Ðsh me

Psurvive,S = 1− Pr
d(S)

M − 1
(7.13)

Sundu�zontac tic sqèseic 7.10 kai 7.13, h exÐswsh anaparagwg c tou sq matoc
met� tic f�seic epilog c gonèwn kai diastaÔrwshc gr�fetai
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mg+1 = mg
F (S)

Fmean,g

(1− Pr
d(S)

M − 1
) (7.14)

(g) H melèth thc epÐdrashc thc met�llaxhc (pou gÐnetai me pijanìthta Pm) sthn
Ôparxh kai exèlixh tou sq matoc S apì geni� se geni�, sqetÐzetai me thn t�xh
o(S) autoÔ. Kai aut  h ex ghsh, upì paradoqèc, eÐnai apl : O kÐndunoc na
katastrafeÐ to qrwmìswma up�rqei an h met�llaxh tÔqei na sumbeÐ se stajerì
tou yhfÐo. Ta stajer� yhfÐa eÐnai Ðsa me o(S). 'Etsi, h pijanìthta epibÐwshc
tou S met� th met�llaxh (logizìmenh wc h monadik  tèlesh) eÐnai

Psurvive,S = (1− Pm)o(S) ≈ 1− Pmo(S) (7.15)

Sundu�zontac tic sqèseic 7.10, 7.13 kai 7.15, h exÐswsh anaparagwg c tou sq -
matoc met� tic f�seic epilog c gonèwn, diastaÔrwshc kai met�llaxhc gr�fetai

mg+1 = mg
F (S)

Fmean,g

(1− Pr
d(S)

M − 1
− o(S)Pm) (7.16)

Ta sumper�smata apì th sqèsh 7.16 eÐnai �mesa: sq mata me mikrì m koc orismoÔ
kai me qamhl  t�xh pou h mèsh tim  katallhlìtht�c tou uperbaÐnei to mèso ìro thc
geni�c èqoun megalÔterec pijanìthtec na aux soun thn parousÐa touc sthn epìmenh
geni�. To Ðdio sumpèrasma, diatupwmèno diaforetik�, katal gei sto ìti oi genetikoÐ
algìrijmoi aniqneÔoun to q¸ro twn pijan¸n lÔsewn mèsw sqhm�twn ta opoÐa èqoun
mikrì m koc orismoÔ kai qamhl  t�xh (building block hypothesis).

7.2 ExeliktikoÐ Algìrijmoi se Probl mata Pol-
l¸n Stìqwn

Oi EA apoteloÔn idiaÐtera qr simo ergaleÐo gia thn epÐlush problhm�twn elaqistopoÐhsh-
c me perissìterouc apì èna stìqouc. Sth sunèqeia, ja parajèsoume th basik  arq 
me b�sh thn opoÐa mporeÐ eÔkola na metasqhmatisjeÐ up�rqwn EA pou leitourgeÐ me
èna stìqo (minF (−→x ), F : ℜN → ℜ), ¸ste na epilÔei probl mata thc morf c

min
−→
F (−→x ) ,

−→
F : ℜN → ℜM (7.17)

ìpouM ac eÐnai to pl joc twn stìqwn. GnwrÐzoume plèon ìti to gegonìc ìti h diatÔp-
wsh gÐnetai gia probl mata elaqistopoÐhshc den eÐnai perioristikì kai ameloÔme proc
to parìn probl mata pou dièpontai apì periorismoÔc. Touc teleutaÐouc, mporoÔme na
touc ent�xoume sth diadikasÐa beltistopoÐhshc me trìpo pou parousi�sjhke se �llh
enìthta.

H basik  idèa me thn opoÐa prosarmìzetai ènac EA enìc stìqou ¸ste na epilÔei
probl mataM stìqwn eÐnai h ènnoia thc kuriarqÐac kat� Pareto kai h sunaf c ènnoia
tou mètwpou Pareto. SqetikoÐ orismoÐ up�rqoun sto kef�laio 1.
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Gia to prìblhma elaqistopoÐhshc thc sqèshc 7.17, upenjumÐzoume touc orismoÔc
2.10, 2.11 kai 2.12. Gia lìgouc plhrìthtac, epanalamb�noume kai ed¸ ìti ìti to
di�nusma −→x (i) (o p�nw deÐkthc se parènjesh prosdiorÐzei mia lÔsh, ac gÐnei prosek-
tik  di�krish apì ton p�nw deÐkth, sun jwc n all� qwrÐc parènjesh, pou apoteleÐ
to metrht  twn epanal yewn) kuriarqeÐ tou −→x (j), sumbolik�

−→x (i) ≺ −→x (j) (7.18)

ìtan isqÔei Fm(−→x (i)) ≤ Fm(−→x (j)) gia ìlouc touc stìqouc (m = 1, · · · ,M) kai, sug-
qrìnwc, up�rqei ènac toul�qiston stìqoc apì autoÔc (èstw o k) gia ton opoÐo h
teleutaÐa sqèsh isqÔei wc anisìthta mìno (Fm(−→x (i)) < Fm(−→x (j))). Ta ìsa apeikonÐ-
zontai sto sq ma 7.6 epexhgoÔn sqhmatik� thn ènnoia thc kuriarqÐac. Basikì eÐnai na
katanohjeÐ ìti h kuriarqÐa gÐnetai eukolìtera antilhpt  sto q¸ro twn antikeimenik¸n
sunart sewn, dhlad  to q¸ro twn stìqwn. Me b�sh thn ènnoia thc kuriarqÐac, se
èna sÔnolo diajèsimwn lÔsewn enìc probl matoc, mporoÔme na orÐsoume wc mètwpo
Pareto   mètwpo twn kat� Pareto bèltistwn lÔsewn (optimal Pareto front
 , apl�, Pareto front) to uposÔnolo twn lÔsewn ekeÐnwn stic opoÐec den kuriarqeÐ
kammi� �llh.

F 1

F2

(p)

Sq ma 7.6: Par�deigma kuriarqÐac lÔsewn se ènan plhjusmì exeliktikoÔ algorÐjmou.
JewreÐtai prìblhma dÔo stìqwn (M = 2) en¸ to di�gramma sqedi�zetai sto q¸ro
twn antikeimenik¸n sunart sewn (dhlad , to epÐpedo twn stìqwn). H lÔsh pou
shmei¸netai me p kuriarqeÐ twn lÔsewn pou perikleÐontai sth diagrammismènh orj 
gwnÐa, me koruf  to shmeÐo p.

DÔo mèlh tou met¸pou Pareto eÐnai adÔnato na sugkrijoÔn metaxÔ touc. Se
èna prìblhma dÔo stìqwn, genik� anamènetai mia lÔsh na upertereÐ wc proc ton èna
stìqo kai na ustereÐ wc proc ton �llo, sugkritik� me thn �llh pou sumperifèretai
antistrìfwc. Gia autì to lìgo, mia oikogèneia mejìdwn beltistopoÐhshc h opoÐa èqei
arqÐsei na brÐskei meg�lh efarmog  (kai m�lista se probl mata beltistopoÐhshc sthn
aerodunamik ) eÐnai autèc pou sthrÐzontai sthn idèa tou mètwpou Pareto. Oi mèjodoi
autèc den upologÐzoun telik� mia lÔsh all� upologÐzoun èna sÔnolo lÔsewn pou
sqhmatÐzoun èna mètwpo Pareto. Epeid , sÔmfwna me ton orismì pou prohg jhke,
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ìlec autèc oi lÔseic den kuriarqoÔntai apì kammi� �llh �gnwst � lÔsh, oi lÔseic
tou mètwpou Pareto onom�zontai kai mh�kuriarqoÔmenec lÔseic (nondominated
solutions).

Se probl mata aerodunamik c   strobilomhqan¸n, o upologismìc tou mètwpou
Pareto lÔnei men to prìblhma, prokaleÐ ìmwc kai to ènausma gia thn epìmenh f�sh
ìpou prèpei na epilegeÐ mia apì tic pollèc lÔseic tou met¸pou. Aut  h apìfash gÐne-
tai ek twn ustèrwn, apofasÐzontac th sqetik  barÔthta twn stìqwn. Shmei¸ste, ìti
diajètoume tic lÔseic Pareto ìtan lamb�netai apìfash gia thn ier�rqhsh twn stì-
qwn kai gÐnetai h sqetik  epilog , se antÐjesh me thn perÐptwsh ìpou èna prìblhma
poll¸n stìqwn lÔnetai wc prìblhma enìc stìqou me antikeimenik  sun�rthsh th

Ftotal =
M∑

m=1

wmFm (7.19)

ìpou h ier�rqhsh twn stìqwn prohgeÐtai, afoÔ aut  kajorÐzei thn tim  twn sunte-
lest¸n barÔthtac wm.

Oi perissìterec apì tic sÔgqronec parallagèc twn EA pou antimetwpÐzoun prob-
l mata poll¸n stìqwn me th logik  tou mètwpou Pareto sthrÐzontai sth diatÔpwsh
twn EA pou qrhsimopoieÐtai gia èna stìqo, all� orÐzoun kai qrhsimopoioÔn kat�llhlh
antikeimenik  sun�rthsh basismènh sthn ènnoia thc kuriarqÐac metaxÔ twn lÔsewn.
Up�rqoun pollèc ekfr�seic gia thn antikeimenik  sun�rthsh h opoÐa odhgeÐ ton EA
ston upologismì enìc mètwpou bèltistwn lÔsewn kat� Pareto (se antÐjesh me th
sqèsh 7.19 h opoÐa upologÐzei mia mìno bèltisth lÔsh, exart¸menh ìmwc apì tic
epilogèc twn suntelest¸n wm pou prohg jhke).

Gia na gnwrÐsoume tic mejìdouc sugkrìthshc eniaÐac antikeimenik c sun�rthshc,
prèpei pr¸ta na katagr�youme tic apait seic mac apì èna mètwpo Pareto. DiakrÐ-
nontac to pragmatikì mètwpo Pareto tou probl matìc mac apì to mètwpo Pareto
pou ja upologÐsei h mèjodoc beltistopoÐhshc, oi apait seic mac eÐnai: (a) to upolo-
gizìmeno mètwpo na eÐnai ìso to dunatìn plhsièstera sto pragmatikì kai (b) me to
peperasmèno pl joc lÔsewn pou profan¸c ja perièqei, na kalÔptei to mègisto eÔroc
tou pragmatikoÔ met¸pou me ikan  parousÐash shmeÐwn�lÔsewn se k�je tm ma tou.
H teleutaÐa apaÐthsh ja mporoÔse na antistoiqeÐ se isokatanom  twn shmeÐwn sto
mètwpo Pareto, me thn epifÔlaxh ìmwc ìti h apeikìnish gÐnetai sto q¸ro twn stìqwn
ìpou gÐnetai kai h mètrhsh thc apìstashc dÔo shmeÐwn.

Skopìc twn shmei¸sewn aut¸n den eÐnai na esti�sei se k�poia apì tic pollèc (an-
tagwnistikèc) mejìdouc upologismoÔ thc eniaÐac tim c thc antikeimenik c sun�rthshc
se probl mata poll¸n stìqwn. Apl�, se suntomÐa, ja prospaj soume na d¸soume
idèec gia to pwc autì mporeÐ na ulopoihjeÐ. Gia par�deigma, bl. sq ma 7.7, è-
nac trìpoc bajmolìghshc (prìsdoshc tim c kìstouc, an prìkeitai gia prìblhma e-
laqistopoÐhshc) sta mèlh miac geni�c tou EA ja mporoÔse na eÐnai o ex c: gia k�je
mèloc tou met¸pou Pareto (sumbolik� FPareto member) h tim  kìstouc eÐnai an�logh
tou arijmoÔ kdominated twn lÔsewn thc trèqousac geni�c sta opoÐa kuriarqeÐ h upìyh
lÔsh. Epomènwc, oi akraÐec lÔseic tou mètwpou Pareto primodotoÔntai (touc anatÐ-
jetai mikrìterh tim  kìstouc) afoÔ kuriarqoÔn se mikrìtero arijmì �llwn lÔsewn.
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AntÐjeta, lÔseic pou brÐskontai sto kèntro tou mètwpou èqoun megalÔterh tim  kìs-
touc. Me ton trìpo autì, enisqÔetai h t�sh na exaplwjeÐ perissìtero to mètwpo.
Endeiktik�, dÐnetai mia sqèsh pou dÐnei adi�stath tim , sto di�sthma (0, 1), sthn eniaÐa
antikeimenik  sun�rthsh enìc mèlouc tou mètwpou Pareto

FPareto member =
kdominated

λ+ µ+ 1
(7.20)

H tim  FPareto member fèretai kai wc isqÔc (strength) k�je bèltisthc kat� Pareto
lÔshc.

F
1

F
2

Sq ma 7.7: 'Enac trìpoc na dojeÐ tim  sthn eniaÐa antikeimenik  sun�rthsh (tim 
kìstouc gia to prìblhma elaqistopoÐhshc) enìc mèlouc tou mètwpou Pareto, se mi�
geni� tou EA, eÐnai an�logh tou arijmoÔ twn lÔsewn thc trèqousac geni�c sta opoÐa
kuriarqeÐ h lÔsh aut . Sth lÔsh l.q. pou shmei¸netai sto sq ma me orj  gwnÐa, h
eniaÐa tim  kìstouc ja  tan an�logh tou 13.

'Eqontac orÐsei tim  thc posìthtac FPareto member gia k�je mèloc tou mètwpou
Pareto, sta k�je �llo mèloc thc geni�c, h eniaÐa tim  kìstouc eÐnai an�logh tou a-
jroÐsmatoc twn tim¸n FPareto member ìlwn twn lÔsewn Pareto (sÔnolo C) pou kuriar-
qoÔn se autì. Me skopì k�je lÔsh Pareto na eÐnai p�nta kalÔterh (na èqei mikrìterh
tim  kìstouc) apì k�je �llh lÔsh pou den an kei sto mètwpo Pareto, prostÐjetai
kai mia stajer  posìthta, sun jwc h mon�da (to giatÐ faÐnetai apì th sqèsh 7.20).
'Etsi, h eniaÐa tim  kìstouc FnonP areto member ja eÐnai

FnonP areto member = 1 +
∑
i∈C

FPareto member,i (7.21)

H perÐptwsh apeikonÐzetai sto sq ma 7.8.
Exet�zontac ton trìpo pou upologÐsjhke mèqri t¸ra h eniaÐa tim  kìstouc stic

lÔseic miac geni�c tou EA, gÐnetai emfan c h di�jesh na dojeÐ proteraiìthta stic
akraÐec lÔshc ¸ste na apotrapeÐ h surrÐknwsh tou met¸pou. Sun jwc autì den
eparkeÐ kai h tim  kìstouc pou mèqri t¸ra upologÐsjhke diorj¸netai se trìpo ¸ste
oi sunwstismènec lÔseic na timwroÔntai (na qeirotereÔei h tim  kìstouc). 'Etsi,
primodotoÔntai oi apomakrusmènec lÔseic apì tic �llec kai enisqÔetai h t�sh tou
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F
1

F
2

Sq ma 7.8: 'Enac trìpoc na dojeÐ tim  sthn eniaÐa antikeimenik  sun�rthsh se mia
lÔsh pou den an kei sto mètwpo Pareto, se mi� geni� tou EA, eÐnai ajroÐzontac tic
timèc kìstouc twn lÔsewn Pareto pou kuriarqoÔn se aut .

EA na aniqneÔei �llec perioqèc sto q¸ro twn lÔsewn. Endeiktik�, parousi�zetai to
sq ma 7.9.

F2

F1

ó share

d(i,j)
i

j

Sq ma 7.9: DiadikasÐa diìrjwshc thc tim c kìstouc twn lÔsewn Pareto me krit rio th
metaxÔ touc apìstash. H tim  kìstouc twn kontin¸n mel¸n tou Pareto qeirotereÔei
teqnht�, kai h epaÔxhsh aut  exart�tai apì thn apìstash d.
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Kef�laio 8

Upologismìc Parag¸gwn
Antikeimenik c Sun�rthshc - H
Suzug c Mèjodoc

Mèqri t¸ra, parousi�sjhkan oi perissìtero gnwstèc kai eurÔtera qrhsimopoioÔmenec
mèjodoi beltistopoÐhshc. Wc proc tic monokrithriakèc mejìdouc beltistopoÐhshc,
gnwrÐsame mejìdouc oi opoÐec proôpojètoun th diajesimìthta enìc trìpou upolo-
gismoÔ thc klÐshc thc antikeimenik c sun�rthshc  , endeqomènwc, kai trìpou upol-
ogismoÔ tou mhtr¸ou Hess. Me �lla lìgia, oi mèjodoi autèc apaitoÔn upost rixh
apì mia mèjodo ikan  na upologÐsei pr¸tec (suqn� kai deÔterec) parag¸gouc thc an-
tikeimenik c sun�rthshc. O qarakthrismìc touc wc mèjodoi basismènec sthn
klÐsh (gradient–based optimization methods) ekfr�zei autì akrib¸c. Apì thn �llh
pleur�, parousi�sjhkan antagwnistikèc mèjodoi oi opoÐec den apaitoÔn opoiad pote
�llh plhroforÐa pèran thc tim c thc antikeimenik c sun�rthshc se k�je (endi�mesh)
upoy fia lÔsh. Sugqrìnwc, tonÐsjhkan ta sugkritik� pleonekt mata kai meionekt -
mata twn parap�nw mejìdwn. Tèloc, f�nhke h dièxodoc tou mhqanikoÔ, opoted pote
adunateÐ na upologÐsei k�poia plhroforÐa me akrÐbeia, na thn upokajist� me mon-
tèla mikrìterhc akrÐbeiac   diadikasÐec parembol c pou qrhsimopoioÔn up�rqousec
parìmoiec plhroforÐec.

EÐnai sÐgouro ìti ìla ta prohgoÔmena ja apoteloÔsan didaktèa Ôlh se opoiod -
pote m�jhma beltistopoÐhshc, �sqeta me thn episthmonik  perioq  efarmog c thc
(aerodunamik , kataskeuèc, dioÐkhsh epiqeir sewn, klp). OÔtwc   �llwc, oi basikèc
-klasikèc mèjodoi beltistopoÐhshc eÐnai oi Ðdiec se opoiad pote epist mh. Kat� thn
enasqìlhsh me jèmata beltistopoÐhshc sthn aerodunamik , h idiaiterìthta ègkeitai
sth qr sh kwdÐkwn URD gia thn axiolìghsh upoyhfÐwn lÔsewn kai ton upologismì
sunaf¸n me ta pedÐa ro c plhrofori¸n (ìpwc l.q. thc klÐshc thc antikeimenik c
sun�rthshc, sqetik� ja anaferjoÔme stic legìmenec suzugeÐc mejìdouc, oi opoÐec
apoteloÔn to antikeÐmeno tou parìntoc kefalaÐou).

'Etsi, sto kef�laio autì, ja periorisjoÔme se probl mata beltistopoÐhshc
sthn aerodunamik  kai sugkekrimèna ja asqolhjoÔme me tic legìmenec suzugeÐc
mejìdouc beltistopoÐhshc kai antÐstrofou sqediasmoÔ aerodunamik¸n
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morf¸n (adjoint shape optimization and inverse design methods).
O parap�nw tÐtloc eÐnai plèon dìkimoc sthn perioq  thc aerodunamik c, an kai

ètsi ìpwc sun jwc qrhsimopoieÐtai, moi�zei na sumperilamb�nei perissìtera apì ìsa
kalÔptei h majhmatik  ènnoia thc suzugÐac. Ac tonÐsoume, apì thn arq  tou ke-
falaÐou, ìti oi suzugeÐc diatup¸seic eÐnai majhmatik��upologistik�
ergaleÐa upologismoÔ thc klÐshc miac (antikeimenik c) sun�rthsh-
c, exasfalÐzontac tautìqrona thn ikanopoÐhsh twn basik¸n ex-
is¸sewn tou probl matoc (ed¸ exis¸seic ro c, exis¸seic Euler  
Navier–Stokes). O ìroc kai oi sqetikèc diatup¸seic prwtoxekÐnhsan apì th jewrÐa
elègqou. Sta majhmatik�, sunaf c �Ôlh� eÐnai aut  twn pollaplasiast¸n Lagrange.
Epeid , se mia mèjodo beltistopoÐhshc, h klÐsh thc antikeimenik c sun�rthshc qrhsi-
mopoieÐtai sun jwc gia na thn odhg sei (l.q. me th mèjodo thc apìtomhc kajìdou)
sth lÔsh pou exasfalÐzei el�qisth tim  aut c, pollèc forèc ìtan anaferìmaste
se suzugeÐc mejìdouc sthn aerodunamik  ennooÔme, pèran thc diadikasÐac upologis-
moÔ thc klÐshc thc antikeimenik c sun�rthshc, kai th diadikasÐa elaqistopoÐhshc
thc teleutaÐac, dhlad  to sÔnolo tou probl matoc beltistopoÐhshc   antÐstrofou
sqediasmoÔ.

8.1 Eisagwg �Sqìlia

Me b�sh tic prohgoÔmenec dieukrin seic, otid pote akoloujeÐ èqei skopì thn u-
lopoÐhsh aitiokratik¸n mejìdwn beltistopoÐhshc basismènwn sthn k-
lÐsh thc antikeimenik c sun�rthshc (gradient–based optimization methods)
kai apaitoÔn ton upologismì parag¸gwn thc antikeimenik c sun�rthshc. PedÐo efar-
mog c ja eÐnai probl mata beltistopoÐhshc kai antÐstrofou sqediasmoÔ sthn aero-
dunamik , exwterik    eswterik  (sumperilambanomènwn efarmog¸n strobilomhqan¸n).

Wc tupikì par�deigma anafèretai to prìblhma sqediasmoÔ miac aerotom c. To
an ja eÐnai memonwmènh aerotom    aerotom  pterugÐou sumpiest    strobÐlou eÐ-
nai, epÐ tou parìntoc, deutereÔousac shmasÐac kai sqetÐzetai mìno me to stìqo thc
beltistopoÐhshc kai to logismikì URD pou uposthrÐzei th mèjodo. Ja anaferì-
maste se prìblhma antÐstrofou sqediasmoÔ (l.q. anaz thsh thc morf c aerotom c
pou sto perÐgramm� thc na dÐnei prokajorismènh katanom  pÐeshc, taqÔthtac klp)  
anaz thshc thc aerotom c me bèltisth �nwsh, el�qisth opisjèlkousa,   sundiasmì
touc gia dedomènec sunj kec ro c. Ja tonÐsoume ex arq c ìti, se antÐjesh me oris-
mènec �llec mejìdouc (ìpwc oi exeliktikoÐ algìrijmoi), opoiad pote allag  stìqou�
antikeimenik c sun�rthshc apaiteÐ p�nta majhmatik  epanadiatÔpwsh thc mejìdou
kai, asfal¸c, merikì epanaprogrammatismì se epÐpedo logismikoÔ. Akìma �qeirìter-
a�, h majhmatik  diatÔpwsh deÐqnei ìti den eÐnai efiktoÐ ìloi oi stìqoi, dhlad  me tic
suzugeÐc mejìdouc den eÐnai dunatì na epilujeÐ ek prooimÐou opoiod pote prìblhma
beltistopoÐhshc   antÐstrofou sqediasmoÔ.

Sugkritik� me tic �llec mejìdouc beltistopoÐhshc, stic suzugeÐc mejìdouc h
parametropoÐhsh thc morf c thc aerotom c eÐnai perissìtero shmantik , afoÔ aut 
ektìc tou na kajorÐzei thn euelixÐa wc proc ta gewmetrik� sq mata pou mporoÔn
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Sq ma 8.1: Endeiktik  parametropoÐhsh memonwmènhc aerotom c me dÔo polu¸nu-
ma Bézier–Bernstein. Gia k�je pleur� thc aerotom c qrhsimopoieÐtai diaforetikì
polu¸numo Bézier–Bernstein, me ta dik� tou shmeÐa elègqou. Sto p�nw sq ma faÐ-
nontai ta 10 shmeÐa elègqou thc pleur�c upopÐeshc (maÔroi kÔkloi) kai ta 10 shmeÐa
elègqou thc pleur�c upopÐeshc (maÔra trÐgwna). H isìthta sto pl joc touc apoteleÐ
epilog  tou sqediast  kai den eÐnai upoqrewtik . H morf  thc paragìmenhc aero-
tom c faÐnetai kai sto p�nw kai sto k�tw sq ma. H diafor� eÐnai ìti, sto k�tw
sq ma, faÐnontai kai oi kìmboi (ed¸ 31 an� pleur�) pou perigr�foun to perÐgramma
thc aerotom c. 'Eqoun paraqjeÐ apì thn Ðdia katanom  thc paramètrou t, h opoÐa
 tan, apl�, isokatanemhmènh sto di�sthma [0, 1]. Parathr ste ìti ta kombik� shmeÐa
tou perigr�mmatoc den isapèqoun (oÔte kat� m koc tìxou, oÔte kat� x) èstw kai
an isapèqoun wc proc t. 'Opwc eÐnai gnwstì apì th sqetik  jewrÐa, h metaxÔ touc
apìstash �rujmÐzetai� (kai) apì tic jèseic twn shmeÐwn elègqou.

na prokÔyoun (autì isqÔei kai gia opoiad pote �llh mèjodo), emplèketai ousiastik�
sth majhmatik  diatÔpwsh.

QwrÐc na eÐnai desmeutikì, gia tic an�gkec tou kefalaÐou, ja upojèsoume ìti
oi dÔo pleurèc miac aerotom c parametropoioÔntai me polu¸numa Bézier–Bernstein
(sq ma 8.1). K�je tètoio polu¸numo antistoiqeÐ se kampÔlh h opoÐa xekin� apì thn
akm  prosbol c kai katal gei sthn akm  ekfug c. Oi bajmoÐ eleujerÐac   metablhtèc

sqediasmoÔ, dhlad  oi sunist¸sec tou dianÔsmatoc
−→
b ∈ ℜN , ja eÐnai oi suntetag-

mènec twn shmeÐwn elègqou Bézier–Bernstein. To
−→
b sunoyÐzei bajmoÔc eleujerÐac

kai gia tic dÔo pleurèc thc aerotom c, dhlad  gia to sÔnolo tou probl matoc. Se
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sqèsh me ta prohgoÔmena kef�laia, epishmaÐnetai h allag  sumbìlou twn metablht¸n

sqediasmoÔ apì −→x se
−→
b , afoÔ to sÔmbolo x desmeÔetai tupik� gia thn kartesian 

suntetagmènh.
Me th qr sh thc suzugoÔc mejìdou, gia opoiad pote antikeimenik  sun�rthsh

F pou kajorÐzei to prìblhma beltistopoÐhshc kai gia thn trèqousa lÔsh�morf 

pou monos manta kajorÐzei to di�nusma tim¸n
−→
b n (o deÐkthc sumbolÐzei th n�iost 

epan�lhyh enìc epanalhptikoÔ algorÐjmou), prèpei na upologisjoÔn oi merikèc par�g-
wgoi

∂F

∂
−→
b

(
−→
b n) = (

∂F

∂b1
,
∂F

∂b2
, . . .

∂F

∂bN
) (8.1)

upì thn proôpìjesh ìti ikanopoioÔntai tautìqrona kai oi exis¸seic Euler   Navier–
Stokes.

O trìpoc upologismoÔ twn parag¸gwn eÐnai jèma twn epìmenwn enot twn tou ke-
falaÐou autoÔ kai parousi�zetai gia sugkekrimènec morfèc antikeimenik c sun�rthsh-
c. Sto plaÐsio miac pr¸thc gnwrimÐac, ja asqolhjoÔme me monodi�stata kai didi�stata
probl mata (ta opoÐa èqoun mia polÔ endiafèrousa diafor� sth majhmatik  diatÔpw-
sh) kai mìno me atribeÐc roèc sumpiestoÔ reustoÔ (exis¸seic Euler). Sumplhrwmatik�,
prìkeitai na upodeiqjeÐ o trìpoc ergasÐac gia thn perÐptwsh pou h ro  dièpetai apì
tic exis¸seic Navier–Stokes. Epigrammatik�, gia to sunektikì reustì, oi diaforèc en-
topÐzontai kurÐwc stic oriakèc sunj kec kai sthn Ôparxh ìrwn di�qushc (parag¸gwn
deÔterhc t�xhc) stic exis¸seic ro c.

Prin parousiasjoÔn ta basik� stoiqeÐa thc mejìdou, èna basikì sqìlio afor�
sto upologistikì kìstoc. Parak�tw ja anaferìmaste sto kìstoc upologismoÔ twn
parag¸gwn 8.1 mia for� (gia mia upoy fia lÔsh) kai ìqi sto kìstoc epÐlushc tou
probl matoc beltistopoÐhshc. To teleutaÐo exart�tai apì th mèjodo beltistopoÐhsh-
c pou ja qrhsimopoihjeÐ kai thn poluplokìthta tou probl matoc, pou mazÐ ja ka-
jorÐsoun pìsec endi�mesec aerodunamikèc morfèc ja qreiasjoÔn axiolìghsh (upolo-
gismì tim c antikeimenik c sun�rthshc) kai upologismì twn klÐsewn thc antikeimenik -
c sun�rthshc.

8.1.1 PerÐ UpologistikoÔ Kìstouc

Ja faneÐ sthn enìthta 8.3 pou akoloujeÐ ìti, qrhsimopoi¸ntac th suzug  mèjodo, to
kìstoc upologismoÔ twn parag¸gwn thc antikeimenik c sun�rthshc wc proc tic N
metablhtèc sqediasmoÔ eÐnai perÐpou Ðso me to kìstoc gia thn epÐlush twn exis¸sewn
ro c. Sthn pragmatikìthta eÐnai sun jwc lÐgo mikrìtero, all� aut  th stigm  mac
endiafèrei na katagrafoÔn t�xeic megèjouc. IdiaÐtera shmantikì eÐnai ìti to kìstoc
eÐnai anex�rthto tou pl jouc N . Prìkeitai gia shmantikìtato pleonèkthma
thc suzugoÔc mejìdou, se sqèsh l.q. me touc exeliktikoÔc algorÐjmouc, ìpou h
aÔxhsh tou pl jouc N aux�nei kat� polÔ to upologistikì kìstoc. To pleonèkthma
autì exisorropeÐ to meionèkthma twn suzug¸n mejìdwn na apaitoÔn epanadiatÔpwsh
twn exis¸sewn kai twn oriak¸n sunjhk¸n touc all� kai merikì epanaprogrammatismì

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



8.1. Eisagwg �Sqìlia 143

tou logismikoÔ k�je for� pou all�zei h antikeimenik  sun�rthsh (k�ti pou den up�r-
qei stouc exeliktikoÔc algorÐjmouc, ìpou to logismikì axiolìghshc qrhsimopoieÐtai
apl� sth logik  �maÔrou koutioÔ�, qwrÐc �llec paremb�seic).

Ta sqìlia thc prohgoÔmenhc paragr�fou èqoun meg�lh praktik  shmasÐa sto
mhqanikì pou emplèketai gia pr¸th for� se jèmata beltistopoÐhshc sthn aero-
dunamik . EÐnai pijanì autìc na klhjeÐ na epilèxei se poia apì tic dÔo kathgorÐec
(mejìdouc basismènec sthn klÐsh thc antikeimenik c sun�rthshc, dhlad  suzugeÐc
mejìdouc sthn perÐptwsh mac,   stoqastikèc mejìdouc) prèpei na �ependÔsei�. To
er¸thma den eÐnai rhtorikì, eÐnai ousiastikì kai enswmat¸nei arket  dhmosieumènh
ereunhtik  prosp�jeia ¸ste na deiqjeÐ to poia apì tic dÔo mejìdouc upertereÐ.

H ap�nthsh sto parap�nw dÐlhmma den mporeÐ na eÐnai monolektik . Ta epìmena
sqìlia dÐnoun èna plaÐsio sÔgkrishc, lamb�nontac wc dedomèno ìti to logismikì ax-
iolìghshc twn upoyhfÐwn lÔsewn, dhlad  o epilÔthc ro c, eÐnai diajèsimoc kai stic
dÔo peript¸seic.

Epilègontac tic suzugeÐc mejìdouc, anamènetai upologistik� gr gorh eÔresh thc
bèltisthc lÔshc, arkeÐ na up�rqei to sqetikì logismikì. Up�rqei ìmwc o kÐndunoc na
apaithjeÐ meg�lh proergasÐa (se majhmatikèc diatup¸seic, programmatismì) an den
proôp�rqei h mèjodoc   qrei�zetai na all�xei (a) to montèlo thc ro c, (b) o stìqoc
 /kai (g) h parametropoÐhsh. H apìfash enìc mhqanikoÔ sto tm ma sqediasmoÔ miac
biomhqanÐac   enìc ereunht  se jèmata aerodunamikoÔ sqediasmoÔ na ependÔsei sth
suzug  mèjodo proôpojètei diajesimìthta tou logismikoÔ axiolìghshc sthn phgaÐ-
a morf  tou (source code, anoiktì k¸dika). Tèloc, epanalamb�netai ìti h qr sh
suzug¸n mejìdwn gia opoiond pote stìqo den eÐnai p�nta efikt  kai ìti autèc, ìpwc
k�je aitiokratik  mèjodoc beltistopoÐhshc , mporeÐ eÔkola na pagideujoÔn se topikì
akrìtato. To teleutaÐo exart�tai, kat� polÔ, apì thn arqik  lÔsh pou ja epilegeÐ.

Epilègontac �klasikèc � stoqastikèc mejìdouc (l.q. ènan �klasikì� exeliktikì
algìrijmo), to upologistikì kìstoc anamènetai na eÐnai megalÔtero (Ðswc kai kat�
mia t�xh megèjouc � den apoteleÐ antikeÐmeno autoÔ tou suggr�mmatoc to pwc m-
poreÐ autì to kìstoc na meiwjeÐ, autì ex�llou uponoeÐ o prosdiorismìc �klasikèc �).
'Omwc, kajemi� apì tic proanaferjeÐsec allagèc enswmat¸netai me mikr , praktik�
amelhtèa, peraitèrw epèndush. Jewrhtik�, odeÔontac proc th sÔgklish tou algo-
rÐjmou (dhlad , praktik�, met� apì thn axiolìghsh �eparkoÔc � pl jouc upoyhfÐwn
lÔsewn) anamènetai na èqei entopisjeÐ to kajolikì akrìtato.

Ja upenjumÐsoume, ed¸, ton tupikì trìpo mètrhshc tou upologistikoÔ kìstouc
se mia mèjodo aerodunamik c beltistopoÐhshc. 'Etsi, tupik  mon�da mètrhshc eÐnai
to upologistikì kìstoc miac axiolìghshc, thc kl shc dhlad  tou logismikoÔ URD

pou upologÐzei to F (
−→
b ). H telik  anagwg  se qrìno CPU eÐnai eÔkolh arkeÐ na

eÐnai gnwstì to mèso kìstoc miac axiolìghshc. H anafor� se �mèso kìstoc � gÐnetai
epeid  h arijmhtik  epÐlush tou pedÐou ro c gÔrw apì dÔo diaforetikoÔ sq matoc
aerotomèc, me Ðdiac di�stashc plègma kai to Ðdio logismikì URD, den eÐnai aparaÐthto
na èqei to Ðdio kìstoc. Sthn epÐlush enìc sunektikoÔ pedÐou ro c, gia par�deigma,
to kìstoc aux�netai me thn poluplokìthta twn roðk¸n fainomènwn (l.q. thn Ôparxh
apokìllhshc thc ro c).

To pìso qamhlì eÐnai to upologistikì kìstoc twn suzug¸n mejìdwn mporeÐ
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na gÐnei katanohtì sugkrÐnont�c to me ton piì aplì trìpo upologismoÔ tètoiwn
parag¸gwn. H merik  par�gwgoc thc antikeimenik c sun�rthshc wc proc ton i�iostì
bajmì eleujerÐac mporeÐ na proseggisjeÐ me sq ma prìsw peperasmènwn diafor¸n,
akrÐbeiac pr¸thc t�xhc, wc

∂F

∂bi
=

F (b1, b2, . . . , bi + ϵ, . . . , bN) − F (b1, b2, . . . , bi, . . . , bN)

ϵ
(8.2)

ìpou ϵ stajer� , polÔ mikr c tim c, pou kajorÐzei o qr sthc. H exÐswsh 8.2 prèpei

na efarmosteÐ N forèc (gia tic N timèc tou deÐkth i) sthn trèqousa lÔsh
−→
b n. 'Etsi,

to upologistikì kìstoc ¸ste na brejoÔn (kai, m�lista, me akrÐbeia pr¸thc t�xhc)
oi sunist¸sec thc klÐshc thc antikeimenik c sun�rthshc sthn trèqousa lÔsh eÐnai
N kl seic thc antikeimenik c sun�rthshc. An se autoÔc prosjèsoume kai thn axi-

olìghsh ¸ste na upologisjeÐ h F (
−→
b n), tìte to upologistikì kìstoc an� epan�lhyh

miac mejìdou beltistopoÐhshc basismènhc sthn klÐsh thc antikeimenik c sun�rthshc

eÐnai N + 1 axiolog seic F (
−→
b ). Sta meionekt mata thc qr shc thc sqèshc 8.2 kata-

gr�fetai kai h euaisjhsÐa tou upologismoÔ wc proc thn tim  thc posìthtac ϵ. An,
bèbaia, qrhsimopoihjoÔn deÔterhc t�xhc kentrikèc peperasmènec diaforèc, dhlad  to
akribèstero sq ma

∂F

∂bi
=

F (b1, b2, . . . , bi + ϵ, . . . , bN) − F (b1, b2, . . . , bi − ϵ, . . . , bN)

2ϵ
(8.3)

tìte qrei�zontai 2N upologismoÐ (kl seic) thc antikeimenik c sun�rthshc (antÐ twn
mìno dÔo pou apaiteÐ h suzug c mèjodoc).

H parap�nw suz thsh anèdeixe ton krÐsimo rìlo thc tim c tou N sto upolo-
gistikì kìstoc. Up�rqoun, pragmatik�, peript¸seic stic opoÐec o arijmìc N twn
bajm¸n eleujerÐac enìc probl matoc eÐnai prokajorismènoc kai o mhqanikìc den è-
qei dunatìthtec parèmbashc se autì. Se �lla ìmwc probl mata, h epilog  tou N
enapìkeitai, se meg�lo bajmì, sthn krÐsh tou sqediast �mhqanikoÔ. Mia aerotom 
mporeÐ l.q. na sqediasjeÐ me N shmeÐa elègqou, sÔmfwna me th jewrÐa Bézier–
Bernstein, all� kai me polÔ perissìtera (endeiktik� 2N   3N , klp). Aux�nontac
thn tim  tou N , pèran thc metabol c se upologistikì kìstoc pou proanafèrame,
aux�netai kai h euelixÐa thc parametropoÐhshc. Me apl� lìgia, aux�nontac ton ari-
jmì twn shmeÐwn elègqou mporoÔn na upologisjoÔn morfèc aerotom c pou adunateÐ
na entopÐsei h Ðdia parametropoÐhsh me ligìtera shmeÐa elègqou.

8.1.2 Upologismìc KlÐshc me JewrÐa Migadik¸n Sunart -

sewn

Sta prohgoÔmena parousi�sjhkan kai sugkrÐjhkan sq mata prìsw   kentrik c di-
afìrishc wc enallaktik� thc suzugoÔc teqnik c, thc opoÐac h parousÐash akoloujeÐ.
'Enac diaforetikìc trìpoc upologismoÔ thc klÐshc thc antikeimenik c sun�rthsh-
c eÐnai autìc pou basÐzetai sth jewrÐa twn migadik¸n sunart sewn. Parousi�ze-
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tai sÔntoma, ìqi mìno gia lìgouc plhrìthtac all� kai epeid  mporeÐ na uposthrÐx-
ei bohjhtikoÔc upologismoÔc klÐshc gia �llec sunart seic pèran thc Ðdiac thc an-
tikeimenik c sun�rthshc. Sto k�tw�k�tw, apì majhmatik c skopi�c, eÐnai ènac polÔ
endiafèron kai ousiastik� aplìc trìpoc upologismoÔ. EpÐshc, eÐnai eÔkolo na u-
lopoihjeÐ programmatistik� (akoloujeÐ aplì par�deigma).

'Estw h migadik  sun�rthsh F (z) = u(x, y) + iv(x, y), ìpou z = x + iy. Gia na
eÐnai h F (z) diaforÐsimh prèpei oi par�gwgoi twn u kai v wc proc x kai y na eÐnai
suneqeÐc kai na ikanopoioÔntai oi exis¸seic Cauchy–Riemann

∂u

∂x
=

∂v

∂y
(8.4)

∂u

∂y
= −∂v

∂x

Apì thn exÐswsh 8.4, prokÔptei ìti

∂u

∂x
= lim

ϵ→0

v(x+ i(y + ϵ)− v(x+ iy)

ϵ
(8.5)

'Estw y = 0, dhlad  h sun�rthsh dèqetai apokleistik� pragmatikì ìrisma �ra kai h
tim  thc ja eÐnai ènac pragmatikìc arijmìc. Apì thn exÐswsh 8.5

∂u

∂x
= lim

ϵ→0

v(x+ iϵ)− v(x)
ϵ

(8.6)

opìte, an imag eÐnai to fantastikì mèroc enìc migadikoÔ arijmoÔ, ja isqÔei

∂F

∂x
= lim

ϵ→0

imag(F (x+ iϵ))

ϵ

 , sÔmfwna me thn orologÐa tou kefalaÐou,

∂F

∂bi
= lim

ϵ→0

imag(F (bi + iϵ))

ϵ
(8.7)

H sqèsh 8.7 eÐnai ikan  na upologÐsei th merik  par�gwgo thc antikeimenik c
sun�rthshc F wc proc k�je metablht  sqediasmoÔ bi. Parathr ste ìti apaiteÐ mìno
mia kl sh thc antikeimenik c sun�rthshc an� merik  par�gwgo. Gia to lìgo autì
(kai ìqi mìno, bl. parak�tw) pleonekteÐ twn sqèsewn peperasmènwn diafor¸n 8.2
kai 8.3, ìpwc ja faneÐ apì to parak�tw aplì majhmatikì par�deigma.

'Estw h sun�rthsh F (b1, b2) = b21 + 3b42 − 4b1b2. Oi merikèc par�gwgoi thc up-
ologÐzontai analutik� wc

∂F

∂b1
= 2b1 − 4b2

∂F

∂b2
= 12b32 − 4b1

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



146 8. Upologismìc Parag¸gwn Antikeimenik c Sun�rthshc - H Suzug c Mèjodoc

AkoloujeÐ upìdeigma k¸dika se gl¸ssa Fortran 77, to opoÐo exhgeÐ, sto para-
p�nw par�deigma, th qr sh thc exÐswshc 8.7 gia ton upologismì twn tim¸n twn
parag¸gwn gia (b1, b2) = (1, 2). Oi proc upologismì par�gwgoi eÐnai gnwstèc kai
Ðsec me ∂F

∂b1
(1, 2) = −6 kai ∂F

∂b2
(1, 2) = 92. AxÐzei na antilhfjoÔme thn apl  aut 

majhmatik  �skhsh parag¸gishc wc prosomoÐwsh enìc probl matoc aerodunamik -

c beltistopoÐhshc. Sth jèsh thc sun�rthshc F (
−→
b ) noeÐtai l.q. h allhlouqÐ-

a upologism¸n pou arqÐzei me th dhmiourgÐa tou perigr�mmatoc thc aerotom c kai
oloklhr¸netai me thn arijmhtik  epÐlush twn exis¸sewn ro c en¸ sth jèsh twn

b1 kai b2,   genikìtera tou
−→
b , noeÐtai to sÔnolo twn metablht¸n sqediasmoÔ pou

parametropoioÔn thn upìyh aerotom . Dokim�ste na programmatÐsete kai na trèxete
ton parak�tw k¸dika, ìpou h krÐsimh posìthta ϵ lamb�nei thn tim  ϵ = 1−30 (mia polÔ
mikr  posìthta, ¸ste na sumbadÐzei me to ìrio thc sqèshc 8.7, gia autì kai apaiteÐtai
upoqrewtik� akrÐbeia deÔterhc t�xhc):

program demo_complex_variables

implicit double precision (a-h,o-z)

double complex F,x,y

F(x,y) = x**2 + 3.d0*y**4 -4.d0*x*y

epsilon = 1.d-30

b1 = 1.d0

b2 = 2.d0

x=b1*(1.d0,0.d0)+epsilon*(0.d0,1.d0)

y=b2*(1.d0,0.d0)

dFdb1 = imag(F(x,y))/epsilon

x=b1*(1.d0,0.d0)

y=b2*(1.d0,0.d0)+epsilon*(0.d0,1.d0)

dFdb2 = imag(F(x,y))/epsilon

write(*,*)’ Computed dF/db1 = ’,dFdb1

write(*,*)’ Computed dF/db2 = ’,dFdb2

end

Ta apotelèsmata apì thn ektèlesh tou k¸dika autoÔ eÐnai:

Computed dF/db1 = -6.000000000000000

Computed dF/db2 = 92.000000000000000

kai pistopoioÔn thn exairetik  akrÐbeia me thn opoÐa upologÐzontai oi par�gwgoi me
th bo jeia thc sqèshc 8.7, gia thn epilegeÐsa tim  tou ϵ.

Ac prospaj soume na upologÐsoume tic Ðdiec parag¸gouc me sq mata kentrik c
diafìrishc kai sugkekrimèna me th sqèsh 8.3, programmatÐzontac kai trèqontac ton
k¸dika:

program demo_central_diff

implicit double precision (a-h,o-z)

F(x,y) = x**2 + 3.d0*y**4 -4.d0*x*y
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epsilon = 1.d-30

b1 = 1.d0

b2 = 2.d0

dFdb1 = (F(b1+epsilon,b2)-F(b1-epsilon,b2))*.5d0/epsilon

dFdb2 = (F(b1,b2+epsilon)-F(b1,b2-epsilon))*.5d0/epsilon

write(*,*)’ Computed dF/db1 = ’,dFdb1

write(*,*)’ Computed dF/db2 = ’,dFdb2

end

Aut  th for�, ta apotelèsmata eÐnai:

Computed dF/db1 = 0.000000000000000E+000

Computed dF/db2 = 0.000000000000000E+000

ìpou faÐnetai h apìluth astoqÐa tou upologismoÔ! Oi timèc twn parag¸gwn eÐ-
nai tragik� l�joc! H astoqÐa aut  apodÐdetai profan¸c sthn epilog  tim c thc
posìthtac ϵ. Gia to lìgo autì, pragmatopoieÐtai sqetik  parametrik  melèth kai
pinakopoioÔntai ta antÐstoiqa apotelèsmata twn dÔo prohgoumènwn kwdÐkwn gia
di�forec mikrèc timèc tou ϵ. 'Etsi, me th mèjodo upologismoÔ pou basÐzetai sth
jewrÐa twn migadik¸n sunart sewn prokÔptoun oi timèc (diathreÐtai to sÔnolo twn
dekadik¸n yhfÐwn pou èdwse o upologismìc me metablhtèc dipl c akrÐbeiac)

ϵ ∂F/∂b1 ∂F/∂b2
10−30 -6.000000000000000 92.000000000000000
10−20 -6.000000000000000 92.000000000000000
10−15 -6.000000000000000 91.999999999999986
10−10 -6.000000000000000 92.000000000000000
10−5 -6.000000000000000 91.999999997600000

Parathr ste th stajerìthta tic timèc twn parag¸gwn pou upologÐzontai wc apotè-
lesma thc as manthc euaisjhsÐac thc sqèshc 8.7 wc proc thn tim  tou ϵ. Epanalam-
b�nontac touc Ðdiouc upologismoÔc me to logismikì pou ulopoieÐ to sq ma kentrik c
diafìrishc, gia tic Ðdiec timèc tou ϵ, ta apotelèsmata eÐnai arket� diaforetik� ìpwc
faÐnetai ston parak�tw pÐnaka:

ϵ ∂F/∂b1 ∂F/∂b2
10−30 0.000000000000000 0.000000000000000
10−20 0.000000000000000 0.000000000000000
10−15 -7.105427357601001 92.370555648813010
10−10 -5.999964969305438 92.000007612114132
10−5 -6.000000000128124 92.000000003267232

Se antÐjesh me prin, sugkrat ste thn enoqlhtik� meg�lh euaisjhsÐa sthn tim  tou
ϵ, �ra kai thn an�gkh polÔ prosektik c epilog c aut c. Aut  ofeÐletai sto ìti o
upologismìc ofeÐletai sthn afaÐresh dÔo �sqedìn Ðswn� posot twn.
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Me thn olokl rwsh thc sÔntomhc aut c parousÐashc thc qr shc thc jewrÐac mi-
gadik¸n sunart sewn gia ton upologismì parag¸gwn, axÐzei na upenjumÐsoume akìma
èna pleonèkthma thc mejìdou aut c. O upologismìc k�je parag¸gou stoiqÐzei mia
mìno kl sh thc antikeimenik c sun�rthshc antÐ twn dÔo pou apaiteÐ to sq ma ken-
trik c diafìrishc.

8.2 Genik  DiatÔpwsh Suzug¸n Exis¸sewn

Wc eisagwg , h diatÔpwsh twn suzug¸n exis¸sewn,   tou duadikoÔ probl -
matoc ìpwc autì suqn� onom�zetai, ja parousiasjeÐ genik�, �sqeta me to poio
montèlo ro c   stìqoc qrhsimopoieÐtai. Ja jewr soume ìti epilÔoume èna prìblh-
ma beltistopoÐhshc morf c (èstw aerotom c), dhlad  stìqoc eÐnai o sqediasmìc thc
bèltisthc aerotom c sÔmfwna me èna krit rio. To krit rio autì lamb�nei th morf 
miac antikeimenik c sun�rthshc F h opoÐa prèpei na elaqistopoihjeÐ. H sun�rthsh F
eÐnai bajmwt , dhlad  up�rqei mìno ènac stìqoc ( , an eÐnai perissìteroi, èqoun ìloi
sunduasjeÐ sth morf  miac sun�rthshc F , sun jwc wc grammikìc touc sunduasmìc
me qr sh suntelest¸n barÔthtac). H aerotom  pou sqedi�zetai parametropoieÐtai me
polu¸numa Bézier–Bernstein kai aut  h epilog  kajorÐzei kai tic metablhtèc sqedi-

asmoÔ
−→
b .

H antikeimenik  sun�rthsh diatup¸netai, genik�, sth morf 

F = F (
−→
U ,
−→
b ) (8.8)

ìpou
−→
U eÐnai to di�nusma twn metablht¸n ro c. H exÐswsh 8.8 ekfr�zei thn ex�rthsh

thc tim c thc antikeimenik c sun�rthshc afenìc men apì th morf  thc aerotom c

(di�nusma
−→
b ), afetèrou de apì to diamorfoÔmeno pedÐo ro c (di�nusma

−→
U ). Praktik�,

dhlad , k�je allag  tim c twn metablht¸n sqediasmoÔ
−→
b , tropopoieÐ th gewmetrÐa

thc aerotom c, diamorf¸nei diaforetikì pedÐo ro c
−→
U gÔrw apì aut  kai, me thn

metepexergasÐa (l.q. olokl rwsh, klp) stoiqeÐwn tou pedÐou ro c upologÐzetai nèa
tim  thc antikeimenik c sun�rthshc. EÐnai swst , loipìn, kai h diatÔpwsh F =

F (
−→
U (
−→
b ),
−→
b ). Ta

−→
b kai

−→
U ja jewroÔntai dianÔsmata st lhc.

Ac diatup¸soume majhmatik� thn prohgoÔmenh allhlouqÐa allag¸n: k�je metabol 

δ
−→
b sto di�nusma

−→
b , pou antistoiqeÐ se mikr  allag  thc morf c thc aerotom c,

prokaleÐ metabol  δF thc tim c thc antikeimenik c sun�rthshc Ðsh me

δF =
∂F

∂
−→
U

δ
−→
U +

∂F

∂
−→
b
δ
−→
b (8.9)

ìpou to di�nusma gramm c ∂F

∂
−→
b
akoloujeÐ th graf  8.1 en¸ antÐstoiqo di�nusma gram-

m c (genik� diaforetik c di�stashc) eÐnai kai to ∂F

∂
−→
U
.

H epÐlush tou probl matoc beltistopoÐhshc, eÔreshc dhlad  tou akrìtatou thc

antikeimenik c sun�rthshc F , isodunameÐ me eÔresh ekeÐnou tou dianÔsmatoc
−→
b gia to
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opoÐo δF =
−→
0 , th gnwst  anagkaÐa sunj kh Ôparxhc akrìtatou (an den epib�llontai

periorismoÐ kai o q¸roc anÐqneushc to perilamb�nei).
QwrÐc na upeisèljoume se jèmata URD, mporoÔme na d¸soume orismèna sqìlia

gia tic parag¸gouc ∂F

∂
−→
b
kai ∂F

∂
−→
U
. H di�stash thc pr¸thc eÐnai N , ìsec dhlad  kai

oi metablhtèc sqediasmoÔ. Gia th di�stash thc deÔterhc qrei�zetai na gÐnei sÔntomh
anafor� ston trìpo pou qwrik� montelopoieÐtai to pedÐo ro c. Autì gÐnetai me qr sh
plegm�twn (l.q. domhmènwn ìpwc aut� pou parousi�zontai sto sq ma 8.2) ìpou se
k�je kìmbo (autì den eÐnai upoqrewtikì se ìlec tic mejìdouc URD all� eÐnai to
pio aplì kai gi' autì ja to uiojet soume) apojhkeÔontai oi timèc twn megej¸n tou
pedÐou ro c. 'Etsi, se èna prìblhma ìpou to plègma èqei 10000 kìmbouc, oi �gnw-
stec posìthtec posìthtec gia to prìblhma ro c eÐnai to ginìmeno tou pl jouc autoÔ
me ton arijmì twn anex�rthtwn posot twn ro c an� kìmbo. Autèc, gia èna didi�s-
tato prìblhma sumpiestoÔ reustoÔ eÐnai tèsseric (h puknìthta, oi dÔo sunist¸sec
thc taqÔthtac kai mia energeiak  posìthta�k�je �llh posìthta, ìpwc h statik 
pÐesh upologÐzetai apì autèc) ìsec dhlad  kai oi merikèc diaforikèc exis¸seic pou
ikanopoioÔntai (exÐswsh sunèqeiac, oi dÔo sunist¸sec thc dianusmatik c exÐswshc

thc orm c kai h exÐswsh thc enèrgeiac). 'Ara, sto par�deigm� mac, to di�nusma
[

∂F

∂
−→
U

]
èqei κ = 40000 stoiqeÐa ( , orjìtera, 1000 blocks twn 4 stoiqeÐwn èkasto).

Sq ma 8.2: Endeiktik� plègmata, gia thn arijmhtik  epÐlush didi�statwn pedÐwn ro c.
Prìkeitai gia plègmata domhmènou tÔpou (structured grids). Ta sugkekrimèna qrhsi-
mopoioÔntai gia thn arijmhtik  epÐlush twn exis¸sewn ro c gÔrw apì memonwmènh
aerotom  (arister�, faÐnetai mìno tm ma tou plègmatoc kont� sthn aerotom ) kai mè-
sa se summetrikì diaqÔth (dexi�, lìgw summetrÐac thc gewmetrÐac all� kai thc ro c,
melet�tai mìno to misì qwrÐo, autì pou brÐsketai k�tw thc gramm c summetrÐac).

Sthn exÐswsh 8.9 anagnwrÐzoume tic dÔo summetoqèc sth metabol  tim c thc
antikeimenik c sun�rthshc. O pr¸toc ìroc sto dexiì mèloc ekfr�zei th metabol 
pou ofeÐletai sthn allag  tou roðkoÔ pedÐou pou prok�lese h allag  gewmetrÐac
thc aerotom c. O deÔteroc ìroc ekfr�zei thn apeujeÐac epÐdrash thc allag c thc
gewmetrÐac sthn tim  thc antikeimenik c sun�rthshc.

Oi exis¸seic pou dièpoun to pedÐo ro c (exis¸seic Euler   Navier–Stokes, an�loga
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me to montèlo ro c pou ja epÐlegeÐ) gr�fontai, me th sumbolik  qr sh tou telest 

ro c
−→
R , sth morf 

−→
R =

−→
R (
−→
U ,
−→
b ) = 0 (8.10)

me to
−→
R na antistoiqeÐ se di�nusma st lhc me κ sunist¸sec. 'Opwc deÐqjhke me to

prohgoÔmeno arijmhtikì par�deigma, se èna diakritopoihmèno se plègma pedÐo ro c,
to κ isoÔtai me to ginìmeno twn kìmbwn tou plègmatoc epÐ ton arijmì twn merik¸n
diaforik¸n exis¸sewn pou dièpoun th ro . Grammikopoi¸ntac thn 8.10 (gia dedomènh

aerotom , �ra gia dedomènec timèc twn metablht¸n sqediasmoÔ
−→
b ) sth morf 

−→
R (
−→
U ) +

[
∂
−→
R

∂
−→
U

]T

δ
−→
U = 0

prokÔptei h diakritopoihmènh morf  thc exÐswshc thc ro c h opoÐa prèpei na epilujeÐ[
∂
−→
R

∂
−→
U

]T

δ
−→
U = −

−→
R (
−→
U ) (8.11)

To mhtr¸o suntelest¸n ∂
−→
R

∂
−→
U

eÐnai sun�rthsh tou
−→
U .

K�je metabol  δ
−→
b thc morf c thc aerotom c metab�llei to pedÐo ro c gÔrw thc

all�, afoÔ suneqÐzoun na ikanopoioÔntai oi exis¸seic ro c, isqÔei ìti

δ
−→
R =

∂
−→
R

∂
−→
U

δ
−→
U +

∂
−→
R

∂
−→
b
δ
−→
b = 0 (8.12)

ìpou

∂
−→
R

∂
−→
b

=


∂R1

∂b1

∂R1

∂b2
· · · ∂R1

∂bN
∂R2

∂b1

∂R2

∂b2
· · · ∂R2

∂bN
...

∂Rκ

∂b1
∂Rκ

∂b2
· · · ∂Rκ

∂bN

 (8.13)

kai antÐstoiqa gia to mhtr¸o
[

∂
−→
R

∂
−→
U

]
.

To di�nusma thc metabol c δ
−→
R , di�stashc κ, pollaplasi�zetai me èna di�nusma

gramm c
−→
ΨT , Ðshc di�stashc, kai h bajmwt  posìthta pou prokÔptei apì ton pol-

laplasiasmì afaireÐtai apì th metabol  thc antikeimenik c sun�rthshc (exÐswsh 8.9).
To an ja gÐnei afaÐresh   prìsjesh eÐnai adi�foro, arkeÐ oi upìloipec enèrgeiec na
eÐnai sumbatèc. H afaÐresh (  prìsjesh) aut  den alloi¸nei to stìqo mac o opoÐoc

eÐnai h eÔresh tou dianÔsmatoc
−→
b pou mhdenÐzei thn klÐsh δF (anagkaÐa sunj kh gia

akrìtato thc antikeimenik c sun�rthshc), afoÔ h metabol  δ
−→
R eÐnai mhdenik .

DhmiourgeÐtai ètsi h legìmenh epauxhmènh antikeimenik  sun�rthsh (augmented
objective function,Faug), thc opoÐac h metabol  eÐnai
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δFaug =
∂F

∂
−→
U

δ
−→
U +

∂F

∂
−→
b
δ
−→
b −

−→
ΨT

(
∂
−→
R

∂
−→
U

δ
−→
U +

∂
−→
R

∂
−→
b
δ
−→
b

)
(8.14)

 

δFaug =

(
∂F

∂
−→
U
−
−→
ΨT ∂

−→
R

∂
−→
U

)
δ
−→
U +

(
∂F

∂
−→
b
−
−→
ΨT ∂

−→
R

∂
−→
b

)
δ
−→
b (8.15)

H kentrik  idèa thc suzugoÔc mejìdou eÐnai na epilegeÐ to di�nusma
−→
Ψ ètsi ¸ste

na mhdenisjeÐ o pr¸toc ìroc sto dexiì mèloc thc 8.15, na eÐnai dhlad 

∂F

∂
−→
U
−
−→
ΨT ∂

−→
R

∂
−→
U

= 0 (8.16)

Me thn apaÐthsh aut , h metabol  thc antikeimenik c sun�rthshc sunart�tai mìno thc

metabol c tou dianÔsmatoc twn metablht¸n sqediasmoÔ δ
−→
b kai ìqi twn epagìmenwn

metabol¸n δ
−→
U tou pedÐou ro c .

To pedÐo twn
−→
Ψ , to opoÐo onom�zetai plèon twn suzug¸n metablht¸n,

(adjoint variables) prokÔptei apì th lÔsh thc suzugoÔc exÐswshc (adjoint equa-
tion, prosèxte eÐnai sÔsthma exis¸sewn ìpwc sÔsthma apoteloÔsan kai oi exis¸seic
ro c) [

∂
−→
R

∂
−→
U

]T
−→
Ψ =

[
∂F

∂
−→
U

]T

(8.17)

Parathr ste ìti h exÐswsh 8.17 eÐnai grammik  wc proc
−→
Ψ , afoÔ to mhtr¸o�suntelest c[

∂
−→
R

∂
−→
U

]T
den sunart�tai tou

−→
Ψ .

Tèloc, apì thn exÐswsh 8.15 apomènei mìno h eujeÐa susqètish thc metabol c

tim c thc antikeimenik c sun�rthshc me th metabol  gewmetrÐac tou orÐou δ
−→
b . EÐnai,

dhlad 

δFaug =
−→
GT δ
−→
b (8.18)

me

−→
GT =

∂F

∂
−→
b
−
−→
ΨT ∂

−→
R

∂
−→
b

(8.19)

Oi exis¸seic 8.17 wc 8.19 eÐnai plèon eÔkolo na entaqjoÔn se mia diadikasÐa
sqediasmoÔ bèltisthc aerodunamik c morf c h opoÐa basÐzetai sthn klÐsh thc an-
tikeimenik c sun�rthshc. H epÐlush tou sust matoc 8.17 upologÐzei to pedÐo twn

suzug¸n metablht¸n
−→
Ψ , to opoÐo sth sunèqeia qrhsimopoieÐtai stic sqèseic 8.18 kai

8.19 ¸ste na upologisjeÐ h par�gwgoc thc antikeimenik c sun�rthshc wc proc tic
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metablhtèc elègqou thc morf c thc gewmetrÐac. Oi suzugeÐc metablhtèc
−→
Ψ onom�-

zontai suqn� kai duadikèc metablhtèc (dual variables), tonÐzontac ètsi th d-

uadikìthta pou parousi�zoun wc proc tic metablhtèc
−→
U tou pedÐou ro c.

H parap�nw diadikasÐa diatÔpwshc tou probl matoc, h opoÐa basÐsjhke ston
orismì thc epauxhmènhc antikeimenik c sun�rthshc (pou sqhmatÐsjhke apì th diakrit 
graf  thc antikeimenik c sun�rthshc, tic diakritopoihmènec exis¸seic ro c kai tic
kombikèc timèc thc suzugoÔc metablht c) kai se majhmatikèc pr�xeic kai exis¸seic
¸ste h metabol  aut c na gÐnei anex�rthth k�je metabol c roðkoÔ megèjouc kai
na sunart�tai mìno metabol¸n thc Ðdiac thc gewmetrÐac, prosdiorÐzei th legìmenh
diakrit  suzug  mèjodo (discrete adjoint method).

Oi lìgoi pou h suzug c aut  diatÔpwsh prosdiorÐzetai epiplèon wc diakrit  eÐ-
nai (a) gia na xeqwrÐsei apì th suneq  suzug  diatÔpwsh pou ja orÐsoume kai ja
qrhsimopoi soume idiaÐtera sth sunèqeia kai (b) gia na tonÐsei to ìti h b�sh thc ìlhc
an�ptuxhc eÐnai diakritopoihmènec exis¸seic. Gia par�deigma, h exÐswsh 8.11 eÐnai h
diakrit  morf  thc 8.10, dhlad  h exÐswsh 8.10 grammènh stouc kìmbouc. To Ðdio
isqÔei kai gia thn exÐswsh 8.12. Ergazìmenoi, dhlad  me th diakrit  suzug  mèjodo,

praktik� qeirizìmaste ta arijmhtik� stoiqeÐa mhtr¸wn suntelest¸n, ìpwc to ∂
−→
R

∂
−→
b
kai

dianÔsmata kombik¸n tim¸n posot twn, ìpwc ta δ
−→
U kai δ

−→
b .

Me afethrÐa tic exis¸seic 8.9 kai 8.12 kai apaleÐfontac to δ
−→
U , gr�foume th

metabol  thc antikeimenik c sun�rthshc wc

δF =

− ∂F
∂
−→
U

[
∂
−→
R

∂
−→
U

]−1
∂
−→
R

∂
−→
b

+
∂F

∂
−→
b

 δ
−→
b (8.20)

ParathroÔme ìti h 8.20 eÐnai epark c ¸ste na upologisjeÐ h metabol  δF gia k�je

sunist¸sa metabol c δ
−→
b . Sthn perÐptwsh aut , h suzug c metablht 

−→
Ψ emplèketai

kai p�li me skopì na apofÔgoume thn antistrof  mhtr¸ou thc sqèshc 8.20. OrÐzontac
tic suzugeÐc metablhtèc me th sqèsh 8.17, h metabol  thc antikeimenik c sun�rthshc
lamb�nei kai p�li th morf 

δFaug =

(
∂F

∂
−→
b
−
−→
ΨT ∂

−→
R

∂
−→
b

)
δ
−→
b (8.21)

dhlad  tic  dh gnwstèc sqèseic 8.18, 8.19. H sqèsh 8.21 ulopoieÐ telik� th diakrit 
suzug  mèjodo, dhlad  th sundèei me mia mèjodo elaqistopoÐhshc, ìpwc aut  thc
apìtomhc kajìdou.

8.3 Diakrit  Suzug c Mèjodoc kai Upologis-
tikì Kìstoc

Sthn enìthta aut  ja analujoÔn poll� perissìtera apì ìsa perièqei o sÔntomoc
tÐtloc thc. H parousÐash pou akoloujeÐ sthrÐzetai, gia epoptikoÔc kai mìno lì-
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gouc, sth diakrit  suneq  mèjodo, h opoÐa ja parousiasjeÐ �xan�� gia probl ma-
ta miac kai perisìtèrwn thc miac metablht¸n sqediasmoÔ, p�nta gia monokrithriak 
beltistopoÐhsh. Ja faneÐ se ti akrib¸c sunÐstatai autì pou onom�zoume duadikì
prìblhma (dual problem), pwc èna prìblhma elaqistopoÐhshc miac antikeimenik c
sun�rthshc F (sqèsh 8.8) mporeÐ na lujeÐ me thn eujeÐa   th suzug  prosèggish kai
poia apì tic dÔo proseggÐseic kai pìte sumfèrei na qrhsimopoihjeÐ.

Wc afethrÐa, epanadiatup¸netai h sqèsh 8.9 wc

δF =
∂F

∂
−→
U

d
−→
U

d
−→
b
δ
−→
b +

∂F

∂
−→
b
δ
−→
b =

(
∂F

∂
−→
U

d
−→
U

d
−→
b

+
∂F

∂
−→
b

)
δ
−→
b (8.22)

me pleonèkthma ìti h nèa morf  perièqei eujèwc thn par�gwgo d
−→
U

d
−→
b
, h opoÐa ekfr�zei

th �diakrit � epÐdrash twn metabol¸n thc gewmetrÐac
−→
b stic timèc twn megej¸n thc

ro c stouc kìmbouc enìc plègmatoc. Me b�sh touc genikoÔc sumbolismoÔc pou diè-
poun autèc tic shmei¸seic, ìpou upenjumÐzetai ìti N eÐnai to pl joc twn metablht¸n
sqediasmoÔ kai κ to pl joc twn diakrit¸n roðkèc posìthtec pou perigr�foun to
pedÐo ro c (l.q. oi timèc twn megej¸n aut¸n stouc kìmbouc tou qrhsimopoioÔmenou
plègmatoc), ta dianÔsmata   mhtr¸a pou emplèkontai sth sqèsh 8.22 eÐnai sqhmatik�:

∂F

∂
−→
U

=
· · · ↕ 1

← κ → ,
∂F

∂
−→
b

=
· · · ↕ 1
←N →

−→
b =

↑
... N
↓

1

,
−→
U =

↑

... κ

↓
1

,
d
−→
U

d
−→
b

=

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

en¸, bèbaia, h δF eÐnai bajmwt  posìthta. Gia thn ousiastik  katanìhsh, kai gia
pragmatik� probl mata beltistopoÐhshc sthn aerodunamik , eÐnai κ >> N kai, m�l-
ista, h diafor� touc mporeÐ na eÐnai arketèc t�xeic megèjouc.

Sth sqèsh 8.22, h par�gwgoc pou antistoiqeÐ sthn eujeÐa ex�rthsh�euaisjhsÐa
thc antikeimenik c sun�rthshc wc proc tic metablhtèc sqediasmoÔ, dhlad  h ∂F

∂
−→
b
, up-

ologÐzetai �mesa ìtan eÐnai gnwst  h parametropoÐhsh. Gia par�deigma, an F ≡ CL ∝∫
(pnycosa− pnxsina)ds ≈

∑
i(pnycosa− pnxsina)ds (a eÐnai h gwnÐa thc ep' �peiro

ro c), ìpou h �jroish gÐnetai gia ìla ta eujÔgramma tm mata pou orÐzontai apì dÔo
diadoqikoÔc kìmbouc sto perÐgramma miac aerotom c, arkeÐ na brejoÔn oi par�gwgoi

gewmetrik¸n posot twn (twn nx, ny, ds) wc proc
−→
b , gia to trèqon pedÐo pièsewn.

ExÐsou eÔkoloc eÐnai kai o upologismìc thc parag¸gou ∂F

∂
−→
U
. To pragmatikì prìblh-

ma ¸ste na eÐnai praktik� qr simh h sqèsh 8.22 eÐnai na upologisjeÐ h par�gwgoc
d
−→
U

d
−→
b
.
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O upologismìc thc teleutaÐac gÐnetai efiktìc qrhsimopoi¸ntac th sqèsh 8.12,

h opoÐa ekfr�zei ìti h diamorfoÔmenh ro  met� th diakÔmansh δ
−→
b suneqÐzei na

ikanopoieÐ tic (grammikopoihmènec kai me diakritì trìpo grammènec) exis¸seic thc
ro c. H 8.12 xanagr�fetai sth morf 

∂
−→
R

∂
−→
U

d
−→
U

d
−→
b

+
∂
−→
R

∂
−→
b

= 0 ⇒ A
d
−→
U

d
−→
b

+
∂
−→
R

∂
−→
b

= 0 (8.23)

ìpou to tetragwnikì mhtr¸o A orÐzetai wc

A =
∂
−→
R

∂
−→
U

'Opwc kai prohgoumènwc, apeikonÐzontai sqhmatik� ta dianÔsmata kai mhtr¸ta thc
sqèshc 8.23. EÐnai:

A =

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

,
∂
−→
R

∂
−→
b

=

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

O sundiasmìc twn sqèsewn 8.22 kai 8.23 odhgeÐ se dÔo trìpouc ergasÐac ¸ste
na upologisjeÐ to δF  , isodÔnama, to dF

d
−→
b
. AutoÐ eÐnai:

• H EujeÐa Mèjodoc: EÐnai o profan c trìpoc ergasÐac. Lìgw thc 8.23,
epilÔetai h wc proc ,

A
d
−→
U

d
−→
b

= −∂
−→
R

∂
−→
b

(8.24)

kai oi timèc tou d
−→
U

d
−→
b
pou upologÐzontai antikajÐstantai sthn 8.22 ¸ste na up-

ologisjeÐ to δF .

• H Suzug c Mèjodoc: O deÔteroc trìpoc ergasÐac, o opoÐoc mac eis�gei

kai sthn ènnoia thc duadikìthtac, prokÔptei arqik� me apaloif  tou d
−→
U

d
−→
b
apì

thn 8.22, h opoÐa ètsi gr�fetai wc

δF =

− ∂F

∂
−→
U

A−1︸ ︷︷ ︸
−→
ΨT

∂
−→
R

∂
−→
b

+
∂F

∂
−→
b

 δ
−→
b
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H posìthta pou uposhmei¸netai sthn exÐswsh orÐzetai wc to duadikì   suzugèc

pedÐo
−→
Ψ (di�nusma st lhc di�stashc κ × 1) kai upologÐzetai apì thn epÐlush

thc diakrit c suzugoÔc exÐswshc

AT −→Ψ =

[
∂F

∂
−→
U

]T

(8.25)

opìte to δF prokÔptei wc

δF =

(
−
−→
ΨT ∂

−→
R

∂
−→
b

+
∂F

∂
−→
b

)
δ
−→
b (8.26)

Endiafèrousa eÐnai h sÔgkrish se upologistikì kìstoc thc eujeÐae kai thc suzu-
goÔc mejìdou. H sÔgkrish aut  akoloujeÐ, arqik� gia prìblhma beltistopoÐhshc
me mia metablht  sqediasmoÔ (N = 1) kai, sth sunèqeia, gia N > 1 metablhtèc
sqediasmoÔ.

8.3.1 SÔgkrish EujeÐac kai SuzugoÔc Mejìdou gia N =
1

Gia mia mìno metablht  sqediasmoÔ, to di�nusma
−→
b ekfulÐzetai sth bajmwt  posìth-

ta b kai oi dÔo mèjodoi epanadiatup¸nontai wc:

• H EujeÐa Mèjodoc: EpilÔetai h exÐswsh 8.24,   sqhmatik�

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

·

↑

... κ

↓
1

=

↑

... κ

↓
1

me upologistikì kìstoc autì thc arijmhtik c epÐlushc grammikoÔ sust matoc

κ × κ exis¸sewn. H antikat�stash tou d
−→
U

d
−→
b
sthn 8.22, pr�xh pou sqhmatik�

gr�fetai wc
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δF =


· · · ↕ 1

← κ → ·

↑

... κ

↓
1

+
1

1


1

1

stoiqÐzei ìso to ginìmeno dÔo dianusm�twn, kìstoc praktik� amelhtèo se sqèsh
me thn epÐlush tou grammikoÔ sust matoc.

• H Suzug c Mèjodoc: H epÐlush thc suzugoÔc exÐswshc 8.25 dÐnetai sqh-
matik� wc

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

·

↑

... κ

↓
1

=

↑

... κ

↓
1

kai èqei, ìpwc kai h eujeÐa mèjodoc to kìstoc thc arijmhtik c epÐlushc gram-

mikoÔ sust matoc κ× κ exis¸sewn. H antikat�stash tou
−→
Ψ sthn 8.26, pr�xh

pou sqhmatik� gr�fetai wc

δF =


· · · ↕ 1

← κ → ·

↑

... κ

↓
1

+
1

1


1

1

èqei, kai p�li, amelhtèo kìstoc.

To sumpèrasma eÐnai ìti se èna prìblhma beltistopoÐhshc me mia metablht  sqe-
diasmoÔ (N = 1), h qr sh eÐte thc eujeÐac   thc suzugoÔc mejìdou èqei praktik� to
Ðdio upologistikì kìstoc, �ra opoiad pote epilog  an�mesa stic dÔo eÐnai adi�forh.
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8.3.2 SÔgkrish EujeÐac kai SuzugoÔc Mejìdou gia N >
1

Gia perissìterec thc miac metablhtèc sqediasmoÔ, isqÔoun ta parak�tw:

• H EujeÐa Mèjodoc: EpilÔetai h exÐswsh 8.24,   sqhmatik�

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

·

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

=

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

pou isodunameÐ me thn epÐlush N susthm�twn, me to Ðdio κ × κ mhtr¸o sun-

telest¸n (aristerì mèloc) kai diaforetik� dexi� mèlh (k�je st lh tou −∂
−→
R

∂
−→
b
).

K�je tètoia epÐlush ja d¸sei ta stoiqeÐa miac st lhc tou d
−→
U

d
−→
b
. Praktik�,

apaiteÐtai ì upologismìc kai apoj keush tou A−1 kai, an autì eÐnai efiktì
(h apoj keush olìklhrou tou mhtr¸ou gia meg�lec timèc tou κ eÐnai pijanìn
asÔmforh   kai adÔnath) to sunolikì kìstoc ja epibarunjeÐ me autì twn N

pollaplasiasm¸n mhtr¸ou me di�nusma. H antikat�stash tou d
−→
U

d
−→
b
sthn 8.22,

pr�xh pou sqhmatik� gr�fetai wc

δF =


· · · ↕ 1

← κ → ·

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

+
· · · ↕ 1
←N →



↑
... N
↓

1

stoiqÐzei ìso N ginìmena dianusm�twn, dhlad  èqei sugkritik� amelhtèo kìs-
toc.

• H Suzug c Mèjodoc: H epÐlush thc suzugoÔc exÐswshc 8.25 apeikonÐzetai
sqhmatik�, akrib¸c ìpwc kai sthn perÐptwsh N = 1, wc
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· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓

← κ →

·

↑

... κ

↓
1

=

↑

... κ

↓
1

kai èqei, se antÐjesh me thn eujeÐa mèjodo, kìstoc miac mìno arijmhtik c
epÐlushc grammikoÔ sust matoc κ×κ exis¸sewn, �sqeta me thn tim  tou

N . H antikat�stash tou
−→
Ψ sthn 8.26, pr�xh pou sqhmatik� gr�fetai wc

δF =


· · · ↕ 1

← κ → ·

· · · ↑
· · ·
· · ·
... κ
· · ·
· · ·
· · · ↓
←N →

+
· · · ↕ 1
←N →



↑
... N
↓

1

èqei, kai p�li, amelhtèo kìstoc.

Sthn perÐptwshN > 1, sumperaÐnoume ìti h qr sh thc suzugoÔc eÐnai perissìtero
sumfèrousa se upologistikì kìstoc apì thn eujeÐa mèjodo kai, m�lista, to kèrdoc
aux�nei ìso aux�nei h tim  tou N .

8.4 Suneq c Suzug c Mèjodoc

Mèqri t¸ra gnwrÐsame th diakrit  suneq  mèjodo. Basikì thc gn¸risma kai ei-
dopoiìc thc diafor� apì th suneq  suzug  mèjodo pou ja parousiasjeÐ sth sunè-
qeia eÐnai ìti pr¸ta grammikopoioÔme (an eÐnai mh�grammikèc) kai diakritopoioÔme thn
antikeimenik  sun�rthsh kai tic exis¸seic ro c kai sth sunèqeia par�goume thn proc
epÐlush suzug  exÐswsh. 'Etsi, h teleutaÐa prokÔptei se mhtrwðk  graf  kai eÐnai
ètoimh proc arijmhtik  epÐlush.

H suneq c suzug c mèjodoc (continuous adjoint method) basÐzetai kai
aut  sthn epauxhmènh antikeimenik  sun�rthsh Faug. H diafor�, ìmwc, eÐnai ìti h
Faug suntÐjetai apì thn analutik  èkfrash thc antikeimenik c sun�rthshc (l.q. mia
oloklhrwmatik  posìthta, ennoeÐtai prin apì th diakritopoÐhs  thc) kai apì to olok-
l rwma (se ìlo to qwrÐo) twn exis¸sewn kat�stashc (ed¸, twn exis¸sewn ro c)
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pollaplasiasmènwn me th sun�rthsh twn suzug¸n metablht¸n. Me to Ðdio skeptikì
pou akolouj jhke kai sth diakrit  mèjodo (dhlad , na katasteÐ h metabol  thc an-
tikeimenik c sun�rthshc anex�rthsh k�je metabol c megej¸n thc ro c) entopÐzontai
posìthtec pou prèpei na mhdenisjoÔn kai autì par�gei tic suzugeÐc exis¸seic kai
tic oriakèc touc exis¸seic. Aut� eÐnai ìmwc se analutik  graf  kai apaitoÔn diakri-
topoÐhsh. 'Ara sth suneq  suzug  mèjodo, h diakritopoÐhsh akoloujeÐ thn paragwg 
thc suzugoÔc exÐswshc, se antÐjesh me th diakrit  mèjodo pou h diakritopoÐhsh pro-
hgeÐtai kai ètsi oi suzugeÐc exis¸seic par�gontai apeujeÐac se diakrit  morf .

Ja parousi�soume th suneq  suzug  mèjodo me èna sugkekrimèno men, sqetik�
genikì de, par�deigma. EpijumoÔme thn elaqistopoÐhsh thc F h opoÐa orÐzetai wc

F =

∫
s

DUds (8.27)

ìpou D eÐnai ènac diaforikìc telest c, U oi metablhtèc kat�stashc (eÐnai shmantikì
na diakrÐnete: U ) kai s to ìrio tou qwrÐou epÐlushc. H metabol  thc F , h opoÐa

antistoiqeÐ se metabol  twn metablht¸n sqedÐashc
−→
b gr�fetai

δF =

∫
s

δ(DU)ds+

∫
s

DUδ(ds) (8.28)

To prìblhma elaqistopoÐhshc ja lujeÐ me ton periorismì na ikanopoioÔntai oi exis¸-
seic kat�stashc (ro c), oi opoÐec sumbolÐzontai wc

LU = f (8.29)

ìpou L eÐnai ènac grammikìc diaforikìc telest c. To qwrikì olokl rwma thc �meshc

metabol c (onom�zoume ètsi ton teleutaÐo ìro thc sqèshc 8.9, dhlad  ton ìro ∂U

∂
−→
b
δ
−→
b

pou pragmatik� exart�tai �mesa apì metabolèc tou
−→
b ) twn exis¸sewn kat�stashc

(bl. exÐswsh 8.8 all� kai ta sqìlia pou akoloÔjhsan ¸ste na prokÔyei h sqèsh 8.9),
pollaplasiasmèno me tic suzugeÐc metablhtèc Ψ dÐnei

∫
0

Ψ
∂

∂
−→
b

(LU−f) δ
−→
b d0=

∫
0

ΨL
(
∂U

∂
−→
b
δ
−→
b

)
d0−

∫
0

Ψ
∂f

∂
−→
b
δ
−→
b d0 (8.30)

ìpou 0 eÐnai to qwrÐo olokl rwshc me ìrio to s. H tmhmatik  olokl rwsh dÐnei

∫
0

ΨL
(
∂U

∂
−→
b
δ
−→
b

)
d0=

∫
0

(L∗Ψ)
∂U

∂
−→
b
δ
−→
b d0+

∫
s

(EΨ)G

(
∂U

∂
−→
b
δ
−→
b

)
ds (8.31)

Epeid 

δU=
∂U

∂xi

δxi+
∂U

∂
−→
b
δ
−→
b

h sqèsh 8.30 mporeÐ na grafeÐ sth morf 
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∫
0

Ψ
∂

∂
−→
b

(LU−f) δ
−→
b d0=

∫
0

(
δU− ∂U

∂xi

δxi

)
(L∗Ψ)d0

+

∫
s

(EΨ)G(δU)ds−
∫

s

(EΨ)
∂(GU)

∂xi

δxids−
∫

0

Ψ
∂f

∂
−→
b
δ
−→
b d0

Me antikat�stash, h metabol  thc epauxhmènhc sun�rthshc gÐnetai

δFaug =

∫
s

δ(DU)ds+

∫
s

DUδ(ds)−
∫

0

(
δU− ∂U

∂xi

δxi

)
(L∗Ψ)d0

−
∫

s

(EΨ)G(δU)ds+

∫
s

(EΨ)
∂(GU)

∂xi

δxids+

∫
0

Ψ
∂f

∂
−→
b
δ
−→
b d0 (8.32)

Sth b�sh thc exÐswshc 8.32, orÐzetai h pediak  suzug c exÐswsh (L∗Ψ = 0), h opoÐa
me ton trìpo autì mhdenÐzei to olokl rwma

∫
0

(
δU− ∂U

∂xi

δxi

)
(L∗Ψ)d0

pou perièqei tic metabolèc tou U sto 0. Me ìmoio trìpo, h apaloif  tou oloklhr¸-
matoc

∫
s

δ(DU)ds−
∫

s

(EΨ)G(δU)ds

thc exÐswshc 8.32 par�gei tic oriakèc sunj kec gia to Ψ. Oi ìroi oi opoÐoi apomènoun
sthn exÐswsh 8.32 antistoiqoÔn se metabolèc tou F oi opoÐec susqetÐzontai �mesa me

tic metabolèc δ
−→
b kai ekfr�zoun, telik� th zhtoÔmenh par�gwgh pou ja uposthrÐxei

l.q. mia mèjodo kajìdou.
Den apoteleÐ skopì tou kefalaÐou autoÔ na upeisèljei se jèmata sÔgkrishc

suneqoÔc kai diakrit c suzugoÔc mejìdou. Blèpontac polÔ genik� th sÔgkrish aut ,
arkeÐ na parathr soume apl� ìti diatup¸nontac th suneq  suzug  mèjodo èqoume
p�nta kalÔterh katanìhsh (fusik  shmasÐa) tou suzugoÔc probl matoc. 'Autìc eÐ-
nai kai ènac apì touc lìgouc pou sth sunèqeia ja asqolhjoÔme, sqedìn apokleistik�,
me th suneq  suzug  mèjodo. 'O deÔteroc sunaf c lìgoc eÐnai ìti, ed¸, den asqoloÔ-
maste me th diakritopoÐhsh twn exis¸sewn, �ra den eÐnai eÔkolo na asqolhjoÔme se
b�joc me th diakrit  mèjodo.

8.5 Yeudo�1∆ AntÐstrofoc Sqediasmìc AgwgoÔ�
Suzug c DiatÔpwsh

Sthn enìthta aut  ja exeidikeÔsoume th suzug  mèjodo kai ja epilÔsoume me aut 
èna aplì prìblhma: autì tou antÐstrofou sqediasmoÔ enìc agwgoÔ, tou opoÐou èqei
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tejeÐ wc stìqoc sugkekrimènh katanom  pÐeshc kat� to m koc tou,
qrhsimopoi¸ntac to montèlo thc legìmenhc (yeudo)�monodi�stathc ro c.

To reustì eÐnai atribèc kai h ro  sumpiest �upohqhtik . To mèso eÐnai o aèrac,
logizìmenoc wc tèleio aèrio.

H efarmog  ja mporoÔse na apoteleÐ to prokatarktikì st�dio sqediasmoÔ ag-
wg¸n (diaqut¸n kai akrofusÐwn), me th je¸rhsh ìti h ro  metab�lletai mìno kat�
thn axonik  kateÔjunsh. O sqediasmìc afor� thn eÔresh thc katanom c thc diatom c
S(x) tou agwgoÔ kat� thn axonik  kateÔjunsh, sq ma 8.3, h opoÐa epifèrei epijumht 
katanom  pÐeshc ptar(x) kat� m koc tou. QwrÐc bl�bh thc genikìthtac, oi diatomèc
eisìdou kai exìdou tou agwgoÔ jewroÔntai dedomènec.

S(x)

x

Sq ma 8.3: Morf  sugklÐnontoc �apoklÐnontoc agwgoÔ, me metablhtèc sqediasmoÔ
gewmetrikèc posìthtec pou kajorÐzoun th morf  th diatom  S(x) kat� thn axonik 
kateÔjunsh.

Epiplèon dedomèna tou probl matoc eÐnai h olik  pÐesh pt,in kai h olik  jermokrasÐ-
a Tt,in sth diatom  eisìdou (deÐkthc in) kaj¸c kai h statik  pÐesh pout sthn èxodo.
H ro  eÐnai isentropik  kai �ergh, �ra ta olik� megèjh pt,in kai Tt,in paramènoun
stajer� se k�je diatom  S(x), sumperilambanomènhc thc exìdou. Profan c èlegqoc
sumbatìthtac metaxÔ twn dedomènwn thc ro c kai thc katanom c pÐeshc ptar(x) eÐnai
h taÔtish tim¸n touc sthn èxodo tou agwgoÔ.

Praktik�, to yeudo�monodi�stato prìblhma ro c epilÔetai eÔkola qwrÐc anagkastik�
na qrhsimopoihjoÔn suzugeÐc diatup¸seic. EÐnai gnwstì ìti sth diatom  S = S(x),
sthn opoÐa h ro  enìc tèleiou aèriou (γ,R) dièrqetai k�jeta, se olikèc sunj kec
(pt, Tt), h paroq  m�zac ekfr�zetai wc

ṁ=Spt

√
γ

RTt

M

(
1 +

γ−1

2
M2

)− γ+1
2(γ−1)

(8.33)

 , qrhsimopoi¸ntac thn topik  taqÔthta u antÐ tou topikoÔ arijmoÔ Mach, wc

ṁ=Su
pt

RTt

(
1− u2

2CpTt

) 1
γ−1

(8.34)

Oi exis¸seic 8.33 kai 8.34 epilÔontai wc proc ton arijmì Mach M   thn taqÔthta
u se k�je jèsh epanalhptik� (algìrijmoc stajeroÔ shmeÐou), me to sq ma (an h ro 
eÐnai upohqhtik )
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M = ZM

(
1 +

γ−1

2
M2

) γ+1
2(γ−1)

(8.35)

ìpou

ZM =
ṁ

Spt

√
RTt

γ
(8.36)

  to sq ma

u = Zu

(
1− 1

2CpTt

u2

)− 1
γ−1

(8.37)

ìpou

Zu =
ṁRTt

ptS
(8.38)

H parametropoÐhsh thc katanom c S(x) gÐnetai me opoiad pote sun�rthsh parem-
bol c   prosèggishc kai eis�gei tic eleÔjerec metablhtèc, oi opoÐec emperièqontai

sto di�nusma
−→
b , di�stashc N . Prosèxte ìti h sun�rthsh aut  dièpei th diatom 

S(x) kai ìqi thn ek peristrof c epif�neia pou sqhmatÐzei ton agwgì.
Par� th fainomenik  aplìtht� tou, to 1∆ prìblhma pou ja epilÔsoume èqei mia

polÔ shmantik  diafor� apì ta 2∆   3∆ probl mata. H diafor� eÐnai ìti se èna
monodi�stato prìblhma, oi exis¸seic ro c kai o stìqoc orÐzontai ston Ðdio q¸ro (kat�
to m koc x tou agwgoÔ). Den sumbaÐnei to Ðdio kat� to sqediasmì miac aerotom c
(2∆ prìblhma), ìpou oi men exis¸seic ro c isqÔoun sto q¸ro pou perib�llei thn
aerotom  (2∆ qwrÐo) o de stìqoc �katanom  pÐeshc orÐzetai monodi�stata kat� to
perÐgramm� thc.

8.5.1 Exis¸seic Ro c kai Arijmhtik  EpÐlush

Gia to yeudo�monodi�stato prìblhma diatup¸nontai oi exis¸seic ro c (exis¸seic Eu-
ler) wc

∂(ρS)

∂t
+

∂(ρuS)

∂x
= 0

∂(ρuS)

∂t
+

∂(ρu2 + p)S

∂x
= p

dS

dx
∂(ρES)

∂t
+

∂(ρuhtS)

∂x
= 0 (8.39)

kai epanadiatup¸nontai se sunthrhtik  dianusmatik  morf , wc

∂
−→
U

∂t
+

∂
−→
f

∂x
= −→q (8.40)
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ìpou
−→
U = [ρ ρu ρE]T eÐnai to di�nusma twn sunthrhtik¸n metablht¸n, ρ eÐnai

h puknìthta tou reustoÔ, u h taqÔthta, ht = CpTt h olik  enjalpÐa, Tt h olik 
jermokrasÐa kai E eÐnai h olik  enèrgeia tou reustoÔ an� mon�da m�zac. H dianus-
matik  graf  dieukolÔnei th diatÔpwsh twn exis¸sewn diat rhshc m�zac, orm c kai
enèrgeiac me eniaÐo trìpo.

Sthn exÐswsh 8.40, o qronikìc ìroc paramènei (èstw kai an h ro  jewreÐtai
qronik� mìnimh) ¸ste na ekmetalleutoÔme tic idiìthtec twn uperbolik¸n susthm�twn
kai na efarmìsoume teqnikèc qronoproèlashc (time–marching) gia thn epÐlush
tou pedÐou ro c. Me th mèjodo thc qronoproèlashc, h lÔsh tou qronik� mìnimou
pedÐou prokÔptei wc h asumptwtik  sto qrìno lÔsh pou dèqontai oi qronik� mh�
mìnimec exis¸seic ro c, epiluìmenec me qronik� mìnimec oriakèc sunj kec. Qarak-
thristikì touc eÐnai ìti ekmetalleÔontai to ìti to sÔsthma 8.40 eÐnai uperbolikì sto
qwro�qrìno, me pragmatikèc idiotimèc pou ekfr�zoun, se k�je jèsh, thn taqÔthta
thc plhroforÐac pou diatrèqei ton agwgì.

To di�nusma thc atriboÔc ro c
−→
f kai o mh�omogen c ìroc −→q twn exis¸sewn pou

ofeÐletai sth metabol  thc diatom c kat� thn axonik  kateÔjunsh dÐnontai apì tic
sqèseic

−→
f =

 ρu
ρu2 + p

u (ρE + p)

 , −→q = − 1

S

dS

dx

 ρu
ρu2

u (ρE + p)

 (8.41)

Tèloc, qr simec �bohjhtikèc sqèseic apì th jermodunamik  twn teleÐwn aerÐwn,
gia qr sh kat� thn peraitèrw epexergasÐa thc sqèshc 8.40 eÐnai oi

ρE = ρe+
1

2
ρu2 (8.42)

E = ht −
p

ρ
(8.43)

ρE =
ρc2

γ(γ − 1)
+

1

2
ρu2 (8.44)

p = (γ − 1)ρe = (γ − 1)

(
ρE − 1

2
ρu2

)
(8.45)

kai e = CvT eÐnai h eswterik  enèrgeia an� mon�da m�zac tou reustoÔ, γ o ekjèthc
isentropik c metabol c gia to tèleio aèrio, Cv eÐnai o suntelest c jermoqwrhtikìth-
tac upì stajerì ìgko (stajerìc gia tèleia aèria), T h statik  jermokrasÐa kai

c =
√

γp
ρ
h taqÔthta tou  qou.

Oi exis¸seic ro c 8.40 xanagr�fontai wc

∂
−→
U

∂t
+ A

∂
−→
U

∂x
= −→q (8.46)

ìpou A eÐnai h Iakwbian  orÐzousa
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A =
∂
−→
f

∂
−→
U

=


0 1 0

γ−3
2
u2 (3− γ)u γ − 1

−γuE + (γ − 1)u3 γE − γ−1
2

3u2 γu

 (8.47)

me pragmatikèc idiotimèc tic λ1 = u, λ2 = u+ c, λ3 = u− c.
Se upohqhtik  ro , kateujunìmenh kat� ta aÔxonta x, sq ma 8.3, kai se

k�je jèsh x tou agwgoÔ, oi treic idiotimèc èqoun gnwstì prìshmo. DÔo apì autèc
eÐnai jetikèc (oi λ1 kai λ2) kai h trÐth (λ3, afoÔ u < c) eÐnai arnhtik . MporeÐ
na deiqjeÐ (h apìdeixh xefeÔgei apì ta ìria tou maj matoc) ìti oi proshmasmènec
idiotimèc kajorÐzoun kai tic oriakèc sunj kec tou eujèoc probl matoc 'Etsi, orÐzontai
dÔo megèjh sthn eÐsodo (olik  pÐesh kai olik  jermokrasÐa, pou mazÐ kajorÐzoun to
energeiakì epÐpedo tou eiserqìmenou reustoÔ) en¸ to trÐto metafèretai ekeÐ apì to
eswterikì tou agwgoÔ mèsw thc λ3 (ephre�zetai, dhlad , apì tic sunj kec exìdou,
mèsw plhroforÐac h opoÐa �taxideÔei� sto diamorfoÔmeno pedÐo ro c). EpÐshc, èna
mègejoc, h statik  pÐesh, epib�lletai sthn èxodo kai ta �lla dÔo metafèrontai ekeÐ
apì to eswterikì (me tic idiotimèc λ1 kai λ2) kai, me ton trìpo autì h ro  sthn èxodo
�aisj�netai� thn epÐdrash twn sunjhk¸n eisìdou. To prìshmo twn idiotim¸n kajorÐzei
kai ta arijmhtik� sq mata pou apaitoÔntai gia th qronik  kai qwrik  diakritopoÐhsh
tou sust matoc exis¸sewn 8.40.

Genik�, se ìti akoloujeÐ, ja sumbolÐzoume

∂
−→
f

∂
−→
U

=



∂f1

∂U1

∂f1

∂U2
. . . ∂f1

∂Uκ

∂f2

∂U1

∂f2

∂U2
. . . ∂f2

∂Uκ
...

∂fκ

∂U1

∂fκ

∂U2
. . . ∂fκ

∂Uκ


,

∂Φ

∂
−→
U

= [Φ1, Φ2, . . . , Φκ] (8.48)

Sto shmeÐo autì, èqoun diatupwjeÐ kai mporoÔn na epilujoÔn (arijmhtik�, me th
bo jeia thc URD) oi exis¸seic ro c, dhlad  na upologisjeÐ to pedÐo ro c, �ra kai
h katanom  pÐeshc p(x), kat� m koc tou agwgoÔ, arkeÐ na eÐnai dedomènh h diatom 
S(x) autoÔ. Autì eÐnai to legìmeno eujÔ prìblhma (direct problem).

8.5.2 DiatÔpwsh tou SuzugoÔc Probl matoc

H diatÔpwsh tou suzugoÔc probl matoc, gia epijumht  katanom  pÐeshc ptar =
ptar(x), gÐnetai gr�fontac thn antikeimenik  sun�rthsh (prìblhma elaqistopoÐhsh-
c) wc

F (
−→
U ,
−→
b ) =

1

2

∫
L

(p(x)− ptar(x))
2dx (8.49)
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H olokl rwsh gÐnetai se ìlo to m koc L tou agwgoÔ, to opoÐo eÐnai gnwstì kai
stajerì. H metabol  (diakÔmansh) thc antikeimenik c sun�rthshc gr�fetai

δF (
−→
U ,
−→
b ) =

∂F

∂
−→
U
δ
−→
U +

∂F

∂
−→
b
δ
−→
b =

=

∫
L

(p− ptar)
∂p

∂
−→
U
δ
−→
U dx+

1

2

∫
L

(p− ptar)
2δ(dx) (8.50)

ìpou, sÔmfwna me th sqèsh 8.45

∂p

∂
−→
U

= (γ − 1)

[
1

2
u2 − u 1

]
(8.51)

SÔmfwna me ìsa parousi�sjhkan sthn enìthta 8.2, eis�gontac tic suzugeÐc metabl-

htèc
−→
Ψ , h metabol  thc epauxhmènhc antikeimenik c sun�rthshc Faug gr�fetai

δFaug = δF −
∫

L

−→
ΨT

(
∂(δ
−→
f )

∂x
− δ−→q

)
dx

= δF −
∫

L

−→
ΨT

(
∂(δ
−→
f )

∂x
− TUδ

−→
U − Tb δ

−→
b

)
dx (8.52)

ìpou paraleÐfjhke o (yeudo)qronikìc ìroc twn exis¸sewn ro c. EpÐshc, qrhsi-

mopoi jhke o ìroc ∂(δ
−→
f )

∂x
antÐ tou δ

(
∂
−→
f

∂x

)
. Se 1∆ probl mata, me tic upìloipec

paradoqèc pou gÐnontai ed¸, oi dÔo autoÐ ìroi eÐnai Ðsoi (bl. epìmena). Argìter-
a, se efarmogèc 2∆ ro¸n (ìpou oi dÔo autoÐ ìroi den eÐnai Ðsoi), ja asqolhjoÔme
perissìtero me th diafor� metaxÔ touc. O mh�omogen c ìroc anaptÔqjhke wc

δ−→q =
∂−→q
∂
−→
U
δ
−→
U +

∂−→q
∂
−→
b
δ
−→
b = TUδ

−→
U + Tb δ

−→
b (8.53)

me to mhtr¸o Tb = ∂−→q
∂
−→
b
na exart�tai apì thn ek�stote gewmetrik  parametropoÐhsh

thc katanom c thc diatom c S(x) en¸ to mhtr¸o TU upologÐzetai analutik� (me b�sh
th sqèsh 8.41) wc

TU =
∂−→q
∂
−→
U

= − 1

S

dS

dx


0 1 0

−u2 2u 0

−γuE + (γ − 1)u3 γE − γ−1
2

3u2 γu

 (8.54)

H pr¸toc ìroc sto dexiì mèloc thc 8.52, o opoÐoc antistoiqeÐ sth metabol 
thc pragmatik c antikeimenik c sun�rthshc, èqei  dh analujeÐ sth sqèsh 8.50. O
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deÔteroc ìroc, o opoÐoc ekfr�zei ton periorismì tou na ikanopoioÔntai oi exis¸seic
ro c, anaptÔssetai me olokl rwsh kat� par�gontec, wc

∫
L

−→
ΨT

(
∂(δ
−→
f )

∂x
− TUδ

−→
U − Tb δ

−→
b

)
dx =

=

∫
L

(
∂(
−→
ΨT δ
−→
f )

∂x
− δ
−→
f T ∂

−→
Ψ

∂x
−
−→
ΨTTUδ

−→
U −

−→
ΨTTbδ

−→
b

)
dx =

=
[−→
ΨTAδ

−→
U
]

out
−
[−→
ΨTAδ

−→
U
]

in
−
∫

L

(
δ
−→
U TAT ∂

−→
Ψ

∂x
+
−→
ΨTTUδ

−→
U +

−→
ΨTTb δ

−→
b

)
dx

ìpou qrhsimopoi jhke ìti
−→
f = A

−→
U kai δ

−→
f = Aδ

−→
U . H deÔterh sqèsh eÐnai pros-

eggistik  kai isqÔei me thn paradoq  δA = 0.
Eis�gontac thn teleutaÐa sqèsh mazÐ me th 8.50 sthn exÐswsh 8.52 prokÔptei ìti

δFaug =

∫
L

(p− ptar)
∂p

∂
−→
U
δ
−→
U dx+

1

2

∫
L

(p− ptar)
2δ(dx)

−
[−→
ΨTAδ

−→
U
]

out
+
[−→
ΨTAδ

−→
U
]

in

+

∫
L

(
δ
−→
U TAT ∂

−→
Ψ

∂x
+
−→
ΨTTUδ

−→
U +

−→
ΨTTb δ

−→
b

)
dx (8.55)

 

δFaug =

∫
L

δ
−→
U T

[
(p− ptar)(

∂p

∂
−→
U

)T + AT ∂
−→
Ψ

∂x
+ T T

U

−→
Ψ

]
dx︸ ︷︷ ︸

AE

−
[−→
ΨTAδ

−→
U
]

out
+
[−→
ΨTAδ

−→
U
]

in︸ ︷︷ ︸
AEBC

+ 1
2

∫
L

(p− ptar)
2δdx +

∫
L

−→
ΨTTb δ

−→
b dx︸ ︷︷ ︸

SD

(8.56)

H 8.56 eÐnai h basik  exÐswsh h opoÐa perièqei otid pote apaiteÐtai gia th diatÔp-
wsh tou suzugoÔc probl matoc. Sumbolik�, shmei¸netai h summetoq  k�je ìrou thc
exÐswshc. 'Etsi:

• 'Oroi shmeioÔmenoi me AE (Adjoint Equation) dÐnoun th suzug  exÐswsh, ekeÐnh
dhlad  pou an diatupwjeÐ kai ikanopoihjeÐ, apaleÐfei ìlouc touc ìrouc thc 8.56

pou perièqoun thn posìthta δ
−→
U . Ikanopoi¸ntac th suzug  exÐswsh, h metabol 

thc tim c thc (epauxhmènhc) antikeimenik c sun�rthshc gÐnetai anex�rthth opoias-

d pote metabol c δ
−→
U tou pedÐou ro c.
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• 'Oroi shmeioÔmenoi me AEBC (Adjoint Equation Boundary Conditions) dÐnoun
tic oriakèc sunj kec thc suzugoÔc exÐswshc. Me thn epibol  touc, h metabol 
thc tim c thc (epauxhmènhc) antikeimenik c sun�rthshc gÐnetai anex�rthth opoias-

d pote metabol c δ
−→
U sta ìria tou pedÐou.

• 'Oroi shmeioÔmenoi me SD (Sensitivity Derivatives) eÐnai autoÐ oi opoÐoi apomè-
noun met� thn ikanopoÐhsh thc suzugoÔc exÐswshc kai twn oriak¸n thc sun-
jhk¸n. QrhsimopoioÔntai gia ton upologismì thc klÐshc thc antikeimenik c
sun�rthshc wc proc tic metablhtèc elègqou, met� asfal¸c ton upologismì thc

katanom c twn suzug¸n metablht¸n
−→
Ψ . To pr¸to apì ta dÔo oloklhr¸ma-

ta tou ìrou autoÔ sunart�tai thc metabol c δ(dx). Upì proôpojèseic sqe-
tizìmenec me thn parametropoÐhsh tou sq matoc (bl. perissìtera se epìmenh
enìthta) eÐnai δ(dx) = 0 kai o pr¸toc apì touc dÔo ìrouc paraleÐpetai.

Oi SuzugeÐc Exis¸seic

'Opwc  dh anafèrjhke, sthn exÐswsh 8.56, h apaloif  ìlwn twn ìrwn pou periè-

qoun th diataraq  tou dianÔsmatoc twn sunthrhtik¸n metablht¸n δ
−→
U , kajistoÔn

th diataraq  tou epauxhmènou sunarthsiakoÔ kìstouc anex�rthth thc diataraq c twn
posot twn ro c. Sth b�sh thc Ðdiac logik c, diatup¸nontai h suzug c exÐswsh kai oi
oriakèc sunj kec gia tic suzugeÐc metablhtèc (ìroi AE kai AEBC, antÐstoiqa). Apì
ton antÐstoiqo ìro thc exÐswshc 8.56 gÐnetai emfanèc ìti h suzug c exÐswsh eÐnai mia
dianusmatik  exÐswsh, dhlad  èna sÔsthma tri¸n merik¸n diaforik¸n exis¸sewn (ìs-
ec kai oi exis¸seic ro c), me agn¸stouc ta Ψ1, Ψ2 kai Ψ3 se k�je kìmbo. Sunep¸c,
to sÔsthma twn merik¸n diaforik¸n exis¸sewn gia tic suzugeÐc metablhtèc, afoÔ
s' autì prostejeÐ qronikìc ìroc gia th diatÔpwsh enìc qwro�qronik� uperbolikoÔ
probl matoc, gr�fetai

∂
−→
Ψ

∂t
−

(
AT ∂
−→
Ψ

∂x
+ T T

U

−→
Ψ + (p− ptar)(

∂p

∂
−→
U

)T

)
= 0 (8.57)

To grammikì sÔsthma 8.57 pou dièpei tic suzugeÐc metablhtèc èqei pragmatikèc
idiotimèc, Ðsec   antÐjetec me ekeÐnec tou probl matoc ro c. DÐnetai idiaÐterh shmasÐa
sto ìti to sÔsthma eÐnai grammikì: oi suntelestèc AT kai T T den sunart¸ntai tou
−→
Ψ . Mia lÐgo perissìtero �proqwrhmènh� parat rhsh afor� to prìshmo me to opoÐo
prostèjhke o qronikìc ìroc.

Oriakèc Sunj kec gia tic SuzugeÐc Exis¸seic

Oi oriakèc sunj kec pou epib�llontai stic exis¸seic 8.57 proèrqontai apì touc ìrouc
thc 8.56 pou shmei¸nontai me AEBC kai (se an�strofh graf ) eÐnai

δ
−→
U TAT−→Ψ = 0 (8.58)
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H diaqeÐrish thc sqèshc 8.58 gÐnetai me diaforetikì trìpo sthn eÐsodo kai èxodo tou
pedÐou ro c, afoÔ se aut� epib�llontai diaforetikèc sunj kec ro c. H an�ptuxh thc
8.58 eÐnai, asfal¸c, koin  gia thn eÐsodo kai thn èxodo kai dÐnei

[
δρ δ(ρu) δ(ρE)

]


0 γ−3
2
u2 −γuE + (γ − 1)u3

1 (3− γ)u γE − γ−1
2

3u2

0 γ − 1 γu




Ψ1

Ψ2

Ψ3

 = 0

 

[
δρ δ(ρu) δ(ρE)

]


γ−3
2
u2Ψ2 + (−γuE + (γ − 1)u3) Ψ3

Ψ1 + (3− γ)uΨ2 +
(
γE − γ−1

2
3u2
)
Ψ3

(γ − 1)Ψ2 + γuΨ3

 = 0

 , akìmh,

[
γ − 3

2
u2Ψ2 +

(
−γuE + (γ − 1)u3

)
Ψ3

]
δρ +[

Ψ1 + (3− γ)uΨ2 +

(
γE − γ − 1

2
3u2

)
Ψ3

]
δ(ρu) +

[(γ − 1)Ψ2 + γuΨ3] δ(ρE) = 0 (8.59)

Sthn eÐsodo, ìpou epib�llontai stajerèc timèc sta olik� jermodunamik� megèjh
thc ro c (pt kai Tt), diaforÐzontac tic sqèseic isentropik c metabol c, prokÔptoun
oi susqetÐseic metabol¸n

δp = −ρu δu (8.60)

δρ = −ρu
c2

δu (8.61)

H apìdeixh thc 8.60 prokÔptei apì thn isentropik  sqèsh

p = pt

(
T

Tt

) γ
γ−1

= pt

(
1− u2

2CpTt

) γ
γ−1

h opoÐa eÐnai sqèsh thc morf c p = p(u) kai sunep¸c δp = ∂p
∂u
δu (ektelèste thn

parag¸gish). H apìdeixh thc 8.61 prokÔptei apì to ìti sthn eÐsodo h olik  jermokrasÐ-
a eÐnai stajer , �ra
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δTt = δ

(
T +

u2

2Cp

)
= 0 ⇒ δT = − u

Cp

δu

kai thn tautìqronh qr sh thc diakÔmanshc thc katastatik c exÐswshc

δρ = δ
( p

RT

)
=

1

RT
δp− p

RT 2
δT

Stic sqèseic 8.60 kai 8.61 epishmaÐnetai h susqètish twn metabol¸n pÐeshc kai
puknìthtac me th metabol  miac mìno posìthtac, thc taqÔthtac eisìdou ston agwgì.
Apì tic sqèseic autèc, prokÔptoun oi metabolèc thc deÔterhc kai trÐthc sunthrhtik c
metablht c twn exis¸sewn ro c, wc

δ(ρu) = uδρ+ ρδu = ρ

[
1− u2

c2

]
δu (8.62)

δ(ρE) =
δp

γ − 1
+

1

2
δ(ρu2) = ρu

[
γ − 2

γ − 1
− 1

2

u2

c2

]
δu (8.63)

Me antikat�stash ìlwn aut¸n twn sqèsewn gia tic metabolèc twn posot twn
ro c sth sqèsh 8.59, h teleutaÐa paÐrnei gia thn eÐsodo thc ro c ston agwgì (ìpou
h ro  jewreÐtai upohqhtik ) th morf 

ρ

[
1− u2

c2

]
Ψ1 + ρu

[
1− u2

c2

]
Ψ2 + ρu2

[
− u2

2c2
+

γ − 3

2(γ − 1)
+

1

γ − 1

c2

u2

]
Ψ3 = 0

(8.64)

Prìkeitai gia algebrik  sqèsh�periorismì pou dièpei tic treic sunist¸sec tou
−→
Ψ ston

kìmbo eisìdou tou agwgoÔ. H ulopoÐhsh thc sqèshc 8.64 proôpojètei thn parekbol 

apì to eswterikì tou pedÐou dÔo ek twn tri¸n sunistws¸n tou
−→
Ψ (mèsw qarakthris-

tik¸n pou kateujÔnontai sta an�nti thc ro c) kai, sth sunèqeia, ton upologismì thc
trÐthc sunist¸sac apì th sqèsh 8.64. Analogizìmenoi to ti isqÔei gia tic exis¸seic
ro c sth jèsh thc (upohqhtik c) eisìdou, katal goume sto ìti to suzugèc prìblhma
prèpei sthn eÐsodo na èqei qarakthristikèc antÐjetou pros mou apì ìti oi exis¸seic
thc ro c (bl. prohgoÔmenh parat rhsh gia to prìshmo tou yeudoqronikoÔ ìrou).

H diatÔpwsh twn oriak¸n sunjhk¸n gia thn èxodo tou pedÐou ro c akoloujeÐ an-
tÐstoiqh diadikasÐa. H ekeÐ epiballìmenh stajer  tim  thc statik c pÐeshc isodunameÐ
me δp = 0. 'Etsi, apì th sqèsh 8.45, prokÔptei ìti

δp = (γ − 1)

(
δ(ρE)− uδ(ρu) +

1

2
u2δρ

)
= 0 (8.65)

kai sunep¸c

δ(ρE) = uδ(ρu)− 1

2
u2δρ (8.66)
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Me antikat�stash sthn 8.59, prokÔptei ìti

[
−u2Ψ2 + [−γuE +

γ − 2

2
u3]Ψ3

]
δρ+

[
Ψ1 + 2uΨ2 + [γE − γ − 3

2
u2]Ψ3

]
δ(ρu) = 0

h opoÐa epib�llei thn ikanopoÐhsh dÔo sqèsewn ston kìmbo exìdou apì ton agwgì,
twn

−u2Ψ2 +

(
−γuE +

γ − 2

2
u3

)
Ψ3 = 0 (8.67)

Ψ1 + 2uΨ2 +

(
γE − γ − 3

2
u2

)
Ψ3 = 0 (8.68)

Sthn èxodo, sunep¸c, upologÐzetai mia apì tic treic sunist¸sec thc suzugoÔc metabl-
ht c mèsw parekbol c apì to eswterikì tou pedÐou (plhroforÐa pou fèrei mia qarak-
thristik  pou kateujÔnetai proc ta kat�nti thc ro c) kai oi upìloipec dÔo prokÔptoun
�topik��, sthn èxodo, apì tic algebrikèc sqèseic 8.67 kai 8.68.

Ekfr�seic gia thn KlÐsh thc Antikeimenik c Sun�rthshc

EpilÔontac arijmhtik� tic suzugeÐc merikèc diaforikèc exis¸seic kai epib�llontac tic
oriakèc sunj kec pou diatup¸jhkan prohgoumènwc, sthn exÐswsh 8.56 apomènoun
mìno ta dÔo teleutaÐa oloklhr¸mata (ta shmeioÔmena me SD) gia ton zhtoÔmeno
upologismì twn sunistws¸n thc klÐshc thc antikeimenik c sun�rthshc wc proc tic
metablhtèc sqediasmoÔ.

'Opwc proanafèrjhke, sto prìblhm� mac, upì proôpojèseic, to pr¸to apì ta dÔo
aut� oloklhr¸mata, to opoÐo sunart�tai thc metabol c δdx, isoÔtai me mhdèn. Mia
tètoia perÐptwsh, sthn opoÐa ja basisjeÐ kai h an�ptuxh endeiktik¸n sqèsewn gia thn
klÐsh tou F   tou Faug pou akoloujeÐ, eÐnai ìtan h diatom  S parametropoieÐtai l.q.
me polu¸numa Bézier–Bernstein twn opoÐwn oi kat� ton �xona tou agwgoÔ (x) jèseic
twn shmeÐwn elègqou paramènoun stajerèc kat� th beltistopoÐhsh kai, sugqrìnwc,
oi kìmboi upologismoÔ prokÔptoun gia dedomènh (thn Ðdia p�nta) katanom  tim¸n
thc paramètrou t sto di�sthma [0, 1] . 'Estw ìti mia apl  tètoia parametropoÐhsh
sthrÐzetai se polu¸numa Bézier–Bernstein me N shmeÐa elègqou. Sun jwc, to pr¸to
kai to teleutaÐo apì aut� jewroÔntai stajer� (prosdiorÐzoun th diatom  eisìdou kai
exìdou tou agwgoÔ, oi opoÐec eÐnai gnwstèc) kai prèpei na eÐnai sumbat� me thn pr¸th
kai teleutaÐa tim  thc katanom c pÐeshc kat� m koc tou agwgoÔ pou qrhsimopoieÐtai
wc stìqoc. Ed¸, parak�mptoume th leptomèreia aut  kai jewroÔme ìti ta shmeÐa
elègqou thc diatom c eÐnai ta (Xi, Si), i = 0, . . . , N − 1. Jewr¸ntac stajer� kai
gnwst� ìla ta Xi, to di�nusma twn metablht¸n sqediasmoÔ suntÐjetai apì tic N
timèc twn Si, eÐnai dhlad  (me sumbolismì sumbatì me ta prohgoÔmena)

−→
b = (b1, b2, . . . , bN)T = (S0, S1, . . . , SN−1)

T
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Kat� ta gnwst� apì th jewrÐa thc parametropoÐhshc Bézier (bl. sqèsh 9.26), gia
mia tim  thc paramètrou t ∈ [0 : 1], h diatom  tou agwgoÔ sthn axonik  jèsh x(t) =∑N−1

i=0 Ci(t)Xi isoÔtai me

S(x(t)) = S(t) =
N−1∑
i=0

Ci(t)Si =
N−1∑
i=0

Ci(t)bi+1 (8.69)

ìpou Ci(t) eÐnai oi sunart seic b�shc twn poluwnÔmwn Bézier. Gia dedomènh tim  tou
t, afoÔ Ci(t) kai Xi paramènoun amet�blhta, h tim  tou x(t) den metab�lletai. Me
th sun jh upìjesh ìti oi axonikèc jèseic twn kìmbwn pou diakritopoioÔn to m koc L
tou agwgoÔ prokÔptoun gia dedomènh kai amet�blhth katanom  t, to dx metaxÔ twn
Ðdiwn dÔo diadoqik¸n kìmbwn paramènei stajerì, dhlad  δ(dx) = 0.

'Etsi, apomènei ìti

δFaug =

∫
L

−→
ΨTTb δ

−→
b dx (8.70)

me to mhtr¸o Tb di�stashc 3×N na orÐzetai wc

Tb =


∂σ
∂b1
ρu ∂σ

∂b2
ρu . . . ∂σ

∂bN
ρu

∂σ
∂b1
ρu2 ∂σ

∂b2
ρu2 . . . ∂σ

∂bN
ρu2

∂σ
∂b1
u(ρE + p) ∂σ

∂b2
u(ρE + p) . . . ∂σ

∂bN
u(ρE + p)

 (8.71)

ìpou σ = − 1
S

∂S
∂x
. Me b�sh th graf  8.71, an

−→
T bi eÐnai h i�iost  st lh tou Tb, tìte

δF

δbi
=

∫
L

−→
ΨT−→T bidx (8.72)

AfoÔ

∂σ

∂bi
=
δσ

δbi
=
δ(− 1

S
∂S
∂x

)

δbi
= − 1

S

δ(∂S
∂x

)

δbi
+

1

S2

∂S

∂x

δS

δbi
(8.73)

arkeÐ, dedomènhc thc sqèshc 8.69, na brejoÔn oi ekfr�seic twn metabol¸n δS
δbi

kai
δ( ∂S

∂x
)

δbi
. Gia thn ek�stote tim  tou t, h metabol  tou S(t) gr�fetai eÔkola wc

δS(t)

δbi
=
δ
(∑N−1

i=0 Ci(t)bi+1

)
δbi

= Ci−1(t) (8.74)

H par�gwgoc thc diatom c wc proc thn x kateÔjunsh eÐnai Ðsh me

∂S

∂x
(t) =

N−1∑
i=0

∂Ci

∂x
(t)bi+1 (8.75)
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kai h metabol  thc klÐshc thc diatom c wc proc tic metablhtèc elègqou dÐnetai apì
th sqèsh

δ(∂S
∂x

(t))

δbi
=
∂Ci(t)

∂x
=

dCi(t)
dt

dx(t)
dt

(8.76)

me thn par�gwgo dCi(t)
dt

na prokÔptei apì th sqèsh 9.28 en¸

dx(t)

dt
=

N−1∑
i=0

dCi(t)

dt
Xi

Epanalamb�netai (t¸ra pou gnwrÐsame leptomer¸c th majhmatik  diatÔpwsh) ìti,
sthn perÐptwsh antÐstrofou sqediasmoÔ 1∆ agwgoÔ me th suzug  mèjodo, h apìklish
thc trèqousac katanom c pÐeshc apì thn katanom �stìqo summetèqei wc ìroc phg c
sth suzug  exÐswsh 8.57. 'Opwc ja anaptuqjeÐ se epìmenh enìthta, sto 2∆ prìblhma
oi antÐstoiqoi ìroi emfanÐzontai stic exis¸seic pou diatup¸nontai gia ta stere� ìria
kai ìqi se autèc gia to eswterikì tou pedÐou. H idiomorfÐa aut  twn poludi�statwn
problhm�twn eÐnai axioshmeÐwth.

8.5.3 O Algìrijmoc AntÐstrofou SqediasmoÔ

SunoyÐzoume ta b mata tou algìrijmou antÐstrofou sqediasmoÔ agwgoÔ, me b�sh
je¸rhsh yeudo�1∆ ro c, pou basÐzetai se suzug  diatÔpwsh kai thn mèjodo apì-
tomhc kajìdou:

B ma 1: DÐnetai arqik  tim  sto metrht  twn kÔklwn n = 0 kai epilègetai tuqaÐa
h arqik  lÔsh, dhlad  èna arqikì sÔnolo tim¸n twn N metablht¸n sqediasmoÔ
−→
b n, to

−→
b 0, ìpou o p�nw deÐkthc eÐnai metrht c kÔklwn.

B ma 2: QrhsimopoieÐtai h sun�rthsh parembol c (l.q. to polu¸numo Bézier–
Bernstein) ¸ste na sqhmatisjeÐ h gewmetrÐa tou agwgoÔ, dhlad  na brejeÐ

h katanom  Sn(x) pou antistoiqeÐ sto trèqon di�nusma
−→
b n. Apotèlesma tou

b matoc autoÔ eÐnai na upologisjeÐ mia katanom  kìmbwn kat� to m koc L tou
agwgoÔ kai h antÐstoiqh katanom  diatom c S(x) ¸ste, sth sunèqeia, se autì
to plègma na epilujoÔn arijmhtik� oi exis¸seic thc ro c kai oi suzugeÐc exis¸-
seic.

B ma 3: EpilÔetai to eujÔ prìblhma. EpilÔontai, dhlad , arijmhtik� oi exis¸seic
8.40 thc ro c. UpologÐzetai, metaxÔ �llwn, h katanom  pÐeshc p(x) kat� m koc
tou agwgoÔ.

B ma 4: Efarmìzetai krit rio sÔgklishc, sqetikì me thn tim  thc antikeimenik c
sun�rthshc 8.49 kai stamat� ed¸ o algìrijmoc an ikanopoieÐtai to krit rio
sÔgklishc.
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B ma 5: EpilÔetai to suzugèc prìblhma, dhlad  to grammikì sÔsthma 8.57 me tic
oriakèc sunj kec thc enìthtac 8.5.2. UpologÐzontai ètsi oi suzugèc metablhtèc
−→
Ψn.

B ma 6: Diorj¸nontai oi timèc twn metablht¸n sqediasmoÔ,

bn+1
i = bni − η

δF

δbi
, i = 1, . . . , N (8.77)

me tic parag¸gouc na upologÐzontai apì th sqèsh 8.72.

B ma 7: 'Enac nèoc kÔkloc xekin� apì to B ma 2, jètontac n← n+ 1.

SÔmfwna me ta prohgoÔmena, ènac kÔkloc antistoiqeÐ sthn epÐlush enìc eujèoc
kai enìc suzugoÔc probl matoc. Na giatÐ, apì thn arq , diatup¸jhke ìti to kìstoc
enìc kÔklou isoÔtai proseggistik� me to kìstoc dÔo epilÔsewn tou eujèoc probl -
matoc. Ac shmeiwjeÐ ìti, epeid  kai to eujÔ kai to suzugèc prìblhma lÔnontai me
epanalhptikèc mejìdouc, eÐnai qr simo na gÐnei h di�krish metaxÔ twn ìrwn kÔkloc
kai epan�lhyh.

8.5.4 Efarmog �Upologistikì Par�deigma

AkoloujeÐ h efarmog  thc prohgoÔmenhc mejìdou ston antÐstrofo sqediasmì agw-
goÔ me isentropikì arijmì Mach sthn èxodo M2,is = 0.50. Prìkeitai gia ton tupikì
trìpo elègqou thc axiopistÐac tètoiwn mejìdwn ìpou, gia dedomèno agwgì (dedomènh
katanom  S(x)), upologÐzetai arqik� h antÐstoiqh katanom  pÐeshc ptar(x). Sth sunè-
qeia, lÔnoume to prìblhma beltistopoÐhshc kai elègqoume an h telik  katanom  pÐesh-
c p(x) anapar�gei me akrÐbeia thn ptar(x) all� kai an h telik  gewmetrÐa pou prokÔptei
wc lÔsh tou probl matoc beltistopoÐhshc sumfwneÐ me thn arqik  gewmetrÐa (pou
ja apokaleÐtai �gewmetrÐa anafor�c �).

Akolouj¸ntac ton parap�nw trìpo ergasÐac, sta sq mata 8.4 kai 8.5 parousi�ze-
tai h katanom  tou megèjouc -stìqou (katanom  pÐeshc) ston agwgì pou proèkuye
apì th mèjodo beltistopoÐhshc kai o rujmìc sÔgklishc thc mejìdou. Parathr ste
ìti qrei�sthkan perÐ touc 200 kÔklouc gia sÔgklish thc mejìdou, dhlad  perÐpou
400 isodÔnamec epilÔseic twn exis¸sewn ro c. O arijmìc autìc (�ra kai to upol-
ogistikì kìstoc) mporeÐ na meiwjeÐ kat� polÔ an h mèjodoc thc apìtomhc kajìdou
antikatastajeÐ apì mia �kalÔterh� mèjodo beltistopoÐhshc (l.q. mèjodo Newton,
akrib    proseggistik ).

8.6 Suzug c DiatÔpwsh gia 2∆ Probl mata

H enìthta aut  asqoleÐtai me th diatÔpwsh twn suzug¸n exis¸sewn gia didi�stata
probl mata ro c. H parousÐash pou akoloujeÐ mporeÐ na efarmosjeÐ sto sqedi-
asmì opoiasd pote gewmetrik c morf c all�, ed¸ ja anaferìmaste sto sqediasmì
aerotom¸n, eÐte memonwmènwn eÐte pterug¸sewn strobilomhqan¸n.
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Sq ma 8.4: AntÐstrofoc sqediasmìc agwgoÔ, me paradoqèc yeudo�1∆ ro c.
Parousi�zetai h katanom  pÐeshc �stìqoc pou tèjhke kai h antÐstoiqh katanom  pou
upologÐsjhke. Kai oi dÔo katanomèc eÐnai adi�statec me ton Ðdio trìpo. Praktik�, oi
dÔo katanomèc sumpÐptoun apìluta.
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Sq ma 8.5: AntÐstrofoc sqediasmìc agwgoÔ, me paradoqèc yeudo�1∆ ro c: Rujmìc
sÔgklishc me thn tim  thc sun�rthshc kìstouc se logarijmik  klÐmaka. Parathr ste
th sun jh sumperifor� thc mejìdou thc apìtomhc kajìdou: sthn arq  to kìstoc
mei¸netai me gr goro rujmì kai sth sunèqeia o rujmìc autìc mei¸netai dramatik�.

8.6.1 AntÐstrofoc Sqediasmìc Aerotom c � JemelÐw-

sh

'Estw ìti stìqoc eÐnai na eurejeÐ h morf  aerotom c h opoÐa se dedomènec sun-
j kec ro c anapar�gei dedomènh katanom  pÐeshc sta toiq¸mat� thc. Dhlad , èqei
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prokajorisjeÐ mia katanom  pÐeshc ptar = ptar(s) wc sun�rthsh tou m kouc tìx-
ou s tou perigr�mmatoc thc aerotom c, gia tic pleurèc uperpÐeshc kai upopÐesh-
c. Praktik�, mia tètoia katanom �stìqoc dhmiourgeÐtai sun jwc qrhsimopoi¸ntac
oloklhrwmatikèc exis¸seic upologismoÔ tou oriakoÔ str¸matoc, oi opoÐec upologÐ-
zoun katanomèc pÐeshc ¸ste ta anaptussìmena oriak� str¸mata na èqoun epijumht�
qarakthristik� (l.q. na mhn apokoll¸ntai). Se �llec pragmatikèc peript¸seic, h
katanom �stìqoc prokÔptei epembaÐnontac kai tropopoi¸ntac thn katanom  pÐeshc
pou dÐnei up�rqousa aerotom , me gn¸mona thn kalutèreush twn qarakthristik¸n
thc ro c pou anaptÔssontai gÔrw thc. Sun jwc, tètoioi upologismoÐ dÐnoun ton
(adi�stato) suntelest  pÐeshc cp(s) o opoÐoc ja èprepe na tejeÐ wc stìqoc antÐ thc
katanom c pÐeshc p(s), all� gia lìgouc eukolÐac sth diatÔpwsh ja jewr soume ìti
stìqoc eÐnai mia katanom  pÐeshc.

Me b�sh ta prohgoÔmena, wc antikeimenik  sun�rthsh proc elaqistopoÐhsh (sun�rthsh
kìstouc) epilègetai h

F =

∫
w

(p(s)− ptar(s))
2ds (8.78)

ìpou to olokl rwma upologÐzetai sto perÐgramma w k�je aerotom c -upoy fiac lÔsh-
c, h opoÐa stic sugkekrimènec sunj kec ro c dÐnei katanom  pÐeshc p(s) h opoÐa sth
genik  perÐptwsh eÐnai diaforetik  thc epijumht c ptar(s).

EpÐshc, ja upojèsoume ìti to reustì eÐnai sumpiestì kai atribèc, �ra dièpetai apì

tic exis¸seic Euler. KajorÐzetai, me ton trìpo autì, h sun�rthsh
−→
R thc exÐswshc

8.10.
TeleutaÐa paradoq  eÐnai aut  pou afor� sto gewmetrikì montèlo parametropoÐhsh-

c tou perigr�mmatoc thc aerotom c. Gia thn an�ptuxh pou ja akolouj sei (h opoÐa
prèpei na eÐnai genik  kai kat� to dunatìn apl ) den ja epilèxoume èna sugkekrimèno
montèlo (b–Splines, Bézier   otid pote �llo). Gia lìgouc genikìthtac, ja ekfr�-

soume me B(
−→
b ) to montèlo thc parametropoÐhshc, ìpou

−→
b eÐnai to di�nusma twn

eleÔjerwn metablht¸n. TonÐzoume ìti, ìtan to montèlo B(
−→
b ) eÐnai gnwstì, bo-

hjhtikèc gewmetrikèc posìthtec ìpwc eÐnai to m koc tìxou, oi sunist¸sec tou k�je-
tou monadiaÐou dianÔsmatoc sto perÐgramma thc aerotom c klp pou emplèkontai stouc
upologismoÔc, prokÔptoun eÔkola kai kat� perÐptwsh, me analutikèc sqèseic.

Wc proc th mèjodo beltistopoÐhshc, èstw ìti lÔnoume to prìblhma me th mèjodo
thc apìtomhc kajìdou kai h suzug c mèjodoc (ìpwc diatup¸netai sth sunèqeia)
qrhsimopoieÐtai gia ton upologismì thc klÐshc thc antikeimenik c sun�rthshc.

Ta b mata tou sunolikoÔ algorÐjmou epÐlushc eÐnai:

B ma 0: Epilog  arqik c lÔshc
−→
b n me n = 0, h opoÐa antistoiqeÐ se mia arqik 

aerotom .

B ma 1: Q�raxh perigr�mmatoc trèqousac aerotom c efarmìzontac to montèlo parametropoÐhsh-

c B(
−→
b n).

B ma 2: DhmiourgÐa upologistikoÔ plègmatoc gÔrw apì thn aerotom  kai ari-
jmhtik  epÐlush twn exis¸sewn ro c se autì, gia tic dedomènec sunj kec ro c.
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Apotèlesma eÐnai o upologismìc tou roðkoÔ pedÐou
−→
U n (�ra, profan¸c, kai tou

pedÐou pÐeshc p) pou diamorf¸netai gÔrw apì thn trèqousa aerotom �lÔsh.

B ma 3: EpÐlush twn suzug¸n exis¸sewn (exis¸seic 8.17) sto Ðdio upologistikì
plègma, qrhsimopoi¸ntac to pedÐo ro c pou  dh upologÐsjhke. Upologismìc

tou suzugoÔc pedÐou
−→
Ψn.

B ma 4: Ananèwsh thc morf c thc aerotom c efarmìzontac th mèjodo thc apì-
tomhc kajìdou me thn klÐsh thc antikeimenik c sun�rthshc pou upologÐsjhke
apì tic sqèseic 8.18 kai 8.19.

B ma 5: Efarmog  krithrÐwn sÔgklishc kai epistrof  sto b ma 1 me (n← n+ 1),
an h mèjodoc den èqei sugklÐnei akìmh, sÔmfwna me to krit rio sÔgklishc

H an�ptuxh pou ja akolouj sei basÐzetai stic exis¸seic Euler gia 2D roèc,
grammènec se sunthrhtik  dianusmatik  morf 

∂
−→
U

∂t
+

∂
−→
f

∂x
+

∂−→g
∂y

=
−→
0 (8.79)

EpekteÐnontac gn¸seic kai sumbolismoÔc apì to sqediasmì tou yeudo�1∆ agwgoÔ,

me
−→
U = [ρ ρu ρv ρE]T sumbolÐzetai to di�nusma twn sunthrhtik¸n metablht¸n, u

kai v eÐnai oi kartesianèc sunist¸sec thc taqÔthtac, en¸ h olik  enèrgeia ρE tou
reustoÔ an� mon�da ìgkou dÐnetai apì th sqèsh

ρE = ρe+
1

2
ρ
(
u2 + v2

)
(8.80)

Sthn exÐswsh 8.79, o qronikìc ìroc paramènei ¸ste na efarmostoÔn teqnikèc qrono-
proèlashc, me tic opoÐec h lÔsh tou qronik� mìnimou pedÐou prokÔptei wc h a-
sumptwtik  sto qrìno lÔsh twn qronik� mh�mìnimwn exis¸sewn ro c, gia qronik�

mìnimec oriakèc sunj kec. Me
−→
f kai −→g sumbolÐzoume ta dianÔsmata atriboÔc ro c

stic dieujÔnseic x kai y antÐstoiqa, ta opoÐa dÐnontai apì tic sqèseic

−→
f =


ρu

ρu2 + p
ρuv

u (ρE + p)

 , −→g =


ρv
ρuv

ρv2 + p
v (ρE + p)

 (8.81)

To sÔsthma twn merik¸n diaforik¸n exis¸sewn sumplhr¸netai me thn katastatik 
exÐswsh twn teleÐwn aerÐwn. 'Etsi, sth dianusmatik  graf  8.79 anagnwrÐzoume, an�
gramm , thn exÐswsh thc sunèqeiac, tic dÔo sunist¸sec thc exÐswshc thc orm c kai
thn exÐswsh thc enèrgeiac. Se otid pote akoloujeÐ, ja paraleÐpontai deÐktec (ìpwc o
n) pou qrhsimopoioÔntai wc metrhtèc epanal yewn tou algìrijmou beltistopoÐhshc.
Ja jewreÐtai ìti, sthn trèqousa epan�lhyh, k�je posìthta upologÐzetai me tic pio
prìsfatec timèc twn emplekìmenwn posot twn

Oi exis¸seic ro c 8.79 gr�fontai
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∂
−→
U

∂t
+

∂
−→
f

∂
−→
U

∂
−→
U

∂x
+

∂−→g
∂
−→
U

∂
−→
U

∂y
=
−→
0 (8.82)

kai, sumbolÐzontac me A kai B ta Iakwbian� mhtr¸a

A =
∂
−→
f

∂
−→
U

, B =
∂−→g
∂
−→
U

(8.83)

h 8.82 xanagr�fetai wc

∂
−→
U

∂t
+ A

∂
−→
U

∂x
+ B

∂
−→
U

∂y
=
−→
0 (8.84)

ìpou

A =



0 1 0 0

γ−3
2
u2 + γ−1

2
v2 (3− γ)u −(γ − 1)v γ − 1

−uv v u 0

−γuρE + (γ − 1)u(u2 + v2) γρE − γ−1
2

(v2 + 3u2) −(γ − 1)uv γu


(8.85)

kai

B =



0 0 1 0

−uv v u 0

γ−3
2
v2 + γ−1

2
u2 −(γ − 1)u (3− γ)v γ − 1

−γvρE + (γ − 1)v(u2 + v2) −(γ − 1)uv γρE − γ−1
2

(u2 + 3v2) γv


(8.86)

Gia diakÔmansh δ
−→
b twn metablht¸n elègqou, h metabol  thc antikeimenik c sun�rthsh-

c dÐnetai apì th sqèsh

δF =
1

2
δ

∫
sw

(p− ptar)
2ds =

1

2

∫
sw

(p− ptar)
2δ(ds) +

∫
sw

(p− ptar)δp ds (8.87)

ìpou summetèqoun mìno epikampÔlia oloklhr¸mata se èna tm ma tou orÐou s tou
qwrÐou ro c kai sugkekrimèna sta stere� toiq¸mata (sw) pou se prìblhma antÐstro-
fou sqediasmoÔ aerotom c sumpÐptoun me to perÐgramma aut c. To qwrÐo sto opoÐo
epilÔetai h ro  parousi�zetai sto sq ma 8.6, ìpou faÐnetai kai to tm ma tou orÐou
to opoÐo shmei¸netai me sw.
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Sq ma 8.6: Upologistikì qwrÐo 0 pou tupik� qrhsimopoieÐtai gia ton upologismì thc
ro c gÔrw apì memonwmènh aerotom . To qwrÐo periorÐzetai apì tic dÔo kampÔlec. H
exwterik  kampÔlh antistoiqeÐ sto ep' �peiro ìrio thc ro c (inf , infinite boundary).
Praktik� mporeÐ na èqei opoiod pote sq ma (suqn� kuklikì) arkeÐ na topojeteÐtai
epark¸c makri� twn stere¸n toiqwm�twn ¸ste ekeÐ h ro  na jewreÐtai praktik�
adiat�rakth. Tupik  apìstash eÐnai perÐ ta 10 wc 20 m kh qord c apì thn aerotom .
H eswterik  kampÔlh eÐnai h proc sqediasmì aerotom , to tm ma dhlad  tou sunolikoÔ
perigr�mmatoc pou antistoiqeÐ se stereì toÐqwma (w, wall). EnnoeÐtai ìti ∂0 = s =
sinf ∪ sw = sinf ∪ w.

Gia opoiad pote diakÔmansh twn metablht¸n sqediasmoÔ prèpei na exakoloujoÔn
na ikanopoioÔntai oi exis¸seic thc ro c dhlad  isqÔei

δ(
∂
−→
f

∂x
+

∂−→g
∂y

) =
−→
0 (8.88)

Pollaplasi�zontac th metabol  aut  twn exis¸sewn ro c me to di�nusma twn pol-
laplasiast¸n Lagrange   alli¸c tic suzugeÐc metablhtèc kai oloklhr¸nontac sto
pedÐo ro c prokÔptei ∫

0

−→
ΨT δ

(
∂
−→
f

∂x
+

∂−→g
∂y

)
d0 = 0 (8.89)

Afair¸ntac to (ètsi ki alloi¸c mhdenikì) olokl rwma thc 8.89 apì th metabol 
thc antikeimenik c sun�rthshc, sqèsh 8.87, prokÔptei h metabol  thc epauxhmènhc
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antikeimenik c sun�rthshc

δFaug = δF −
∫

0

−→
ΨT δ

(
∂
−→
f

∂x
+
∂−→g
∂y

)
d0 = δF −

∫
0

−→
ΨT δ

(
∂
−→
fi

∂xi

)
d0 (8.90)

Lìgw thc sqèshc 8.89 eÐnai emfanèc ìti h elaqistopoÐhsh thc antikeimenik c sun�rthsh-
c F   thc epauxhmènhc Faug eÐnai ènac kai o autìc stìqoc kai, sth sunèqeia, oi dÔo
sunart seic ja qrhsimopoioÔntai adiakrÐtwc.

Parathr ste ìti sth sqèsh 8.90, sto qwrikì olokl rwma, emfanÐzontai metabolèc
parag¸gwn. 'Opwc f�nhke kai sto yeudo�1∆ par�deigma, basikì �ergaleÐo� gia th
majhmatik  an�ptuxh twn suzug¸n exis¸sewn eÐnai to je¸rhma twn Green–Gauss.
Me autì, qwrik� oloklhr¸mata thc apìklishc (div) miac dianusmatik c posìthtac
(kai oi exis¸seic ro c gr�fontai ètsi, eÐnai h legìmenh sunthrhtik  touc graf ) meta-
trèpontai se sunoriak� oloklhr¸mata. 'Ara, sth sqèsh 8.90, ja  tan protimìtero na
up rqan par�gwgoi twn metabol¸n antÐ twn metabol¸n twn parag¸gwn. O trìpoc
pou gÐnetai o sqetikìc metasqhmatismìc parousi�zetai, wc jewrÐa kai par�deigma,
sthn epìmenh embìlimh enìthta.

8.6.2 Sqetikì Majhmatikì Upìbajro � Majhmatikì

Par�deigma

Gia lìgouc genikìthtac, ac af soume gia lÐgo tic exis¸seic ro c kai ta probl -
mata antÐstrofou sqediasmoÔ aerotom¸n, kai ac asqolhjoÔme me mia antikeimenik 
sun�rthsh h opoÐa eÐnai èna qwrikì olokl rwma, thc morf c

F =

∫
0

(
Bi
∂U

∂xi

+ CU

)
d0 (8.91)

Oi suntelestèc Bi kai C jewroÔntai anex�rthtec thc metablht c kat�stashc U .
Oi exis¸seic kat�stashc tou antÐstoiqou �eikonikoÔ� fusikoÔ probl matoc eÐnai di-
aforikèc exis¸seic thc morf c

R(U) = Kij
∂2U

∂xi∂xj

+ Ei
∂U

∂xi

+ HU = 0 (8.92)

oi opoÐec ikanopoioÔntai se k�je eswterikì shmeÐo tou pedÐou 0 en¸ sta sunoriak�
shmeÐa tou 0 (shmeÐa�kìmboi tou s) epib�llontai oi �prèpousec � oriakèc sunj kec.
Ta Kij, Ei, H eÐnai ìla anex�rthta tou U kai twn xi.

Eis�gontac th suzug  metablht  Ψ, h diakÔmansh thc epauxhmènhc antikeimenik 
sun�rthsh orÐzetai wc

δFaug = δF −
∫

0

ΨδR(U)d0 (8.93)
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 , me antikat�stash,

δFaug =

∫
0

[
Biδ

(
∂U

∂xi

)
+ CδU

]
d0 +

∫
0

(
Bi
∂U

∂xi

+ CU

)
δ(d0)

−
∫

0

Ψ

[
Kijδ

(
∂2U

∂xi∂xj

)
+ Eiδ

(
∂U

∂xi

)
+HδU

]
d0 (8.94)

Ta dÔo pr¸ta qwrik� oloklhr¸mata sto dexiì mèloc thc 8.94 ekfr�zoun, to pr¸to
men, th metabol  sthn tim  thc F pou ofeÐletai sto ìti h metabol  stic timèc twn

metablht¸n sqediasmoÔ
−→
b metab�llei to pedÐo twn metablht¸n kat�stashc U (to

roðkì pedÐo, dhlad ), to deÔtero de, thn prìsjeth metabol  sthn tim  thc F pou

prokaleÐ h Ðdia metabol  stic timèc twn
−→
b lìgw thc metabol c pou sunep�getai sto

sq ma tou qwrÐou olokl rwshc (metab�lletai olìklhro   èna tm ma tou orÐou s tou
0 kai, mazÐ tou, metab�lletai kai to qwrÐo olokl rwshc 0).

'Opwc proanafèrjhke, h diaqeÐrish thc 8.94 basÐzetai sthn olokl rwsh kat�
par�gontec kai to je¸rhma twn Green–Gauss. Me aut  th sullogistik , up�rqoun
dÔo �tÔpoi� ìrwn se aut n thn exÐswsh pou apaitoÔn prosektik  antimet¸pish. O

pr¸toc ìroc eÐnai o δ(d0). O deÔteroc ìroc eÐnai posìthtec thc morf c δ
(

∂2U
∂xi∂xj

)
 

δ
(

∂U
∂xi

)
(metabolèc miac qwrik c parag¸gou opoiasd pote t�xhc).

ApodeiknÔetai ìti isqÔoun oi sqèseic

δ(d0) =
∂(δxk)

∂xk

d0 (8.95)

kai

δ

(
∂U

∂xi

)
=
∂(δU)

∂xi

− ∂U

∂xk

∂(δxk)

∂xi

(8.96)

Stic parap�nw sqèseic k�je epanalambanìmenoc deÐkthc uponoeÐ �jroish, kat� th
sÔmbash tou Einstein. 'Etsi, gia didi�stata pedÐa, sto epÐpedo (x, y), oi sqèseic
anaptÔssontai wc

δ(d0) =

(
∂(δx)

∂x
+
∂(δy)

∂y

)
d0

δ

(
∂U

∂x

)
=

∂(δU)

∂x
−
(
∂U

∂x

∂(δx)

∂x
+
∂U

∂y

∂(δy)

∂x

)
δ

(
∂U

∂y

)
=

∂(δU)

∂y
−
(
∂U

∂x

∂(δx)

∂y
+
∂U

∂y

∂(δy)

∂y

)

Eidik� h sqèsh 8.96 axÐzei ousiastik  katanìhsh thc fusik c thc shmasÐac. 'Est-
w to prìblhma tou sqediasmoÔ enìc didi�statou agwgoÔ. 'Opwc faÐnetai kai sto
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Μ

y η

x ξ

Μ

Sq ma 8.7: To pragmatikì (x, y) kai to metasqhmatismèno (ξ, η) upologistikì qwrÐo.

sq ma 8.7, gia na epilujeÐ arijmhtik� to pedÐo ro c (oi exis¸seic kat�stashc) al-
l� kai oi suzugeÐc exis¸seic, to qwrÐo 0 diakritopoieÐtai qrhsimopoi¸ntac (ed¸) èna
domhmèno plègma. H metabol  thc qwrik c parag¸gou enìc megèjouc thc ro c ston
kìmbo M (pìso, dhlad , all�zei l.q. h ∂U

∂x
sto M) isoÔtai me th qwrik  par�g-

wgo thc metabol c tou megèjouc autoÔ (se k�je kìmbo tou plègmatoc gnwrÐzoume
thn prokaloÔmenh δU kai upologÐzoume th qwrik  par�gwgì thc ∂U

∂x
sto M , wc e�n

autìc na mhn metakin jhke) kai ènan akìmh ìro (ton teleutaÐo) pou ekfr�zei to ìti h

metabol  twn
−→
b �llaxe to sq ma tou agwgoÔ �ra �llaxe kai to plègma kai sunep¸c

o kìmboc M metakin jhke.
H apìdeixh thc 8.96 eÐnai apl . 'Ac deqjoÔme, gia thn aplìthta thc apìdeixhc, ìti

up�rqei mia mìno metablht  sqediasmoÔ, h b. H metabol  tou U lìgw metabol c tou
b gr�fetai me ton kanìna thc alusÐdac wc

δU =
δU(xi(b), b)

δb
δb =

∂U

∂xk

δxk +
∂U

∂b
δb (8.97)

kai paragwgÐzetai qwrik�, dÐnontac

∂(δU)

∂xi

=
∂2U

∂xi∂xk

δxk +
∂U

∂xk

∂(δxk)

∂xi

+
∂

∂xi

(
∂U

∂b

)
δb (8.98)

'Omoia, h metabol  tou ∂U
∂xi

wc proc b gr�fetai wc

δ

(
∂U

∂xi

)
=

∂

∂b

(
∂U

∂xi

)
+

∂2U

∂xi∂xk

δxk (8.99)

MetaxÔ twn sqèsewn 8.98 kai 8.99, apaleÐfontai oi koinoÐ ìroi tou dexioÔ mèlouc kai
prokÔptei eÔkola h sqèsh 8.96.
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8.6.3 Fusik  ShmasÐa thc 8.96

To par�deigma pou akoloujeÐ eÐnai monodi�stato, idiaÐtera aplì kai katanohtì (sq ma
8.8).

U(x=1)=1

1b+db

U=U(x
)

U(x=1)=1

1b

U=U(x
)

U(x=1)=1

1b

U(x=1)=1

1b+db

U=U(x
)

Sq ma 8.8: Monodi�stato par�deigma gia thn katanìhsh thc sqèshc δ
(

∂U
∂xi

)
=

∂(δU)
∂xi
− ∂U

∂xk

∂(δxk)
∂xi

'Estw ìti stìqoc eÐnai h beltistopoÐhsh thc morf c enìc monodi�statou qwrÐou
m kouc 1 − b, ìpou to b eÐnai h monadik  metablht  sqediasmoÔ, me b ∈ (0, 1). H
beltistopoÐhsh gÐnetai wc proc mian antikeimenik  sun�rthsh h opoÐa den èqei shmasÐa
se sqèsh me thn exÐswsh 8.96 kai wc ek toÔtou paraleÐpetai k�je anafor� se aut .
To qwrÐo eÐnai metablhtoÔ m kouc, arqÐzei sth jèsh x = b telei¸nei sth stajer 
jèsh x = 1. Metab�llontac thn tim  tou b, all�zei m koc to qwrÐo, to opoÐo ìmwc
p�nta diakritopoieÐtai me M isapèqontec kìmbouc. Me xi sumbolÐzetai h jèsh tou
i-ostoÔ kìmbou, eÐnai dhlad 

xi = b+
i− 1

M − 1
(1− b) , i = 1,M (8.100)

H epÐdeixh pou epiqeireÐtai den apaiteÐ oÔte th gn¸sh thc exÐswshc kat�stashc. Gia
aplìthta, ja deqjoÔme ìti aut  eÐnai opoiad pote sun jhc diaforik  exÐswsh èqei
wc lÔsh U th grammik  sun�rthsh

Ui =
b− xi

b− 1
(8.101)

kat� m koc tou monodi�statou qwrÐou. Sunep¸c(
∂U

∂x

)
i

=
∂Ui

∂xi

=
1

1− b
(8.102)

(qwrÐc �jroish ston epanalambanìmeno deÐkth i) kai

∂Ui

∂b
=

xi − 1

(b− 1)2
(8.103)
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Apì thn exÐswsh 8.100 prokÔptei ìti

dxi

db
=
δxi

δb
=

1− xi

1− b
(8.104)

Sundu�zontac tic 8.102, 8.103 kai 8.104, h sqèsh 8.97 dÐnei

δUi =
∂Ui

∂xi

δxi +
∂Ui

∂b
δb = 0 (8.105)

H 8.105  tan anamenìmenh. K�je metabol  thc tim c tou b prokaleÐ allag  m kouc
tou sunolikoÔ qwrÐou kai anadianèmontai (p�nta me Ðsec metaxÔ touc apost�seic) oi
M kìmboi tou monodi�statou plègmatoc, qwrÐc ìmwc na alloi¸nontai oi kombikèc
timèc Ui.

Apì th sqèsh 8.105 prokÔptei �mesa (h qwrik  par�gwgoc mhdenik c sun�rthshc
eÐnai mhdèn) ìti

∂

∂xi

(
δUi

δb

)
= 0 (8.106)

EpÐshc, apì th sqèsh 8.104 èqoume ìti

∂

∂xi

(
δxi

δb

)
=

1

b− 1
(8.107)

Qrhsimopoi¸ntac tic sqèseic 8.106, 8.102 kai 8.107, h exÐswsh 8.96, afoÔ epana-
diatupwjeÐ wc

δ

(
∂Ui

∂xi

)
=
∂(δUi)

∂xi

− ∂Ui

∂xi

∂(δxi)

∂xi

dÐnei thn

δ

(
∂Ui

∂xi

)
=

1

(1− b)2
δb (8.108)

MporoÔme eÔkola na epalhjeÔsoume thn orjìthta thc teleutaÐac sqèshc efarmì-
zontac prosèggish peperasmènwn diafor¸n. EÐnai

δ

δb

(
∂Ui

∂xj

)
= lim

δb→0

1
1−b−δb

− 1
1−b

δb
= lim

δb→0

1

(1− b− δb)(1− b)
=

1

(1− b)2
(8.109)

8.6.4 PerÐ Diakum�nsewn Parag¸gwn DeÔterhc T�xh-

c

Sta prohgoÔmena eÐdame pwc, me th bo jeia thc sqèshc 8.96, h diakÔmansh miac pr¸th-
c parag¸gou metatrèpetai sthn pr¸th par�gwgo thc diakÔmanshc thc Ðdiac posìthtac
sun ènan epiplèon ìro. Sthn enìthta aut  ja par�goume thn antÐstoiqh sqèsh gia
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tic parag¸gouc deÔterhc t�xhc. H sqèsh aut  eÐnai qr simh gia na diatupwjeÐ to
suzugèc tou probl matoc thc enìthtac 8.6.2 all� kai wc upoj kh gia th diatÔpwsh
twn suzug¸n exis¸sewn se probl mata beltistopoÐhshc sunektikoÔ reustoÔ (ìpou
up�rqoun oi ìroi di�qushc). Sunep¸c, skopìc thc paroÔsac enìthtac eÐnai na brejeÐ
h majhmatik  sqèsh pou ulopoieÐ th metatrop 

δ

(
∂2U

∂xi∂xj

)
→ ∂2(δU)

∂xi∂xj

Gia megalÔterh eukolÐa ac upotejeÐ ìti èqoume mìno mia metablht  sqediasmoÔ,
thn b. H par�gwgoc kat� xi thc metabol c

δU =
∂U

∂xk

δxk +
∂U

∂b
δb

eÐnai

∂(δU)

∂xi

=
∂2U

∂xi∂xk

δxk +
∂U

∂xk

∂(δxk)

∂xi

+
∂

∂xi

(
∂U

∂b

)
δb

kai h kat� xj par�gwgoc aut c eÐnai

∂2(δU)

∂xi∂xj

=
∂3U

∂xi∂xj∂xk

δxk︸ ︷︷ ︸
(a)

+
∂2U

∂xi∂xk

∂(δxk)

∂xj

+
∂2U

∂xk∂xj

∂(δxk)

∂xi

+
∂U

∂xk

∂(δxk)

∂xi∂xj

+
∂2

∂xi∂xj

(
∂U

∂b

)
δb︸ ︷︷ ︸

(b)

Sugqrìnwc upologÐzoume th metabol  thc parag¸gou ∂2U
∂xi∂xj

h opoÐa eÐnai

δ

(
∂2U

∂xi∂xj

)
=

∂3U

∂xi∂xj∂xk

δxk︸ ︷︷ ︸
(a)

+
∂

∂b

(
∂2U

∂xi∂xj

)
δb︸ ︷︷ ︸

(b)

Shmei¸netai h isìthta twn ìrwn (a) kai (b) stic dÔo teleutaÐec sqèseic opìte me
antikat�stash prokÔptei

δ

(
∂2U

∂xi∂xj

)
=

∂2(δU)

∂xi∂xj

− ∂2U

∂xi∂xk

∂(δxk)

∂xj

− ∂2U

∂xk∂xj

∂(δxk)

∂xi

− ∂U

∂xk

∂(δxk)

∂xi∂xj

(8.110)

pou eÐnai h zhtoÔmenh sqèsh gia th diakÔmansh parag¸gwn deÔterhc t�xhc.
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8.6.5 Majhmatikì Par�deigma � Katano¸ntac ta B -

mata proc mia Suzug  DiatÔpwsh

'Eqoume  dh parajèsei to prìsjeto majhmatikì upìbajro pou qrei�zetai gia na
prokÔyei h suzug c exÐswsh tou aploÔ probl matoc thc enìthtac 8.6.2 all� kai
oi oriakèc sunj kec gia tic suzugeÐc metablhtèc. Oi sqèseic 8.95, 8.96 kai 8.110
sunjètoun to majhmatikì upìbajro sto opoÐo sthrÐzetai h diatÔpwsh.

AfethrÐa eÐnai h èkfrash 8.94 thc metabol c thc antikeimenik c sun�rthshc en¸
ja qrhsimopoihjoÔn kai oi sqèseic 8.95 . Epanalamb�noume ed¸ thn 8.94 me bo-
hjhtikèc uposhmei¸seic twn pènte qwrik¸n oloklhrwm�twn

δFaug =

∫
0

[
Biδ

(
∂U

∂xi

)
+ CδU

]
d0︸ ︷︷ ︸

XO1

+

∫
0

(
Bi
∂U

∂xi

+ CU

)
δ(d0)︸ ︷︷ ︸

XO2

−Kij

∫
0

Ψδ

(
∂2U

∂xi∂xj

)
d0︸ ︷︷ ︸

XO3

−
∫

0

Ψ

[
Eiδ

(
∂U

∂xi

)
+HδU

]
d0︸ ︷︷ ︸

XO4

(8.111)

To qwrikì olokl rwma pou shmei¸netai me XO1, qrhsimopoi¸ntac thn exÐswsh
8.96 kai to je¸rhma twn Green–Gauss, gr�fetai

XO1 =

∫
0

[
Biδ

(
∂U

∂xi

)
+ CδU

]
d0 = Bi

∫
0

δ

(
∂U

∂xi

)
d0 + C

∫
0

δUd0 =

= Bi

∫
0

∂(δU)

∂xi

d0−Bi

∫
0

∂U

∂xk

∂(δxk)

∂xi

d0 + C

∫
0

δUd0 =

= Bi

∫
∂0

δUnids−Bi

∫
0

∂

∂xi

(
∂U

∂xk

δxk

)
d0 +Bi

∫
0

∂2U

∂xk∂xi

δxkd0 + C

∫
0

δUd0 =

= Bi

∫
s

δUnids−Bi

∫
s

∂U

∂xk

δxknids+Bi

∫
0

∂2U

∂xk∂xi

δxkd0 + C

∫
0

δUd0

ìpou, kat� ta gnwst�, ni eÐnai oi sunist¸sec tou monadiaÐou k�jetou sto ìrio s kai
proc ta èxw tou qwrÐou kateujunìmenou dianÔsmatoc.

To qwrikì olokl rwma pou shmei¸netai me XO2, qrhsimopoi¸ntac thn exÐswsh
8.95, dÐnei
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XO2 =

∫
0

(
Bi
∂U

∂xi

+ CU

)
δ(d0) = Bi

∫
0

∂U

∂xi

∂(δxk)

∂xk

d0 + C

∫
0

U
∂(δxk)

∂xk

d0 =

= Bi

∫
0

∂

∂xk

(
∂U

∂xi

δxk

)
d0−Bi

∫
0

∂2U

∂xi∂xk

δxkd0+C

∫
0

∂(Uδxk)

∂xk

d0−C
∫

0

∂U

∂xk

δxkd0=

= Bi

∫
s

∂U

∂xi

δxknkds−Bi

∫
0

∂2U

∂xi∂xk

δxkd0 + C

∫
s

Uδxknkds− C
∫

0

∂U

∂xk

δxkd0

To qwrikì olokl rwma pou shmei¸netai meXO3 kai to opoÐo perilamb�nei parag¸-
gouc deÔterhc t�xhc tou U , qrhsimopoi¸ntac thn exÐswsh 8.110, dÐnei (met� apì ar-
ketèc majhmatikèc pr�xeic oi opoÐec paraleÐpontai) ìti

XO3 = − Kij

∫
0

Ψδ

(
∂2U

∂xi∂xj

)
d0 = −Kij

∫
s

Ψδ

(
∂U

∂xj

)
nids

+ Kij

∫
s

∂Ψ

∂xi

(
δU − ∂U

∂xk

δxk

)
njds+Kij

∫
s

Ψ
∂2U

∂xj∂xk

niδxkds

− Kij

∫
0

∂2Ψ

∂xi∂xj

(
δU − ∂U

∂xk

δxk

)
d0−Kij

∫
0

Ψ
∂3U

∂xi∂xj∂xk

δxkd0

To qwrikì olokl rwma pou shmei¸netai meXO4 kai to opoÐo perilamb�nei parag¸-
gouc pr¸thc t�xhc tou U dÐnei (ed¸, oi pr�xeic parousi�zontai analutik�)

XO4 = −
∫

0

Ψ

[
Eiδ

(
∂U

∂xi

)
+HδU

]
d0 = −Ei

∫
0

Ψδ

(
∂U

∂xi

)
d0−H

∫
0

ΨδUd0 =

= −Ei

∫
0

Ψ
∂(δU)

∂xi

d0︸ ︷︷ ︸
XO4a

+Ei

∫
0

Ψ
∂U

∂xk

∂(δxk)

∂xi

d0︸ ︷︷ ︸
XO4b

−H
∫

0

ΨδUd0

'Omwc, gia ton ìro XO4a èqoume

XO4a =

∫
0

Ψ
∂(δU)

∂xi

d0 =

∫
0

∂(ΨδU)

∂xi

d0−
∫

0

∂Ψ

∂xi

δUd0 =

=

∫
s

ΨδUnids−
∫

0

∂Ψ

∂xi

δUd0

en¸ gia ton ìro XO4b eÐnai

XO4b =

∫
0

Ψ0

∂U

∂xk

∂(δxk)

∂xi

d0 =

=

∫
0

∂

∂xi

[
Ψ0

∂U

∂xk

δxk

]
d0−

∫
0

∂Ψ

∂xi

∂U

∂xk

δxkd0−
∫

0

Ψ
∂2U

∂xi∂xk

δxkd0 =

=

∫
s

Ψ
∂U

∂xk

δxknids−
∫

0

∂Ψ

∂xi

∂U

∂xk

δxkd0−
∫

0

Ψ
∂2U

∂xi∂xk

δxkd0
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opìte o ìroc XO4 sunolik� gr�fetai wc

XO4 = −
∫

0

Ψ

[
Eiδ

(
∂U

∂xi

)
+HδU

]
d0 =

− Ei

∫
s

ΨδUnids+ Ei

∫
0

∂Ψ

∂xi

δUd0

+ Ei

∫
s

Ψ
∂U

∂xk

δxknids− Ei

∫
0

∂Ψ

∂xi

∂U

∂xk

δxkd0− Ei

∫
0

Ψ
∂2U

∂xi∂xk

δxkd0

− H

∫
0

ΨδUd0

Eis�gontac tic parap�nw sqèseic sthn èkfrash 8.94 (  thn 8.111) thc metabol c
thc antikeimenik c sun�rthshc, h teleutaÐa gr�fetai

δFaug = Bi

∫
s

δUnids︸ ︷︷ ︸
AEBC

−Bi

∫
s

∂U

∂xk

δxknids+Bi

∫
0

∂2U

∂xk∂xi

δxkd0︸ ︷︷ ︸
CANCEL

+C

∫
0

δUd0︸ ︷︷ ︸
FAE

+ Bi

∫
s

∂U

∂xi

δxknkds−Bi

∫
0

∂2U

∂xi∂xk

δxkd0︸ ︷︷ ︸
CANCEL

+C

∫
s

Uδxknkds− C
∫

0

∂U

∂xk

δxkd0︸ ︷︷ ︸
FAE

− Kij

∫
s

Ψδ

(
∂U

∂xj

)
nids︸ ︷︷ ︸

AEBC

+Kij

∫
s

∂Ψ

∂xi

δUnjds︸ ︷︷ ︸
AEBC

− Kij

∫
s

∂Ψ

∂xi

∂U

∂xk

δxknjds+Kij

∫
s

Ψ
∂2U

∂xj∂xk

niδxkds

− Kij

∫
0

∂2Ψ

∂xi∂xj

(
δU − ∂U

∂xk

δxk

)
d0︸ ︷︷ ︸

FAE

−Kij

∫
0

Ψ
∂3U

∂xi∂xj∂xk

δxkd0︸ ︷︷ ︸
DSE

− Ei

∫
s

ΨδUnids︸ ︷︷ ︸
AEBC

+Ei

∫
0

∂Ψ

∂xi

δUd0︸ ︷︷ ︸
FAE

+ Ei

∫
s

Ψ
∂U

∂xk

δxknids− Ei

∫
0

∂Ψ

∂xi

∂U

∂xk

δxkd0︸ ︷︷ ︸
FAE

−Ei

∫
0

Ψ
∂2U

∂xi∂xk

δxkd0︸ ︷︷ ︸
DSE

− H

∫
0

ΨδUd0︸ ︷︷ ︸
FAE

+H

∫
0

Ψ
∂U

∂xk

δxkd0︸ ︷︷ ︸
FAE

−H
∫

0

Ψ
∂U

∂xk

δxkd0︸ ︷︷ ︸
DSE

(8.112)

Ta dÔo teleutaÐa oloklhr¸mata prosjafairèjhkan skìpima. Parathr ste ìti oi
ìroi pou uposhmei¸nontai me CANCEL apaleÐfontai kai ìti, epÐshc, apaleÐfontai oi
treic ìroi pou uposhmei¸nontai me DSE (Derivatives of State Equations) afoÔ eÐnai
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oi par�gwgoi wc proc xk twn exis¸sewn kat�stashc (sqèsh 8.92) kai, gia to lìgo
autì, ikanopoioÔntai autìmata.

Apì touc ìrouc pou apomènoun sth sqèsh 8.112, ìla ta qwrik� oloklhr¸mata
uposhmei¸nontai me FAE (Field Adjoint Equation) kai mazÐ sunjètoun to olokl rw-
ma

∫
0

[
−Kij

∂2Ψ

∂xi∂xj

+ Ei
∂Ψ

∂xi

−HΨ + C

](
δU − ∂U

∂xk

δxk

)
d0

To parap�nw olokl rwma apaleÐfetai kai, mazÐ tou, exafanÐzetai k�je epÐdrash pedi-
ak¸n diakum�nsewn tou U sth diakÔmansh thc antikeimenik c sun�rthshc an diatup-
wjoÔn kai ikanopoihjoÔn oi pediakèc suzugeÐc exis¸seic, oi opoÐec profan¸c eÐnai
oi

−Kij
∂2Ψ

∂xi∂xj

+ Ei
∂Ψ

∂xi

−HΨ + C = 0 (8.113)

Parathr ste thn �omoiìthta� thc pediak c suzugoÔc exÐswshc 8.113 me thn pediak 
exÐswsh kat�stashc 8.92. Apì thn pleur� thc arijmhtik c an�lushc (URD, gia ta
probl mata beltistopoÐhshc sthn aerodunamik , an diajètoume gn¸seic kai logismikì
gia thn arijmhtik  epÐlush thc 8.92, tìte �mesa mporoÔme (me thn Ðdia �epèndush� se
mejìdouc kai logismikì, me mikrèc tropopoi seic mìno) na epilÔsoume kai th suzug 
thc exÐswsh 8.113. Ousiastik�, kai pèran apì allagèc pros mou (jumhj te tic
allagèc pros mou pou emfanÐsthkan sto prìblhma tou antÐstrofou sqediasmoÔ ag-
wgoÔ, me yeudo�1∆ prosèggish) h 8.113 perièqei epiplèon to stajerì ìro C, mèsw
tou opoÐou �antilamb�netai� thn antikeimenik  sun�rthsh (bl. sqèsh 8.91).

Sto shmeÐo autì, axÐzei na sqoliasteÐ akìma perissìtero to giatÐ apì touc dÔo
ìrouc tou oloklhr¸matoc (sqèsh 8.91) thc antikeimenik c sun�rthshc den emfanÐze-
tai sth suzug  exÐswsh autìc me to suntelest  Bi pou antistoiqeÐ stic pr¸tec
parag¸gouc tou U . H ap�nthsh eÐnai endiafèrousa kai odhgeÐ se bajÔterh katanìhsh
thc ènnoiac tou suzugoÔc probl matoc. Diatup¸ste, me th bo jeia tou jewr matoc
Green–Gauss (miac kai eÐnai sth morf  div), ton ìro autì wc:

∫
0

Bi
∂U

∂xi

d0 = Bi

∫
0

∂U

∂xi

d0 =

∫
s

BiUnidsds

Lìgw thc morf c tou, to olokl rwma apì qwrikì metatrèpetai se olokl rwma mìno
kat� m koc twn orÐwn tou qwrÐou 0 kai, ètsi, den suneisfèrei se qwrikoÔc ìrouc,
�ra oÔte sthn pediak  suzug  exÐswsh.

Ta shmeioÔmena me AEBC (Adjoint Equation Boundary Conditions) epikampÔlia

oloklhr¸mata thc 8.112 perièqoun ìrouc thc morf c ∂(δU)
∂xi

kai δU . Oi ìroi autoÐ,
pou gr�fontai wc

∫
s

(
Bi − EiΨ +Kji

∂Ψ

∂xj

)
δUnids−Kij

∫
s

Ψδ

(
∂U

∂xj

)
nids
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mporoÔn epÐshc na amelhjoÔn an, kat� m koc tou orÐou s diatupwjoÔn kat�llhlec
oriakèc sunj kec gia t  suzug  metablht  Ψ kai, sugqrìnwc, lhfjoÔn upìyh oi
oriakèc sunj kec tou U . Epeid  stìqoc mac den eÐnai na ft�soume sth diatÔpwsh
twn telik¸n suzug¸n exis¸sewn kai oriak¸n sunjhk¸n tou Ψ gia to majhmatikì
prìblhma, all� na apokt soume tic aparaÐthtec majhmatikèc gn¸seic ¸ste na qeiris-
toÔme to prìblhma tou antÐstrofou sqediasmoÔ aerotom¸n, h anafor� stic oriakèc
sunj kec tou Ψ stamat� ed¸. Parathr ste, p�ntwc ìti, an to U dièpetai apì oriakèc
sunj kec tÔpou Dirichlet, tìte δU = 0 kai to pr¸to olokl rwma apì ta dÔo eÐnai
mhdèn.

Sth sqèsh 8.112, apomènoun oi ìroi qwrÐc uposhmeÐwsh pou sunart¸ntai twn
metabol¸n thc gewmetrÐac sto ìrio. Oi ìroi autoÐ dÐnoun tic parag¸gouc thc an-
tikeimenik c sun�rthshc wc proc th metablht  sqediasmoÔ b pou elègqei to sq ma
tou orÐou. Oi ìroi autoÐ dÐnoun

δFaug = −Bi

∫
s

∂U

∂xk

δxknids+Bi

∫
s

∂U

∂xi

δxknkds+ C

∫
s

Uδxknkds

− Kij

∫
s

∂Ψ

∂xi

∂U

∂xk

δxknjds+Kij

∫
s

Ψ
∂2U

∂xj∂xk

niδxkds

+ Ei

∫
s

Ψ
∂U

∂xk

δxknids (8.114)

kai dÐnoun tic zhtoÔmenec parag¸gouc ∂Faug

∂b
an kajorisjeÐ h parametropoÐhsh.

8.6.6 Sqediasmìc Aerotom c � SuzugeÐc Exis¸seic

Epistrèfoume sth sqèsh 8.90, ìpou plèon gnwrÐzoume to pwc gÐnetai h diaqeÐrish twn
diakum�nsewn parag¸gwn. Gia lìgouc sumbatìthtac me to majhmatikì par�deigma,
xanagr�fetai h sqèsh 8.90 wc

δFaug = δF −
∫

0

−→
ΨT δ

(
∂
−→
fi

∂xi

)
d0 (8.115)

ìpou gia touc deÐktec isqÔei
−→
f1 =

−→
f ,
−→
f2 = −→g , x1 = x, x2 = y. Me th bo jeia thc

sqèshc 8.96, o teleutaÐoc ìroc gr�fetai∫
0

−→
ΨT δ

(
∂
−→
f i

∂xi

)
d0 =

∫
0

−→
ΨT ∂(δ

−→
f i)

∂xi

d0−
∫

0

−→
ΨT ∂

−→
f i

∂xk

∂(δxk)

∂xi

d0 (8.116)

O pr¸toc ìroc sto dexiì mèloc thc 8.116 dÐnei∫
0

−→
ΨT ∂(δ

−→
f i)

∂xi

d0 = −
∫

0

δ
−→
U T

(
AT

i

∂
−→
Ψ

∂xi

)
d0 +

∫
s

−→
ΨT δ
−→
f inids (8.117)

ìpou Ai = ∂
−→
f i

∂
−→
U

eÐnai oi Iakwbianèc orÐzousec pou orÐsjhkan stic sqèseic 8.85 kai

8.86 (se tanustik  graf , eÐnai A1 = A kai A2 = B).
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To epikampÔlio olokl rwma thc 8.117 antimetwpÐzetai qwrist� gia to ep' �peiro
ìrio sinf tou 0 apì ìti gia ta stere� toiq¸mata (sw, perÐgramma aerotom c, sq ma
8.6). Gia to sinf eÐnai ∫

sinf

−→
ΨT δ
−→
f inids =

∫
sinf

δ
−→
U T (AT

n

−→
Ψ)ds (8.118)

(An = Aini = Anx+Bny). Gia atrib  ro , sta stere� toiq¸mata sw isqÔei h sunj kh
mh�eisq¸rhshc un = uini = 0 (h k�jeth sto toÐqwma taqÔthta un = unx + vny eÐnai

mhdenik ). Wc proc thn atrib  ro 
−→
f n =

−→
f ini =

−→
f nx + −→g ny (rujmìc ro c m�zac,

orm c kai enèrgeiac, bl. sqèsh 8.81) h opoÐa �diasqÐzei� to stereì toÐqwma, se k�je
stoiqei¸dec tm ma tou ds, isqÔei

−→
fn =

−→
f ini = nx


ρu

ρu2 + p
ρuv

u (ρE + p)

+ ny


ρv
ρuv

ρv2 + p
v (ρE + p)

 =


ρun

ρuun + pnx

ρvun + pny

un (ρE + p)

 =


0
pnx

pny

0


(h sqèsh aut  deÐqnei ìti oi monadikèc dun�meic pou, se atrib  ro , askoÔntai sta
stereì toÐqwma eÐnai oi dun�meic pÐeshc kai oi opoÐec eÐnai k�jetec se autì). 'Etsi,
to antÐstoiqo thc sqèshc 8.118 epikampÔlio olokl rwma kat� m koc tou toiq¸matoc
thc aerotom c gr�fetai

∫
sw

−→
ΨT δ
−→
f inids =

∫
sw

−→
ΨT δ(

−→
f inids)−

∫
sw

−→
ΨT−→f iδ(nids)

ìpou h diakÔmansh ro  apì to tm ma ds tou toiq¸matoc thc aerotom c eÐnai

δ(
−→
finids) =

[
0 δp (nxds) + p δ(nxds) δp nyds+ p δ(nyds) 0

]T
 

ΨT δ(
−→
finids) = Ψi+1δp nids+ Ψi+1p δ(nids)

= δp(Ψ2nx + Ψ3ny)ds+ p (Ψ2δ(nxds) + Ψ3δ(nyds))

opìte∫
sw

−→
ΨT δ
−→
f inids =

∫
sw

Ψi+1δp nids+

∫
sw

(Ψi+1p−
−→
ΨT−→f i)δ(nids) (8.119)

O deÔteroc ìroc sto dexiì mèloc thc 8.116 gr�fetai

−
∫

0

−→
ΨT ∂

−→
f i

∂xk

∂(δxk)

∂xi

dΩ =

∫
Ω

∂

∂xi

(
−→
ΨT ∂

−→
f i

∂xk

)
δxkd0−

∫
s

−→
ΨT ∂

−→
f i

∂xk

δxknids (8.120)
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ìpou peraitèrw an�ptuxh dÐnei∫
0

∂

∂xi

(
−→
ΨT ∂

−→
f i

∂xk

)
δxkd0 =

∫
0

∂
−→
ΨT

∂xi

∂
−→
f i

∂xk

δxkd0 +

∫
0

−→
ΨT ∂

∂xi

(
∂
−→
f i

∂xk

)
δxkd0

  ∫
0

∂

∂xi

(
−→
ΨT ∂

−→
f i

∂xk

)
δxkd0 =

∫
0

∂
−→
U

∂xk

T

(Ai
T ∂
−→
Ψ

∂xi

)δxkd0 +

∫
0

−→
ΨT ∂

∂xk

(
∂
−→
f i

∂xi

)δxkd0

(8.121)

Qrhsimopoi¸ntac tic sqèseic apì 8.117 wc 8.121, o ìroc
−→
ΨT δ

(
∂
−→
f i

∂xi

)
gia thn atrib 

ro  lamb�nei thn telik  morf 

∫
0

−→
ΨT δ

(
∂
−→
f i

∂xi

)
d0 = −

∫
0

δ−→U T − ∂
−→
U

∂xk

T

δxk

(AT
i

∂
−→
Ψ

∂xi

)
d0

+

∫
0

−→
ΨT ∂

∂xk

(
∂
−→
f i

∂xi

)
δxkd0

−
∫

sw

∂
−→
U

∂xk

T

An
T−→Ψδxkds+

∫
sw

Ψi+1niδpds

+

∫
sw

(Ψi+1p−
−→
ΨT−→f i)δ(nids) +

∫
sinf

δ
−→
U T (AT

n

−→
Ψ)ds (8.122)

H antikat�stash twn sqèsewn 8.87 kai 8.122 sth sqèsh 8.115 dÐnei

δFaug =
1

2

∫
sw

(p− ptar)
2δ(ds)︸ ︷︷ ︸

BSD

+

∫
sw

(p− ptar)δpds︸ ︷︷ ︸
BCW

−
∫

0

δ−→U T − ∂
−→
U

∂xk

T

δxk

(AT
i

∂
−→
Ψ

∂xi

)
d0

︸ ︷︷ ︸
FAE

+

∫
0

−→
ΨT ∂

∂xk

(
∂
−→
f i

∂xi

)
δxkd0︸ ︷︷ ︸

DFE

−
∫

sw

∂
−→
U

∂xk

T

An
T−→Ψδxkds︸ ︷︷ ︸

BSD

+

∫
sw

Ψi+1niδpds︸ ︷︷ ︸
BCW

+

∫
sw

(Ψi+1p−
−→
ΨT−→f i)δ(nids)︸ ︷︷ ︸

BSD

+

∫
sinf

δ
−→
U T (AT

n

−→
Ψ)ds︸ ︷︷ ︸

BCINF

(8.123)

O ìroc pou uposhmei¸netai me DFE (Derivarive of Flow Equations) eÐnai mhdenikìc,
miac kai apoteleÐ thn kat� xk par�gwgo twn exis¸sewn ro c. O uposhmeioÔmenoc me
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FAE (Field Adjoint Equations) ìroc apoteleÐ tic (grammikèc) suzugeÐc exis¸seic, oi
opoÐec ìtan prostejeÐ kai o (yeudo) qronikìc ìroc paÐrnoun th morf 

∂
−→
Ψ

∂t
− Ai

T ∂
−→
Ψ

∂xi

=
−→
0 (8.124)

H ikanopoÐhsh twn suzug¸n exis¸sewn apaleÐfei touc ìrouc FAE apì thn exÐswsh
8.123. Kat� m koc twn stere¸n toiqwm�twn, apaleÐfontai oi ìroi BCW (Boundary
Condition–Wall, suqn� onom�zetai kai sunj kh sumbatìthtac (compatibility condi-

tion) apait¸ntac gia to
−→
Ψ na isqÔei

(p− ptar) + Ψi+1ni = (p− ptar) + Ψ2nx + Ψ3ny = 0 (8.125)

O sqoliasmìc thc sunj khc sumbatìthtac èqei endiafèron: kat� m koc tou stereoÔ
toiq¸matoc ekeÐ ìpou gia to prwteÔon prìblhma (autì thc ro c) isqÔei h sunj kh
mh�eisq¸rhshc

unx + vny = U2nx + U3ny = 0

dia to duadikì   suzugèc prìblhma isqÔei h 8.125, eÐnai dhlad 

Ψ2nx + Ψ3ny = −(p− ptar)

Me th sÔgklish thc mejìdou beltistopoÐhshc (met� apì ìsouc kÔklouc qreiasteÐ)
o stìqoc ja èqei epiteuqjeÐ (ja eÐnai, dhlad , p = ptar), �ra poiotik� tìte oi dÔo
prohgoÔmenec sunj kec ja eÐnai tautìshmec.
Me antÐstoiqh logik , apaleÐfetai kai to epikampÔlio olokl rwma kat� m koc tou
ep• �peiro orÐou (ìroc BCINF , Boundary Conditions–Infinite) apait¸ntac ekeÐ na
isqÔei h

δ
−→
U T (AT

n

−→
Ψ) =

−→
0 (8.126)

'Oi ìroi pou apomènoun sthn 8.123 dÐnoun th diakÔmansh thc antikeimenik c sun�rthsh-
c pou antistoiqoÔn se diakum�nseic tou stereoÔ orÐou (thc morf c thc aerotom c).
EÐnai

δFaug =
1

2

∫
sw

(p− ptar)
2δ(ds)−

∫
sw

∂
−→
U

∂xk

T

An
T−→Ψδxkds

+

∫
sw

(Ψi+1p−
−→
ΨT−→f i)δ(nids) (8.127)

H 8.127 mporeÐ na analujeÐ peraitèrw mìno afoÔ apofasisjeÐ h mèjodoc parametropoÐhsh-
c thc bewmetrÐac kai orisjoÔn oi metablhtèc sqediasmoÔ.
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8.6.7 ParametropoÐhsh kai Metabolèc Gewmetrik¸n Posot twn

H qr sh thc sqèshc 8.127 gia ton upologismì twn parag¸gwn thc antikeimenik c
sun�rthshc wc proc tic metablhtèc sqediasmoÔ eÐnai �mesh an prohghjeÐ h parametropoÐhsh

thc aerotom c kai brejoÔn arqik� sqèseic twn ds,nxds, nyds wc sun�rthsh tou
−→
b

kai telik� sqèseic twn δ(ds),δ(nxds), δ(nyds). H olokl rwsh sthn exÐswsh 8.127
antikajÐstatai praktik� me �jroish stouc kìmbouc kai, sunep¸c, anazhtoÔntai ousi-
astik� sqèseic gia ta δ(∆s),δ(nx∆s), δ(ny∆s). Gia ta epìmena, ac gÐnei prosektik 
di�krish twn sumbìlwn δ (metabol    diakÔmansh) kai ∆ (�peperasmènh•• diafor�
tim c miac posìthtac metaxÔ dÔo diadoqik¸n kìmbwn p�nw sto perÐgramma thc aero-
tom c).

AkoloujeÐ eparkèc deÐgma thc diadikasÐac aut c. Ja qrhsimopoihjoÔn polu¸numa
Bézier–Bernstein gia mia pleur� thc aerotom c, èstw thn pleur� upopÐeshc. H pleur�
aut  xekin� apì to x = 0 kai termatÐzei sto x = 1, dhlad  h aerotom  èqei monadiaÐa
qord . Opoiad pote diaforetik  parametropoÐhsh prosarmìzetai sqetik� eÔkola
an gÐnei katanohtìc o trìpoc ergasÐac kai oi paradoqèc pou prèpei na gÐnoun. H
parametropoÐhsh qrhsimopoieÐ N∗ shmeÐa elègqou, me suntetagmènec tic (Xi, Yi), i ∈
[0, N∗ − 1]. Profan¸c (X0, Y0) = (0, 0) kai (XN∗−1, YN∗−1) = (1, 0). 'Eqontac èna
sÔnolo tim¸n gia ta (Xi, Yi) kataskeu�zetai to perÐgramma (ousiastik�, ed¸, mìno h
pleur� upopÐeshc) thc aerotom c, topojet¸ntac se aut n pl joc shmeÐwn (kìmbwn,
gia to plègma pou ja sqhmatisjeÐ) pou epilègei o qr sthc. Ac upojèsoume (kai ètsi
gÐnetai sun jwc) ìti ta telik� shmeÐa tou perigr�mmatoc dhmiourgoÔntai p�ntote gia
thn Ðdia aÔxousa katanom  tim¸n t sto di�sthma [0 : 1].

QwrÐc bl�bh thc genikìthtac, upojètoume ìti oi N metablhtèc sqediasmoÔ
−→
b =

(b1, . . . , bN)T eÐnai oi tetmhmènec kai tetagmènec ìlwn twn shmeÐwn elègqou pèran tou
pr¸tou kai tou teleutaÐou ta opoÐa paramènoun stajer�. Tìte, h susqètish N kai
N∗ eÐnai N = 2(N∗ − 2).

SÔmfwna me to sq ma 8.9, ac eÐnai A kai B dÔo diadoqikoÐ kìmboi p�nw sthn
pleur� upopÐeshc thc aerotom c. AutoÐ prokÔptoun gia to trèqon sÔnolo tim¸n

twn metablht¸n sqediasmoÔ
−→
b , gia dÔo diadoqikèc timèc thc paramètrou t (èstw t

kai t+ ∆t) twn poluwnÔmwn Bézier–Bernstein. 'Estw ìti metab�llontai kat� δ
−→
b oi

metablhtèc sqediasmoÔ pou plèon gÐnontai Ðsec me
−→
b +δ

−→
b . H metabol  aut  prokaleÐ

allag  sto sq ma thc aerotom c. Gia tic Ðdiec timèc thc paramètrou t (t kai t+ ∆t),
oi nèoi kìmboi pou prokÔptoun sumbolÐzontai me A′ kai B′. JewreÐtai, sunep¸c, ìti
o A metakin jhke sto A′ kai o B sto B′. Sunèpeia thc metakÐnhshc eÐnai h metabol 
tou m kouc tìxou apì ∆s se ∆s′ = ∆s + δ(∆s) kai aut  tou monadiaÐou k�jetou
dianÔsmatoc apì −→n = (nx, ny) se

−→n ′ = (n′
x, n

′
y) = −→n + δ−→n = (nx + δnx, ny + δny).

Me b�sh ta anwtèrw, oi suntetagmènec twn tess�rwn shmeÐwn tou sq matoc 8.9
eÐnai
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Sq ma 8.9: Upologismìc twn metabol¸n gewmetrik¸n posot twn l.q. sthn pleur�
upopÐeshc miac aerotom c. Me A kai B sumbolÐzontai dÔo diadoqikoÐ kìmboi p�nw
sthn pleur� aut , oi opoÐoi prokÔptoun gia dÔo diadoqikèc timèc thc paramètrou t,
sÔmfwna me th jewrÐa twn poluwnÔmwn Bézier–Bernstein. Prokal¸ntac mikr  diakÔ-
mansh stic timèc twn metablht¸n sqediasmoÔ, ta dÔo shmeÐa metakinoÔntai sta A′ kai
B′ (èkasto diathr¸ntac thn tim  thc paramètrou t). Sunèpeia thc metakÐnhshc eÐnai
h metabol  tou m kouc tìxou kai tou antÐstoiqou monadiaÐou k�jetou dianÔsmatoc.

(xA, yA) =

(
N∗−1∑
i=0

Ci(t)Xi ,

N∗−1∑
i=0

Ci(t)Yi

)

(xA′ , yA′) =

(
N∗−1∑
i=0

Ci(t)(Xi + δXi) ,
N∗−1∑
i=0

Ci(t)(Yi + δYi)

)

(xB, yB) =

(
N∗−1∑
i=0

Ci(t+ ∆t)Xi ,

N∗−1∑
i=0

Ci(t+ ∆t)Yi

)

(xA′ , yA′) =

(
N∗−1∑
i=0

Ci(t+ ∆t)(Xi + δXi) ,
N∗−1∑
i=0

Ci(t+ ∆t)(Yi + δYi)

)

en¸
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∆x = xB − xA =
N∗−1∑
i=0

(Ci(t+ ∆t)− Ci(t))Xi

∆y = yB − yA =
N∗−1∑
i=0

(Ci(t+ ∆t)− Ci(t))Yi

∆x′ = xB′ − xA′ =
N∗−1∑
i=0

(Ci(t+ ∆t)− Ci(t)) (Xi + δXi)

∆y′ = yB′ − yA′ =
N∗−1∑
i=0

(Ci(t+ ∆t)− Ci(t)) (Yi + δYi)

 

∆x = xB − xA = ∆t
N∗−1∑
i=0

Ċi(t)Xi = ∆t ẋ

∆y = yB − yA = ∆t
N∗−1∑
i=0

Ċi(t)Yi = ∆t ẏ

∆x′ = xB′ − xA′ = ∆t
N∗−1∑
i=0

Ċi(t)(Xi + δXi) = ∆t ẋ′

∆y′ = yB′ − yA′ = ∆t
N∗−1∑
i=0

Ċi(t)(Yi + δYi) = ∆t ẏ′

ìpou

Ċi(t) =
dC

dt
(t)

ẋ =
dx

dt
=

N∗−1∑
i=0

Ċi(t)Xi

ẏ =
dy

dt
=

N∗−1∑
i=0

Ċi(t)Yi

Oi posìthtec Ċ upologÐzontai analutik� apì diafìrish wc proc t twn suntelest¸n
twn poluwnÔmwn Bézier–Bernstein. Ta antÐstoiqa m kh tìxwn eÐnai
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(∆s)2 = (∆t)2

(N∗−1∑
i=0

Ċi(t)Xi

)2

+

(
N∗−1∑
i=0

Ċi(t)Yi

)2


(∆s′)2 = (∆t)2

(N∗−1∑
i=0

Ċi(t)(Xi + δXi)

)2

+

(
N∗−1∑
i=0

Ċi(t)(Yi + δYi)

)2


AfoÔ

δ
(
(∆s)2

)
= (∆s′)2 − (∆s)2

kai

δ
(
(∆s)2

)
= 2(∆s)δ (∆s)

eÔkola sun�getai ìti

δ (∆s) =
(∆t)2

∆s

[(
N∗−1∑
i=0

Ċi(t)Xi

)(
N∗−1∑
i=0

Ċi(t)δXi

)
+

(
N∗−1∑
i=0

Ċi(t)Yi

)(
N∗−1∑
i=0

Ċi(t)δYi

)]

 , suntomografik�,

δ (∆s) =
(∆t)2

∆s

[
ẋ

(
N∗−1∑
i=0

Ċi(t)δXi

)
+ ẏ

(
N∗−1∑
i=0

Ċi(t)δYi

)]
(8.128)

'Oroi me ginìmena (tetr�gwna) metabol¸n èqoun amelhjeÐ wc polÔ mikroÐ gia mikrèc
metabolèc. Apì thn �llh pleur�, to k�jeto monadiaÐo di�nusma sto tm ma AB gr�fe-
tai

−→n = (nx, ny) =

(
−∆y

∆s
,
∆x

∆s

)
kai me th metabol  twn shmeÐwn elègqou gÐnetai

−→n ′ = (n′
x, n

′
y) =

(
−∆y′

∆s′
,
∆x′

∆s′

)
EÐnai
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nx = −∆y

∆s
= −∆t

∆s

(
N∗−1∑
i=0

Ċi(t)Yi

)
= −∆t

∆s
ẏ (8.129)

ny =
∆x

∆s
=

∆t

∆s

(
N∗−1∑
i=0

Ċi(t)Xi

)
=

∆t

∆s
ẋ (8.130)

kai h sqèsh 8.128 xanagr�fetai wc

δ (∆s) = ∆t

[
ny

(
N∗−1∑
i=0

Ċi(t)δXi

)
− nx

(
N∗−1∑
i=0

Ċi(t)δYi

)]
(8.131)

AkoloujoÔn, endeiktik�, sqèseic pou aforoÔn th metabol  thc kat� x sunist¸sac
tou monadiaÐou dianÔsmatoc. EÐnai

n′
x = −∆y′

∆s′
= − ∆t

∆s+ δ(∆s)

(
N∗−1∑
i=0

Ċi(t)(Yi + δYi)

)

H metabol  tou nx orÐzetai apì th diafor� touc

δnx = n′
x − nx = −∆t

∑N∗−1
i=0 Ċi(t)(Yi + δYi)

∆s+ δ(∆s)
+

∆t
∑N∗−1

i=0 Ċi(t)Yi

∆s

ìpou afoÔ ta kl�smata gÐnoun om¸numa kai jewr soume ìti ston paronomast  isqÔei
h aplopoihtik  paradoq  ∆s · (∆s + δ(∆s)) ≈ (∆s)2, prokÔptei (me th bo jeia kai
twn 8.129, 8.130) kai 8.131)

δnx = n′
x − nx =

∆t

(∆s)2

(
−∆s

N∗−1∑
i=0

Ċi(t)δYi + δ(∆s)
N∗−1∑
i=0

Ċi(t)Yi

)

= −∆t

∆s

(
N∗−1∑
i=0

Ċi(t)δYi + nxny

N∗−1∑
i=0

Ċi(t)δXi − n2
x

N∗−1∑
i=0

Ċi(t)δYi

)

telik  graf  thc opoÐac eÐnai h

δnx = −∆t

∆s

(
(1− n2

x)
N∗−1∑
i=0

Ċi(t)δYi + nxny

N∗−1∑
i=0

Ċi(t)δXi

)
(8.132)

Me akrib¸c ìmoio trìpo apodeiknÔetai kai h sqèsh metabol c thc deÔterhc sunist¸sac
tou k�jetou monadiaÐou dianÔsmatoc, h opoÐa eÐnai
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δny =
∆t

∆s

(
(1− n2

y)
N∗−1∑
i=0

Ċi(t)δXi + nxny

N∗−1∑
i=0

Ċi(t)δYi

)
(8.133)

'Eqontac  dh par�gei tic exart¸menec apì thn parametropoÐhsh sqèseic 8.131,
8.132 kai 8.132, eÐnai qr simo na sunoyÐsoume ta b mata pou apaitoÔntai ¸ste h
sqèsh 8.127 na d¸sei tic zhtoÔmenec parag¸gouc thc antikeimenik c sun�rthshc wc
proc tic metablhtèc sqediasmoÔ. Ta δXi, δYi sunjètoun to di�nusma metabol¸n

twn metablht¸n sqediasmoÔ, dhlad  to δ
−→
b . EÐnai aplì na antilhfjoÔme tic treic

proanaferjeÐsec sqèseic sth morf 

δ (∆s) = Tdsδ
−→
b , δnx = Tnxδ

−→
b , δny = Tnyδ

−→
b

me gnwst� mhtr¸a�suntelestèc (Tds, Tnx, Tny) upenjumÐzontac ìti posìthtec wc oi
Ci(t)   oi Ċi(t) prosdiorÐzontai analutik� apì thn epilegeÐsa parametropoÐhsh. Tìte,
h sqèsh 8.127 gr�fetai poiotik� sth morf 

δFaug =
N∑

i=1

Tibi ⇒ δFaug

dbi
=

δF

dbi
= Ti

pou, ìntwc, upologÐzei tic parag¸gouc thc antikeimenik c sun�rthshc.
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Kef�laio 9

ParametropoÐhsh Aerodunamik¸n
Morf¸n

H enasqìlhsh me jèmata beltistopoÐhshc aerodunamik¸n morf¸n proôpojètei idi-
aÐterh exoikeÐwsh me jèmata parametropoÐhshc morf¸n. H parametropoÐhsh paÐzei
idiaÐtera shmantikì rìlo afoÔ aut  kajorÐzei ton arijmì twn eleÔjerwn metablht¸n
pou ja diaqeirisjeÐ to logismikì. Gia lìgouc plhrìthtac, akoloujoÔn trÐa montèla
parametropoÐhshc gia aerotomèc: oi kubikèc B–Splines, oi kampÔlec Bézier kai h
parametropoÐhsh PARSEC.

9.1 Kubikèc B–Splines

Oi kubikèc B–Splines qrhsimopoioÔntai suqnìtata wc ergaleÐo tmhmatik� suneqoÔc
prosèggishc mia kampÔlhc, me bajmoÔc eleujerÐac tic suntetagmènec−→r i, i = 0, . . . , N
twn N + 1 shmeÐwn elègqou (−→r i). H diadikasÐa sqhmatismoÔ thc kampÔlhc em-
plèkei proairetik� dÔo epiplèon shmeÐa (yeudoshmeÐa elègqou, −→r −1 kai −→r N+1, mh-
elegqìmena apì to qr sth). O rìloc touc eÐnai na exasfalÐzoun ìti h kampÔlh
dièrqetai apì ta dÔo akraÐa shmeÐa elègqou, ta −→r 0 kai −→r N .

Domikì stoiqeÐo twn kubik¸n B–Splines eÐnai èna polu¸numo trÐtou bajmoÔ wc
proc thn par�metro u, to opoÐo lamb�nei mh�mhdenikèc timèc sto di�sthma [−2, 2] kai
dÐnetai apì th sqèsh

B(u) =



(2+u)3

6
−2 ≤ u ≤ −1

4−6u2−3u3

6
−1 ≤ u ≤ 0

4−6u2+3u3

6
0 ≤ u ≤ 1

(2−u)3

6
1 ≤ u ≤ 2

0 alloÔ

(9.1)

SugkrateÐste ìti B(0) = 2/3, B(−1) = B(1) = 1/3 kai B(−2) = B(2) = 0.
Me th bo jeia tou poluwnÔmou 9.1 kai qrhsimopoi¸ntac afenìc men tic suntetag-

mènec twn N + 1 shmeÐwn elègqou, afetèrou de tic bohjhtikèc sqèseic (ja dojoÔn
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0

0.333333
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u

Sq ma 9.1: Grafik  par�stash tou poluwnÔmou trÐtou bajmoÔ pou apoteleÐ to domikì
stoiqeÐo twn kubik¸n B–Splines.

parak�tw) prosdiorismoÔ twn −→r −1 kai −→r N+1, sqhmatÐzetai h telik  kampÔlh wc

−→r (µ) =
N+1∑
i=−1

B(Nµ− i)−→r i (9.2)

ìpou µ ∈ [0, 1] eÐnai mia par�metroc pou �sar¸nei� thn kampÔlh se trìpo ¸ste to
pr¸to shmeÐo elègqou −→r ffl0 na antistoiqeÐ sto µ = 0 en¸ to teleutaÐo −→r N sto
µ = 1. Oi ekfr�seic 9.1 se sunduasmì me th sqèsh 9.2 kajorÐzoun to an kai kat�
pìso ephre�zetai h jèsh tou shmeÐou thc telik c kampÔlhc pou antistoiqeÐ se k�poia
tim  thc paramètrou µ (0 ≤ µ ≤ 1) apì kajèna apì ta shmeÐa elègqou.

Me th bo jeia thc 9.1 kai gia µ = 0 eÐnai

−→r (0) =
N+1∑
i=−1

B(−i)−→r i =
1∑

i=−1

B(−i)−→r i = B(−1)−→r −1 +B(0)−→r 0 +B(1)−→r 1 (9.3)

 , me arijmhtik  antikat�stash

−→r (0) =
1

6
−→r −1 +

2

3
−→r 0 +

1

6
−→r 1 (9.4)

'Omoia, gia µ = 1, prokÔptei

−→r (1) =
1

6
−→r N−1 +

2

3
−→r N +

1

6
−→r +1 (9.5)

'Etsi, oi apait seic −→r (0) = r0 kai −→r (1) = −→r N prosdiorÐzoun tic jèseic twn
yeudoshmeÐwn elègqou, wc

−→r −1 = 2 −→r 0 −−→r 1

−→r N+1 = 2 −→r N −−→r N−1 (9.6)
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Mia endiafèrousa idiìthta twn kubik¸n B-splines eÐnai to ìti ta dÔo akraÐa shmeÐ-
a elègqou (pr¸to�deÔtero kai teleutaÐo�proteleutaÐo, qwrÐc na prosmetr¸ntai ta
yeudoshmeÐa elègqou) kajorÐzoun thn klÐsh thc kampÔlhc prosèggishc sta akraÐa
shmeÐa. EÐnai eÔkolo na deiqjeÐ ìti

−̇→r (0) = N (−→r 1 − −→r 0) (9.7)
−̇→r (1) = N (−→r N − −→r N−1) (9.8)

Sqèseic ìpwc h 9.7 èstw kai an emplèkoun parag¸gouc wc proc thn par�metro µ
eÐnai eÔkola metatrèyimec se klÐseic thc kampÔlhc. Endeiktik�

dy

dx
(0) =

ẏ(0)

ẋ(0)
=

y1 − y0

x1 − x0

(9.9)

Epeid  to perÐgramma l.q. miac aerotom c mporeÐ na dhmiourghjeÐ apì surraf  di-
adoqik¸n, anex�rthtwn kampÔlwn B–Splines, eÐnai idiaÐtera qr simo na up�rqei èna
ergaleÐo (ìpwc eÐnai h sqèsh 9.9) pou na qeirÐzetai probl mata sunèqeiac tim¸n
kai parag¸gwn. EnnoeÐtai, bèbaia, ìti o mhqanikìc pou emplèketai se ènan tètoio
sqediasmì endèqetai na qreiasteÐ na diatup¸sei kai parag¸gouc uyhlìterhc t�xhc,
an�loga me tic apait seic tou sqediasmoÔ.

To polÔgwno orismoÔ miac B-spline (ètsi onom�zetai sun jwc h allhlouqÐa twn
N + 1 shmeÐwn elègqou) mporeÐ na perilamb�nei èna   perissìtera shmeÐa pollaplèc
forèc. 'Ena diplì shmeÐo elègqou èlkei thn kampÔlh prosèggishc proc to mèroc tou,
en¸ h telik  kampÔlh dièrqetai anagkastik� apì k�je triplì shmeÐo elègqou.

9.2 Polu¸numa Bézier

Oi kampÔlec Bézier–Bernstein (  apl� kampÔlec Bézier, ìpwc epÐshc apokaloÔntai
lìgw suntomÐac) apoteloÔn ènan polÔ aplì kai euèlikto trìpo na proseggisteÐ mi-
a gewmetrik  morf  (èstw mia aerotom ) qrhsimopoi¸ntac ènan periorismèno arijmì
shmeÐwn elègqou. O qr sthc qeirÐzetai èna (mikrì sun jwc, ed¸ to pl joc touc
an� kampÔlh ja sumbolÐzetai me N +1) arijmì shmeÐwn (shmeÐa elègqou, control
points) kai apì autì par�gei mia ter�stia poikilÐa morf¸n. Basik  idiìthta thc kam-
pÔlhc Bézier me shmeÐa elègqou ta (x0, y0), . . . , (xN , yN) eÐnai to ìti h kampÔlh xekin�
(�pern��) apì to pr¸to kai termatÐzei sto (�pern�� apì to) teleutaÐo shmeÐo. Akìmh,
to zeÔgoc twn dÔo pr¸twn kai to zeÔgoc twn dÔo teleutaÐwn shmeÐwn kajorÐzei thn
klÐsh thc kampÔlhc sto pr¸to kai sto teleutaÐo shmeÐo thc 'Amesa sundeìmenoc me tic
kampÔlec Bézier eÐnai anadromikìc algìrijmoc tou de Casteljau, pou ja parousiasjeÐ
sth sunèqeia.

Algìrijmoc de Casteljau

Prin thn parousÐash tou genikeumènou algorÐjmou tou de Casteljau, ac parousi�-
soume thn eidik  efarmog  tou gia trÐa shmeÐa (ta −→r 0,

−→r 1,
−→r 2) ìpwc sto sq ma
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Sq ma 9.2: Efarmog  tou algìrijmou de Casteljau gia trÐa dedomèna shmeÐa.

9.2.
'Estw t mia par�metroc t ∈ [0, 1], me th bo jeia thc opoÐac kai me afethrÐa ta trÐa

shmeÐa −→r 0,
−→r 1 kai −→r 2 dhmiourgoÔme gia k�je tim  thc t dÔo nèa shmeÐa wc ex c :

−→r 1
0(t) = (1− t) −→r 0 + t−→r 1

−→r 1
1(t) = (1− t) −→r 1 + t−→r 2 (9.10)

Apì ton trìpo orismoÔ tou, to shmeÐo r1
0(t) an kei sto eujÔgrammo tm ma P0P1

kai to shmeÐo r1
1(t) sto tm ma P1P2. Me afethrÐa ta dÔo nèa shmeÐa −→r 1

0 kai −→r 1
1 pou

èstw proèkuyan gia mia tim  thc paramètrou t dhmiourgoÔme èna trÐto nèo shmeÐo me
b�sh th sqèsh

−→r 2
0(t) = (1− t) −→r 1

0 + t−→r 1
1 (9.11)

(gia thn Ðdia tim  thc t) pou, me th seir� tou ja an kei sto eujÔgrammo tm ma P 1
0P

1
1 .

Me thn eisagwg  twn exis¸sewn 9.10 sthn 9.11 prokÔptei ìti

−→r 2
0(t) = (1− t)2 −→r 0 + 2t(1− t)−→r 1 + t2−→r 2 (9.12)

dhlad  mia tetragwnik  èkfrash wc proc thn par�metro t, gegonìc pou antikatop-
trÐzetai ston �nw deÐkth tou dianÔsmatoc jèshc −→r 2

0. Kaj¸c to t metab�lletai genik�
sto (−∞,+∞),   eidik� ìpwc ed¸ orÐsthke sto [0, 1] dhmiourgeÐtai kai sqedi�zetai
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mia parabol . H parabol  aut , ìpwc f�nhke parap�nw, sqhmatÐsjhke apì thn
epanalhptik  (anadromik ) efarmog  sqhm�twn grammik c parembol c.

Me katanohtì to aplì autì eisagwgikì par�deigma, parousi�zoume sth sunèqeia
ton anadromikì tÔpo tou de Casteljau, gia N +1 shmeÐa sto didi�stato   tridi�stato
q¸ro, ta −→r 0, . . . ,

−→r N . Majhmatik� ekfr�zetai me mia kai mình sqèsh wc

−→r α
i (t) = (1− t) −→r α−1

i (t) + t −→r α−1
i+1 (t) (9.13)

ìpou jètoume ìti −→r 0
i (t) = −→r i , i = 0, . . . , N (dhlad  ta dedomèna N + 1 shmeÐa pou

ja onom�zontai plèon shmeÐa elègqou   shmeÐa Bézier). AntÐstoiqa, to polu¸numo
pou orÐzetai apì thn allhlouqÐa shmeÐwn −→r 0, . . . ,

−→r N ja lègetai polÔgwno Bézier.
H sqèsh 9.13, wc anadromikìc tÔpoc programmatizìmenoc se opoiad pote gl¸ssa
programmatismoÔ apoteleÐtai apì dÔo brìqouc ton èna mèsa ston �llo. O exwterikìc
brìqoc èqei wc metablht  thn α (α = 1, . . . , N) kai o eswterikìc èqei wc metablht 
thn i kai metablht� ìria (i = 0, . . . , N−α). H ektèlesh twn pr�xewn pou antistoiqoÔn
sth sqèsh 9.13 katal goun sthn kampÔlh −→r N

0 (t) pou eÐnai h zhtoÔmenh kampÔlh
Bézier gia ta shmeÐa elègqou pou proanafèrame.

O diplìc brìqoc thc exÐswshc 9.13 parist�netai epoptik� me to trigwnikì sqh-
matismì (k�tw trigwnikì mhtr¸o)

−→r 0−→r 1
−→r 1

0−→r 2
−→r 1

1
−→r 2

0
...

−→r N
−→r 1

N−1
−→r 2

N−2 . . . −→r N
0

 (9.14)

pou onom�zetai kai sqhmatismìc tou de Casteljau. DÐnei de thn epopteÐa ìti, gia mia
tim  tou t ∈ [0, 1] anadromik�, h k�je st lh dhmiourgeÐ thn epomènh sta dexi� thc me
èna stoiqeÐo ligìtero, katal gontac sto −→r N

0 (t) pou eÐnai kai h zhtoumènh kampÔlh
Bézier.

Mèqri t¸ra parousi�same epoptik� ènan algìrijmo, ton algìrijmo tou de Castel-
jau pou eÔkola kai anadromik� par�gei mia kampÔlh Bézier, me afethrÐa N+1 diajèsi-
ma shmeÐa elègqou. Par� ìmwc thn aplìthta enìc tètoiou anadromikoÔ tÔpou, ja  tan
epijumhtì na up�rqei diajèsimh kai mia analutik  èkfrash gia thn kampÔlh Bézier,
¸ste aut  na prokÔptei shmeÐo�pros�shmeÐo me eujeÐa arijmhtik  antikat�stash antÐ
tou anadromikoÔ algorÐjmou. H majhmatik  aut  èkfrash up�rqei kai qrhsimopoieÐ
ta legìmena Bernstein polu¸numa. Etsi h kampÔlh Bézier,   swstìtera h kampÔlh
Bézier–Bernstein dÐnetai apì th sqèsh

−→r N
0 (t) =

N∑
i=0

−→r i B
N
i (t) (9.15)

wc grammikìc sunduasmìc twn dianusm�twn jèshc twn shmeÐwn elègqou kai me sun-
telestèc oi opoÐoi prosdiorÐzontai apì ta polu¸numa Bernstein
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BN
i (t) =

(
N
i

)
ti (1− t)N−i (9.16)

Oi sqèseic 9.15 kai 9.16 eÐnai ètoimec na efarmostoÔn - programmatistoÔn gia to
sqhmatismì thc kampÔlhc Bézier. UpenjumÐzetai ìti

(
α
i

)
=

α!

i!(α− i)!
(9.17)

H sqèsh 9.16 eÐnai genik , isqÔei dhlad  gia opoiad pote tim  tou �nw deÐkth
α = 0, . . . , N . Gr�fetai dhlad  wc

Bα
i (t) =

(
α
i

)
ti (1− t)α−i (9.18)

en¸ eÔkola apodeiknÔetai ìti isqÔei o anadromikìc tÔpoc

Bα
i (t) = (1− t)Bα−1

i (t) + tBα−1
i−1 (t) (9.19)

me

B0
0(t) ≡ 1 (9.20)

kai

Bα
j (t) ≡ 0 , j ̸∈ {0, . . . , N} (9.21)

O anadromikìc tÔpoc 9.19 ousiastik� parapèmpei ston algìrijmo de Casteljau. H
apìdeixh tou 9.19 eÐnai sÔntomh kai paratÐjetai amèswc parak�tw

Bα
i (t) =

(
α
i

)
ti (1− t)α−i =

=

(
α− 1
i

)
ti (1− t)α−i +

(
α− 1
i− 1

)
ti (1− t)α−i

= (1− t)Bα−1
i (t) + tBα−1

i−1 (t)

Basik  epÐshc idiìthta twn poluwnÔmwn Bernstein eÐnai ìti

N∑
i=0

BN
i (t) ≡ 1 (9.22)
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Me ton Ðdio trìpo pou o algìrijmoc de Casteljau dhmiourgeÐ to trigwnikì sqhma-
tismì 9.14, oi suntelestès�polu¸numa Bernstein (pou lègontai kai endi�mesa polu¸nu-
ma Bernstein) ent�ssontai kai autoÐ se èna trigwnikì mhtr¸o wc ex c :

B0
0(t) B1

0(t) B2
0(t) . . . BN

0 (t)
B1

1(t) B2
1(t) . . . BN

1 (t)
B2

2(t) . . . BN
2 (t)

...
BN

N (t)

 (9.23)

me k�je mh-mhdenikì suntelest  na upologÐzetai efarmìzontac thn anadromik  sqèsh
9.19.

'Estw gia par�deigma h dhmiourgÐa thc kampÔlhc Bézier pou kajorÐzoun ta tèssera
shmeÐa elègqou P0,P1,P2,P3 (N = 3).

H kampÔlh Bézier ja dÐnetai telik� apì thn exÐswsh 9.15 pou ed¸ xanagr�fetai
wc

−→r 3
0(t) =

3∑
i=0

−→r i B
3
i (t)

kai fusik� h efarmog  thc apaiteÐ thn eÔresh twn tess�rwn suntelest¸n B3
0(t),

B3
1(t), B

3
2(t), B

3
3(t). Me odhgì to trigwnikì mhtr¸o 9.23 kai afethrÐa gia touc

upologismoÔc th sqèsh 9.20 pou kajorÐzei monadiaÐa tim  sto p�nw�aristerì stoiqeÐo
tou èqoume touc parak�tw upologismoÔc an� st lh:

• DeÔterh st lh:

B1
0(t) =

(
1
0

)
t0 (1− t)1 = 1− t

B1
1(t) =

(
1
1

)
t1 (1− t)0 = t

me timèc pou  tan anamenìmenec an wc b�sh p�roume ton algìrijmo de Casteljau.

• TrÐth st lh:

B2
0(t) =

(
2
0

)
t0 (1− t)2 = (1− t)2

B2
1(t) =

(
2
1

)
t1 (1− t)1 = 2t(1− t)

B2
2(t) =

(
2
2

)
t2 (1− t)0 = t2

ta stoiqeÐa thc opoÐac sumbadÐzoun me touc suntelestèc thc exÐswshc 9.12
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• Tètarth st lh:

B3
0(t) =

(
3
0

)
t0 (1− t)3 = (1− t)3

B3
1(t) =

(
3
1

)
t1 (1− t)2 = 3t(1− t)2

B3
2(t) =

(
3
2

)
t2 (1− t)1 = 3t2(1− t)

B3
3(t) =

(
3
3

)
t3 (1− t)0 = t3

Me b�sh ta parap�nw, to mhtr¸o 9.23 paÐrnei th morf  (ta stoiqeÐa pou paraleÐpontai
eÐnai ìla mhdenik�)

1 (1− t) (1− t)2 (1− t)3 (1− t)4 . . .
t 2t(1− t) 3t(1− t)2 4t(1− t)3 . . .

t2 3t2(1− t) 6t2(1− t)2 . . .
t3 4t3(1− t) . . .

t4 . . .
...


(9.24)

Oi mèqri t¸ra sqèseic pou dìjhkan gia thn kampÔlh Bézier–Bernstein eÐnai �mesa
ulopoi simec se gl¸ssa programmatismoÔ. Gia N+1 shmeÐa elègqou −→r 0, . . . ,

−→r N , o
anadromikìc tÔpoc 9.19 upologÐzei telik� touc N + 1 suntelestèc BN

0 (t), . . . , BN
N (t)

gia opoiad pote tim  tou t ∈ [0, 1] (gia k�je tim  tou t upologÐzetai èna diakritì
shmeÐo thc kampÔlhc, �ra basikì arqikì b ma eÐnai na kajoristeÐ mia allhlouqÐa
tim¸n thc paramètrou t gia thn opoÐa ja upologistoÔn shmeÐa thc kampÔlhc Bézier–
Bernstein � profan¸c to pl joc aut¸n eÐnai epÐshc mia par�metroc eleÔjerh na
epilegeÐ apì to qr sth) kai telik� ta shmeÐa thc kampÔlhc upologÐzontai apì th
sqèsh 9.15 sunart sei twn suntetagmènwn twn shmeÐwn elègqou. EÐnai shmantikì na
tonisjeÐ h �anexarthsÐa� kai �omoiìthta� twn ekfr�sewn pou par�goun l.q. tic treÐc
suntetagmènec k�je shmeÐou thc kampÔlhc Bézier–Bernstein. EÐnai

xN(t) = x(t) =
N∑

i=0

BN
i (t)xi

yN(t) = y(t) =
N∑

i=0

BN
i (t)yi (9.25)

zN(t) = z(t) =
N∑

i=0

BN
i (t)zi

ìpou (xi, yi, zi) , i = 0, . . . , N eÐnai oi treÐc suntetagmènec k�je shmeÐou Bézier–
Bernstein èstw ston 3∆ q¸ro.
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9.2.1 H Mhtrwik  Graf  miac KampÔlhc Bezier

Oi prohgoÔmenec sqèseic enswmat¸nontai se mia bolik  mhtrwik  graf  h opoÐa
katal gei na dÐnei k�je shmeÐo −→r N thc kampÔlhc Bézier wc

−→r N(t) ≡ −→r (t) =
N∑

i=0

Ci(t)
−→r i (9.26)

dhlad 

x(t) =
N∑

i=0

Ci(t) xi

y(t) =
N∑

i=0

Ci(t) yi (9.27)

z(t) =
N∑

i=0

Ci(t) zi

ìpou


C0(t)
C1(t)
...

CN(t)

 =


m0,0 m0,1 . . . m0,N

m1,0 m1,1 . . . m1,N
...

mN,0 mN,1 . . . mN,N

 ˙


t0

t1

...
tN

 (9.28)

me stoiqeÐa pou orÐzontai wc

mi,j = (−1)j−i

(
N
j

) (
j
i

)
(9.29)

AkoloujoÔn orismènec basikèc morfèc tou mhtr¸ou me stoiqeÐa mi,j gia tic pio
sunhjismènec timèc tou N (autèc toul�qiston gia tic opoÐec o mhqanikìc mporeÐ na
qreiasteÐ na k�nei upologismì �sto qèri�. 'Etsi:

• Gia N = 2, dhlad  gia 3 shmeÐa elègqou Bézier–Bernstein: 1 −2 1
0 2 −2
0 0 1

 (9.30)
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• Gia N = 3, dhlad  gia 4 shmeÐa elègqou Bézier–Bernstein:
1 −3 3 −1
0 3 −6 3
0 0 3 −3
0 0 0 1

 (9.31)

• Gia N = 4, dhlad  gia 5 shmeÐa elègqou Bézier–Bernstein:
1 −4 6 −4 1
0 4 −12 12 −4
0 0 6 −12 6
0 0 0 4 −4
0 0 0 0 1

 (9.32)

• Gia N = 5, dhlad  gia 6 shmeÐa elègqou Bézier–Bernstein:
1 −5 10 −10 5 −1
0 5 −20 30 −20 5
0 0 10 −30 30 −10
0 0 0 10 −20 10
0 0 0 0 5 −5
0 0 0 0 0 1

 (9.33)

'Estw ìti qrhsimopoi¸ntac N + 1 shmeÐa elègqou dhmiourgoÔme, kat� ta gnwst�
plèon, thn antÐstoiqh kampÔlh Bézier. H mhtrwik  graf  pou parousi�same parap�nw
deÐqnei eÔkola ìti

−→r N(t = 0) = −→r (0) = −→r 0 (9.34)

kai

−→r N(t = 1) = −→r (1) = −→r N (9.35)

dhlad  ìti h kampÔlh Bézier xekin� apì to pr¸to kai katal gei sto teleutaÐo shmeÐo
elègqou.

Me odhgì to mhtr¸o 9.24 kai gia N + 1 shmeÐa elègqou dÐnoume thn èkfrash thc
kampÔlhc Bézier wc

−→r N(t) = −→r (t) = (1− t)N−→r 0 + Nt(1− t)N−1−→r 1 + O(t2) (9.36)

opìte, paragwgÐzontac wc proc t, èqoume
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d−→r (t)

dt
= −N(1− t)N−1−→r 0 +

+ N
[
(1− t)N−1 − (N − 1)t(1− t)N−2

]−→r 1 +O(t) (9.37)

apì thn opoÐa prokÔptei ìti, gia t = 0, eÐnai

d−→r (0)

dt
= N (−→r 0 − −→r 1) (9.38)

en¸, gia t = 1, eÐnai

d−→r (1)

dt
= N (−→r N − −→r N−1) (9.39)

Oi sqèseic 9.38 kai 9.39 eÐnai qr simec afoÔ apodeiknÔoun, ìti se pr¸thc t�xhc
akrÐbeia, to eujÔgrammo tm ma pou sundèei ta dÔo pr¸ta shmeÐa elègqou kajorÐzei
thn klÐsh thc kampÔlhc Bézier sthn afethrÐa thc (t = 0) kai to eujÔgrammo tm ma
pou sundèei ta dÔo teleutaÐa shmeÐa elègqou kajorÐzei thn klÐsh thc sto tèloc thc
(t = 1).

Pèran twn majhmatik¸n diatup¸sewn, ta shmeÐa elègqou miac kampÔlhc Bézier
prèpei na gÐnoun katanoht� wc pìloi èlxhc thc kampÔlhc. Metakin¸ntac èna opoiod -
pote shmeÐo elègqou up�rqei epÐdrash se olìklhrh thn kampÔlh en¸ h t�sh eÐnai
na parathroÔme thn kampÔlh na metakineÐtai (kurÐwc topik�) proc th nèa jèsh tou
shmeÐou elègqou pou metakin jhke. H kajolik  epÐdrash pou èqei h metakÐnhsh èstw
kai enìc shmeÐou elègqou sthn kampÔlh Bézier apoteleÐ sugqrìnwc pleonèkthma kai
meionèkthma, an�loga p�ntote me to skopì pou qrhsimopoieÐ k�poioc tic kampÔlec
Bézier. Gia par�deigma, an to polÔgwno Bézier èqei mia �logik  leiìthta� me exaÐresh
èna eswterikì tou shmeÐo, to pleonèkthma eÐnai ìti to shmeÐo autì den ja ephre�-
sei kajìlou th leiìthta thc kampÔlhc BézierẆc meionèkthma (p�ntote se analogÐa
me thn aposkopoÔmenh qr sh) anafèretai to gegonìc ìti epijum¸ntac na tropopoi -
soume kat� k�poio trìpo thn kampÔlh Bézier autì autìmata upagoreÔei thn an�gkh
na metakin soume poll� shmeÐa elègqou, ìqi p�ntote me profan  trìpo.

Kat� to sqediasmì (bèltistwn) aerotom¸n me parametropoÐhsh pou qrhsimopoieÐ
polu¸numa Bézier, epeid  sqedìn p�nta h akm  prosbol c kai h akm  ekfug c eÐnai
dedomènec (l.q. ergazìmenoi me monadiaÐo m koc qord c, h akm  prosbol c eÐnai to
shmeÐo (0, 0) kai h akm  ekfug c to shmeÐo (1, 0)) eÐnai bolik  h qr sh dÔo poluwnÔmwn
Bézier, �ra dÔo sunìlwn shmeÐwn elègqou: enìc gia thn pleur� upopÐeshc kai tou
�llou gia thn pleur� uperpÐeshc. O kÔrioc lìgoc pou boleÔei aut  h di�taxh eÐnai
ìti ekmetalleÔetai pl rwc thn idiìthta k�je kampÔlhc Bézier na dièrqetai apì to
pr¸to kai to teleutaÐo shmeÐo elègqou. 'Etsi, exasfalÐzontai oi jèseic twn shmeÐwn
prosbol c kai ekfug c. Akìmh, thn idiìthta ta dÔo pr¸ta (  ta dÔo teleutaÐa) shmeÐa
na kajorÐzoun thn klÐsh thc kampÔlhc sthn arq  (  sto tèloc, antÐstoiqa) mporeÐ
na ekmetalleujeÐ kat�llhla o sqediast c mhqanikìc ¸ste na elègxei to p�qoc thc
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LE
RLE

FIRST BEZIER
POINT  (PS)

φ

POINT  (SS)

LE

FIRST BEZIER

Sq ma 9.3: Sunduasmènh qr sh dÔo poluwnÔmwn Bézier, qwrist� gia thn pleur�
upopÐeshc kai thn pleur� uperpÐeshc kai tìxou kÔklou sthn perioq  thc akm c pros-
bol c.

aerotom c sta dÔo aut� shmeÐa. Se ènan tètoio sqediasmì, o èlegqoc thc sunèqeia
pr¸thc kai deÔterhc parag¸gou (kampulìthtac) kurÐwc sthn akm  prosbol c eÐnai
shmantikìc. Gi' autì, suqn� ja sunant soume na qrhsimopoieÐtai h parametropoÐhsh
Bézier se sunduasmì me apl� gewmetrik� sq mata (tìxa kÔklwn   elleÐyewn) gia th
montelopoÐhsh (kai kurÐwc ton eÔkolo èlegqo) twn akm¸n prosbol c kai ekfug c.
To sq ma 9.3 parousi�zei mia endeiktik  perÐptwsh.

9.3 ParametropoÐhsh PARSEC

Mia apì tic, piì eidikèc all� endiafèrousec, parametropoi seic aerotom¸n (h opoÐ-
a qrhsimopoieÐtai gia didi�statec aerotomèc all� èqei epÐshc epektajeÐ gia qr sh
kai sto sqediasmì tridi�statwn pterÔgwn) eÐnai h legìmenh parametropoÐhsh PAR-
SEC. SthrÐzetai se poluwnumikèc ekfr�seic gia tic dÔo pleurèc thc aerotom c kai to
kuriìtero pleonèkthm� thc eÐnai ìti qrhsimopoieÐ mikrì arijmì metablht¸n sqedias-
moÔ. UpenjumÐzetai ìti, an�loga me th mèjodo beltistopoÐhshc pou k�poioc epilègei
na qrhsimopoi sei, h meÐwsh tou arijmoÔ twn metablht¸n sqediasmoÔ mporeÐ na eÐnai
lÐgo   kai idiaÐtera shmantik .

Me thn teqnik  PARSEC k�je pleur� miac aerotom c montelopoieÐtai qwrist�.
'Etsi l.q. to montèlo PARSEC gia thn pleur� uperpÐeshc miac aerotom c gr�fetai

y(x) =
6∑

i=1

aix
i− 1

2 (9.40)

ìpou ai , i = 1, 6 eÐnai oi 6 bajmoÐ eleujerÐac thc pleur�c aut c. H aerotom 
montelopoieÐtai adi�stata, ètsi eÐnai tupikì na jewr soume ìti to shmeÐo prìsptwshc
(deÐkthc LE ) eÐnai sto (0, 0) kai to shmeÐo ekfug c (deÐkthc TE ) sto (1, 0). Gia thn
perÐptwsh pou h parametropoÐhsh afor� aerotom  pterugÐou strobilomhqan c, ja
mporoÔse na isqÔei akrib¸c to Ðdio, jewr¸ntac bèbaia ìti h parametropoÐhsh gÐnetai
prin th strof  thc aerotom c sth gwnÐa klÐshc thc.

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



9.3. ParametropoÐhsh PARSEC 211

RLELE(0,0) TE(1,0)xB

B

θTE,PS

By

y

x

Sq ma 9.4: H parametropoÐhsh PARSEC gia thn pleur� uperpÐeshc miac memonwmènhc
aerotom c.
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Endeiktik� h parametropoÐhsh parousi�zetai sto sq ma 9.4, gia thn pleur� up-
erpÐeshc miac memonwmènhc aerotom c. Oi eleÔjerec metablhtèc gia thn pleur� aut 
eÐnai h klÐsh tou perigr�mmatoc thc aerotom c sto TE (dhlad  h gwnÐa θTE,PS),
oi suntetagmènec (xB, yB) tou shmeÐou B me th mègisth apìstash apì th qord , h
deÔterh par�gwgoc (sumbolÐzetai me SB) tou y sth jèsh B kai h aktÐna kampulìthtac
RLE sto shmeÐo LE.

Me b�sh thn exÐswsh 9.40 prokÔptei

y(1) = 0

tan (θTE,PS) =

(
dy

dx

)
x=1

=
6∑

i=1

(
i− 1

2

)
ai

yB = y(xB) =
6∑

i=1

aix
i− 1

2
B

0 =

(
dy

dx

)
x=xB

=
6∑

i=1

(
i− 1

2

)
aix

i− 3
2

B

SB =

(
d2y

dx2

)
x=xB

=
6∑

i=1

(
i− 1

2

)(
i− 3

2

)
aix

i− 5
2

B

RLE =

[
d2y/dx2

(1 + (dy/dx)2)3/2

]
x=xB

=
a2

1

2

Oi parap�nw exis¸seic deÐqnoun ìti h posìthta a1 mporeÐ na upologisjeÐ �mesa kai,
sth sunèqeia, na apomeÐnoun pènte �gnwstec posìthtec (apì a2 wc kai a6 oi timèc
twn opoÐwn prokÔptoun apì thn epÐlush tou grammikoÔ sust matoc

∣∣∣∣∣∣∣∣∣∣∣

1 1 1 1 1

x
3/2
B x

5/2
B x

7/2
B x

9/2
B x

11/2
B

3/2 5/2 7/2 9/2 11/2
3
2
x

1/2
B

5
2
x

3/2
B

7
2
x

5/2
B

9
2
x

7/2
B

11
2
x

9/2
B

3
4
x
−1/2
B

15
4
x

1/2
B

35
4
x

3/2
B

63
4
x

5/2
B

99
4
x

7/2
B

∣∣∣∣∣∣∣∣∣∣∣
·


a2

a3

a4

a5

a6

 =


−a1

yB − a1 ∗ x1/2
B

tan (θTE,PS)− 1
2
a1

SB + 1
2
x

−1
2

B a1

1
4
x

−3
2

B a1


(9.41)

AntÐstoiqo grammikì sÔsthma diatup¸netai kai gia thn pleur� upopÐeshc (SS ) thc
aerotom c. To sÔsthma 9.41 genikeÔetai eÔkola kalÔptontac peript¸seic me mh-
monadiaÐo m koc qord c kai ìpou to shmeÐo TE den èqei y = 0.
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Kef�laio 10

Ask seic

ASKHSH 1

Eik�zetai, ìti h monodi�stath katanom  jermokrasÐac T = T (x) se exwterik 
antèna diasthmikoÔ oq matoc kat� thn peristrof  perÐ ton plan th AfrodÐth apì th
diaforik  exÐswsh

dT

dx
=

dS

dx

cosx

x
− Ssinx

x
− S cosx

x2
(10.1)

H antèna eÐnai axonosummetrik , diatom c S = S(x) kai, ètsi, mporeÐ na montelopoih-
jeÐ monodi�stata wc proc to m koc tou x. H antèna èqei monadiaÐo m kouc (0 ≤ x ≤
1), me to eleÔjero �kro thc na antistoiqeÐ se x = 0, ìpou eÐnai gnwst  h jermokrasÐa
T (x = 0) = 0 (h jermokrasÐa metr�tai diaforik� wc proc th jermokrasÐa perib�l-
lontoc, ìpou profan¸c antistoiqeÐ h T = 0). To �kro x = 1 eÐnai to shmeÐo st rixhc
thc antènac sto diasthmikì ìqhma.

Gia leitourgikoÔc lìgouc, eÐnai epijumht  katanom  jermokrasÐac, kat� m koc
thc antènac, Ðsh me

Ttar = xcosx , 0 ≤ x ≤ 1 (10.2)

H diatom  S = S(x) parametropoieÐtai me polu¸numa Bezier tri¸n shmeÐwn elègqou.
Ac ta sumbolÐsoume me −→r 0 = (X0, Y0) = (0, 0), −→r 1 = (X1, Y1) = (0.5, Y1),

−→r 2 =
(X2, Y2) = (1, 1). Monadik  �gnwsth par�metroc sqediasmoÔ eÐnai h tim  tou Y1,
h opoÐa prèpei na upologisjeÐ ¸ste h prokÔptousa antèna na dÐnei thn epijumht 
katanom  jermokrasÐac.

(a) Diatup¸ste thn (profan ) antikeimenik  sun�rthsh thn opoÐa ja diaqeiristeÐ
h mèjodoc beltistopoÐhshc.

(b) Diatup¸ste xan� thn exÐswsh thc jermokrasÐac 10.1, emfanÐzontac se aut 
th monadik  par�metro sqediasmoÔ antÐ thc diatom c S. LÔste thn analutik�,
prosèqontac na upologÐsete swst� th stajer� olokl rwshc me b�sh th gnw-
st  oriak  sunj kh. DeÐxte ìti h analutik  lÔsh eÐnai h

T (x) = 2(1− x)Y1cosx+ xcosx− 2Y1 (10.3)
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(g) Diatup¸ste th suzug  exÐswsh gia to parap�nw prìblhma kai tic oriakèc thc
sunj kec. DeÐxte ìti h exÐswsh aut  eÐnai h

dΨ

dx
= u− xcosx (10.4)

me Ψ(1) = 0. LÔste thn analutik�. DeÐxte ìti h analutik  lÔsh eÐnai h

Ψ(x) = 2Y1(sinx− xsinx− cosx) +K1x+K2 (10.5)

me K1 = −2Y1, K2 = 2Y1(1 + cos1), .

(d) Me b�sh touc prohgoÔmenouc upologismoÔc, upologÐste telik� th (monadik )
par�gwgo euaisjhsÐac, ¸ste na mporèsete l.q. sth sunèqeia na th qrhsi-
mopoi sete se mèjodo klÐshc gia thn eÔresh thc tim c tou Y1 pou ikanopoieÐ to
stìqo sac. DeÐxte ìti aut  h par�gwgoc eÐnai Ðsh me

dFaug

dY1

=

∫ 1

0

Ψ(x) [2cosx+ 2(1− x) ∗ sinx] dx (10.6)

UpologÐste to olokl rwma. DeÐxte ìti isoÔtai me

dFaug

dY1

= 1.5344Y1 (10.7)

(e) LÔste to prìblhma me th mèjodo thc apìtomhc klÐshc kai entopÐste th bèltisth
tim  tou Y1.

(st) An ìla ta prohgoÔmena èginan swst�, h bèltisth diatom  thc antènac ja eÐnai
h Sopt(x) = x2. DeÐxte ìti h epilog  poluwnÔmou Bezier me trÐa mìno shmeÐa
elègqou eparkoÔse gia thn parametropoÐhsh thc bèltisthc gewmetrÐac.

DÐnontai oi ekfr�seic gia mia seir� oloklhrwm�twn pou, endeqomènwc, ja qreiasteÐte
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kat� thn epÐlush (h stajer� olokl rwshc paraleÐpetai):∫
sinxcosxdx = −1

2
cos2x∫

sin2xdx = −1

2
sinxcosx+

1

2
x∫

cos2xdx =
1

2
sinxcosx+

1

2
x∫

xsin2xdx = −x
2
sinxcosx+

x2

4
− cos2x

4∫
x2sin2xdx = −x

2

2
sinxcosx− x

2
cos2x− cosxsinx

4
+
x

4
+
x3

6∫
xcos2xdx =

x

2
sinxcosx+

x2

4
+
cos2x

4∫
x2cos2xdx =

x2

2
sinxcosx+

x

2
cos2x− cosxsinx

4
− x

4
+
x3

6∫
xsinxdx = sinx− xcosx∫
xcosxdx = cosx+ xsinx∫
x2sinxdx = −x2cosx+ 2cosx+ 2xsinx∫

xsinxcosxdx = −1

2
xcos2x+

1

4
cosxsinx+

x

4

ASKHSH 2

Epanal�bete thn prohgoÔmenh �skhsh an, ektìc apì to Y1, eleÔjerh par�metroc
 tan kai to Y2. Sthn perÐptwsh aut , kaleÐste na upologÐsete dÔo parag¸gouc
thc antikeimenik c sun�rthshc (wc proc tic dÔo paramètrouc sqediasmoÔ). EÐnai
shmantikì na lÔsete thn �skhsh aut  k�nontac tic el�qistec dunatèc paremb�seic
sth diadikasÐa lÔshc thc prohgoÔmenhc �skhshc.

ASKHSH 3

Oi GenetikoÐ Algìrijmoi, sthn �paradosiak � touc diatÔpwsh, qrhsimopoioÔn d-
uadik  kwdikopoÐhsh twn paramètrwn sqediasmoÔ.

(a) EntopÐste kai sqoli�ste thn adunamÐa thc duadik c kwdikopoÐhshc pou sqetÐze-
tai me th sunèqeia thc antistoÐqishc metaxÔ tim¸n twn paramètrwn sqediasmoÔ

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



216 10. Ask seic

kai thc duadik c graf c touc. Wc afethrÐa gia th skèyh sac, mporeÐte na qrhsi-
mopoi sete dÔo duadik� kwdikopoihmènec metablhtèc, tic −→s 1 = (00001000) kai
−→s 2 = (00000111), oi opoÐec antistoiqoÔn stic diadoqikèc akèraiec timèc 8 kai
7, antÐstoiqa. Ti parathreÐte; Ti antÐktupo perimènete na èqei aut  h adunamÐa;

(b) Sth bibliografÐa proteÐnetai h qr sh thc legìmenhc Gray, antÐ thc klasik c,
duadik c kwdikopoÐhshc, wc jerapeÐa thc parap�nw adunamÐac. H nèa teqnik 
proteÐnei th diaqeÐrish duadik¸n stoiqeioseir¸n oi opoÐec pollaplasi�zontai me
to mhtr¸o G, ìpou (l.q. gia to par�deigma stoiqeioseir�c me okt¸ duadik�
yhfÐa) to G orÐzetai wc

G =



1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 1 1 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 1 1 0
0 0 0 0 0 0 1 1


DeÐxte, suneqÐzontac to parap�nw par�deigma, pwc ja leitourg sei h qr sh thc
Gray duadik c kwdikopoÐhshc. O pollaplasiasmìc me to G noeÐtai wc G−→s T

(pou ja qrhsimopoieÐtai antÐ tou −→s . Met� ton pollaplasiasmì, k�je stoiqeÐo
thc stoiqeioseir�c thc Gray kwdikopoÐhshc pou isoÔtai me 2 tropopoieÐtai se
0.

(g) Ti epemb�seic qrei�zontai na gÐnoun se up�rqonta k¸dika Genetik¸n AlgorÐ-
jmwn gia na sumperil�bei kai thn Gray duadik  kwdikopoÐhsh;

(d) Se mia tètoia perÐptwsh, proteÐnete algìrijmo apokwdikopoÐhshc (h opoÐa epÐsh-
c eÐnai aparaÐthth).

ASKHSH 4

Se meg�lo posostì, o sqediasmìc aerotom¸n sthrÐzetai se polu¸numa Bezier.
Gia N + 1 shmeÐa elègqou −→r i, epanalamb�noume sunoptik� tic basikèc sqèseic pou
dièpoun th sqetik  parametropoÐhsh

−→r (t) =
N∑

i=0

−→r iB
N
i (t) , BN

i (t) =

(
N
i

)
ti(1− t)N−i ,

(
α
i

)
=

α!

i!(α− i)!
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(a) ApodeÐxte ìti, qrhsimopoi¸ntac tic sqèseic

−→
R 0 = −→r 0 (10.8)

−→
R i =

i

N + 1
−→r i−1 +

(
1− i

N + 1

)
−→r i , 1 ≤ i ≤ N (10.9)

−→
RN+1 = −→r N (10.10)

ja paraqjeÐ mia nèa kampÔlh (aerotom ) me to Ðdio akrib¸c sq ma all� èna
perissìtero shmeÐo elègqou.

(b) GnwrÐzete ìti to upologistikì kìstoc orismènwn mejìdwn beltistopoÐhshc (poi¸n;)
exart�tai apì ton arijmì twn paramètrwn sqediasmoÔ en¸ �llwn (poi¸n;) eÐnai
praktik� anex�rthto apì to pìsec eÐnai oi eleÔjerec par�metroi. Me b�sh aut n
thn parat rhsh, ent�xete th diadikasÐa aÔxhshc thc bajmoÔ thc parametropoÐhsh-
c tou erwt matoc (a), sto plaÐsio miac exupnìterhc mejìdou beltistopoÐhshc.
Autosqedi�ste, to prìblhma antimetwpÐzetai me polloÔc trìpouc.

ASKHSH 5

Sto biblÐo autì up�rqei, me k�je leptomèreia, h diatÔpwsh tou suzugoÔc probl -
matoc, gia ton antÐstrofo sqediasmì aerotom c me stìqo mia dedomènh katanom 
pÐeshc sthn perÐmetrì thc. JewreÐste ìti h ro  eÐnai atrib c (exis¸seic Euler)
kai diatup¸ste antÐstoiqh mèjodo gia to sqediasmì aerotom c pou ja exasfalÐzei
el�qisth tim  tou suntelest  opisjèlkousac CD kai epijumht  tim  tou suntelest 
�nwshc CL = CL,tar. To prìblhma na antimetwpisjeÐ wc prìblhma elaqistopoÐhshc
thc antikeimenik c sun�rthshc (β eÐnai suntelest c barÔthtac pou kajorÐzei o qr -
sthc)

F = (CL − CL,tar)
2 + βCD

2

Oi dÔo aerodunamikoÐ suntelestèc na ekfrastoÔn wc

CD =
1

ϖ

∫
(pnxcosa+ pnysina)ds (10.11)

CL =
1

ϖ

∫
(pnycosa− pnxsina)ds (10.12)

me to olokl rwma na noeÐtai sthn perÐmetro thc aerotom c, a eÐnai h gwnÐa thc adi-
at�rakthc ro c en¸ ϖ eÐnai o (adi�foroc) paronomast c kat� ton orismì twn adi�s-
tatwn aut¸n posot twn.

ASKHSH 6

K.Q. Giann�koglou � Mèjodoi BeltistopoÐhshc sthn Aerodunamik 



218 10. Ask seic

DÔo elat ria topojetoÔntai diadoqik� ¸ste na en¸noun dÔo stajer� shmeÐa se
katakìrufh apìstash 20cm. QwrÐc fìrtish, to sundetikì touc shmeÐo isapèqei twn
dÔo stajer¸n shmeÐwn st rixhc. H stajer� tou p�nw elathrÐou eÐnai 8Nt/cm kai
tou k�tw 1Nt/cm. Xafnik�, sto sundetikì touc shmeÐo askeÐtai stajer  dÔnamh
me orizìntia kai katakìrufh proc ta p�nw sunist¸sec Ðsec me 5Nt, h kajemi�. Ta
elat ria profan¸c paramorf¸nontai kai isorropoÔn se mia nèa jèsh. UpologÐste
th nèa jèsh tou sundetikoÔ touc shmeÐou (sqetik� me thn arqik  tou jèsh), lÔnon-
tac to prìblhma wc prìblhma elaqistopoÐhshc thc olik c dunamik c enèrgeiac tou
sust matoc twn elathrÐwn. Qrhsimopoi ste mèjodo apìtomhc kajìdou kai mèjodo
Fletcher–Reeves.

ASKHSH 7

Poiì eÐnai to mètwpo Pareto tou probl matoc dÔo stìqwn

min F1(x1, x2) = x1 (10.13)

min F2(x1, x2) = g(x2)/x1 (10.14)

Sqedi�ste th morf  tou sto epÐpedo (x1, x2) all� kai sto (F1, F2). JewreÐste ìti
mac endiafèrei mìno o hmiq¸roc lÔsewn x1 > 0 kai x2 > 0.

ASKHSH 8

Se èna prìblhma dÔo (K = 2) stìqwn sthn aerodunamik , diatupwmèno sth morf 
min Fi(

−→x ), i = 1, K, aplopoioÔme touc dÔo stìqouc sth morf  twn sunart sewn
F1(
−→x ) = (x1 − 1)2 + x2

2 kai F2(
−→x ) = (x2 − 1)2 + x2

1. Anaferìmaste,dhlad , se
prìblhma dÔo metablht¸n −→x = (x1, x2).

(a) BreÐte to mètwpo twn kat� Pareto bèltistwn lÔsewn me aplèc majhmatikèc
pr�xeic kai thn krÐsh sac. ProteÐnetai na anazht sete to mètwpo mèsw thc e-
laqistopoÐhshc thc Ftot(

−→x ) = F1(
−→x )+wF2(

−→x ) gia �k�je� tim  tou w. Sqedi�ste
to mètwpo sto q¸ro twn metablht¸n kai sto q¸ro twn antikeimenik¸n sunart -
sewn.

(b) Me arq  to−→x 0 = (2, 1) kai mèjodo Fletcher-Reeves proqwr ste thn elaqistopoÐhsh
thc Ftot(

−→x ) gia w = 1.

(g) Oi anagkaÐec sunj kec Karush–Kuhn–Tucker gia na eÐnai to mia kat� Pareto
bèltisth lÔsh se probl mata poll¸n stìqwn qwrÐc periorismoÔc apaitoÔn na
up�rqoun µi ≤ 0 ¸ste

∑K
i=1 µi∇(Fi(

−→x ∗)) = 0. K�nte mia epÐdeixh�efarmog 
autoÔ sto mètwpo pou br kate prohgoumènwc.
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ASKHSH 9

(a) 'Estw ìti èqete ston upologist  sac logismikì exeliktik¸n algorÐjmwn pou
lÔnei probl mata poll¸n stìqwn kai upologÐzei to mètwpo Pareto. Jèlete na lÔsete
èna prìblhma elaqistopoÐhshc miac sun�rthshc kìstouc me ènan periorismì anisìth-
tac. Up�rqei h idèa na anabajmÐsete ton periorismì se deÔtero stìqo kai, sth sunè-
qeia, na qrhsimopoi sete to up�rqon logismikì autì gia na lujeÐ to prìblhma. Au-
tosqedi�ste ¸ste na k�nete pr�xh thn idèa aut . Sqoli�ste, endeqomènwc p�nw se
èna skarÐfhma tou met¸pou Pareto, pwc (wc mhqanikoÐ) ja ekmetalleuteÐte tic lÔseic
pou ja breÐte.

(b) An gia ton aerodunamikì sqediasmì miac aerotom c, diajètate kai èna polÔ
piì gr goro, proseggistikì montèlo an�lushc (pèran tou epilÔth twn exis¸sewn
Navier–Stokes, pwc ja mporoÔsate na to ent�xete sth mèjodo beltistopoÐshc ;

(g) LÔnete prìblhma beltistopoÐhshc didi�stathc pterÔgwshc montèrnou uper-
hqhtikoÔ sumpiest  me uperhqhtik  thn eÐsodo kai thn èxodo sto pedÐo ro c. Sthn
eÐsodo   thn èxodo tou pedÐou ja b�lete oriakèc sunj kec (kai pìsec) gia tic suzugèc
metablhtèc kai giatÐ ; Apant ste me thn el�qisth dunat  par�jesh tÔpwn, p�nw sthn
ousÐa kai th fusik  tou probl matoc.

(d) D¸ste thn arq  thc Gray kwdikopoÐhshc stouc exeliktikoÔc algorÐjmouc.
Thn idèa zht�me, ìqi touc tÔpouc!

ASKHSH 10

H �skhsh aut  diapragmateÔetai ton antÐstrofo sqediasmì enìc monodi�statou
agwgoÔ monadiaÐou m kouc (0 ≤ x ≤ 1) o opoÐoc dÐnei mia dedomènh katanom  taqÔth-
tac kat� m koc tou x. Gia lìgouc aplìthtac parak�mptoume to pwc parametropoieÐ-
tai h gewmetrÐa tou agwgoÔ kai enswmat¸noume thn parametropoÐhsh apeujeÐac sthn
exÐswsh ro c. Estw, loipìn, ìti h exÐswsh ro c eÐnai h

du

dx
= αx+ β (10.15)

me oriak  sunj kh taqÔthtac thn u(x = 0) = 1. Sthn exÐswsh 10.15 anagnwrÐzoume
tic dÔo metablhtèc sqediasmoÔ α kai β. K�je zeÔgoc tim¸n twn dÔo aut¸n metabl-
ht¸n, kajorÐzei mia nèa gewmetrÐa agwgoÔ sthn opoÐa h katanom  taqÔthtac dÐnetai
apì th sqèsh 10.15.

(a) Poi� h analutik  lÔsh u = u(x) thc taqÔthtac, gia thn parap�nw exÐswsh
ro c kai oriak  sunj kh;

(b) DeÐxte ìti h suzug c exÐswsh pou antistoiqeÐ sto prìblhma sqediasmoÔ enìc
tètoiou agwgoÔ, ìtan epijumht  eÐnai taqÔthta-stìqoc me katanom 

utar = cosx , 0 ≤ x ≤ 1 (10.16)

eÐnai h
dΨ

dx
= u− cosx (10.17)
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-0.05

 0

 0.05

 0.1

beta

Sq ma 10.1: PedÐo isoôy¸n thc antikeimenik c sun�rthshc.

BreÐte thn oriak  exÐswsh pou prèpei na epiblhjeÐ sthn exÐswsh 10.17, sqoli�zontac
thn epilog  sac. Poi� eÐna h antikeimenik  sun�rthsh ;

(g) BreÐte thn analutik  lÔsh thc suzugoÔc exÐswshc 10.17, wc sun�rthsh twn
α kai β. Profan¸c, ja p�rete upìyh thn oriak  thc sunj kh kai ja upologÐsete th
stajer� olokl rwshc pou anamènetai na emfanisteÐ.

(d) DeÐxte ìti h par�gwgoc thc antikeimenik c sun�rthshc wc proc α dÐnetai apì
th sqèsh

dFaug

dα
=

α

20
+
β

8
+

1

6
+

1

2
sin(1)− cos(1) (10.18)

(profan¸c oi gwnÐec metr¸ntai se aktÐnia). Jumhj te ìti
∫
xsinxdx = sinx−xcosx.

(e) BreÐte, antÐstoiqa, thn par�gwgo thc antikeimenik c sun�rthshc wc proc β.
(st) BreÐte analutik� ta bèltista α kai β.
(z) Me arqikèc timèc α = −1 kai β = −0.1, k�nte èna b ma thc mejìdou thc

apìtomhc kajìdou, qrhsimopoi¸ntac tic parag¸gouc pou  dh upologÐsate. Qrhsi-
mopoi ste η = 1.

(h) Sac dÐnetai to pedÐo isoôy¸n thc antikeimenik c sun�rthshc tou probl matìc
mac, sto parak�tw gr�fhma tou sq matoc 10.1.

To b ma sqedÐashc isogramm¸n eÐnai stajerì. Oi isogrammèc moi�zoun polÔ,
all� den eÐnai eujeÐec. Oi mikrìterec (Ðdiec) timèc thc antikeimenik c sun�rthshc an-
tistoiqoÔn stic dÔo eswterikèc isogrammèc, autèc dhlad  pou perib�lloun th mesaÐ-
a �ken � z¸nh. H tim  thc antikeimenik c sun�rthshc aux�nei apì to kèntro proc
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thn p�nw�dexi�   thn k�tw�arister� gwnÐa. Ex�llou, topojet ste sto gr�fhma th
bèltisth lÔsh pou br kate analutik� kai ja katano sete akìma kalÔtera to sq ma
autì. SqolÐaste to pwc ja sumperiferjeÐ h mèjodoc thc apìtomhc kajìdou se mia
tètoia perÐptwsh. Ta sqìlia sac na aforoÔn thn arqikopoÐhsh, thn epilog  tou η,
to an sac moi�zei gia eÔkolo   dÔskolo prìblhma, klp. MporeÐte na skiagraf sete
p�nw sto sq ma pwc ja kinoÔntan h anÐqneush thc lÔshc me th mèjodo aut .

ASKHSH 11

H mìnimh, asumpÐesth, strwt  ro  an�mesa se dÔo par�llhlec pl�kec, pou brÐskon-
tai se monadiaÐa apìstash (h mia sto y = 0 kai h �llh sto y = 1), eÐnai gnwst  wc
ro  Couette kai dèqetai analutik  lÔsh. 'Etsi, h ro  aut  dièpetai apì th sqèsh
dp/dy = 0 kai du/dx = 0 (x eÐnai h diam khc kateÔjunsh, p eÐnai h statik  pÐesh,
u eÐnai h diam khc taqÔthta�h monadik  mh�mhdenik  sunist¸sa thc taqÔthtac), èqei
dhlad  thn Ðdia parabolik  katanom  taqÔthtac se k�je diam kh jèsh. Aut  dÐnetai
apì th lÔsh thc exÐswshc

µ
d2u

dy2
− k = 0 (10.19)

ìpou k = dp/dx eÐnai h diam khc klÐsh thc pÐeshc, pou profan¸c isoÔtai me

k =
dp

dx
=
p2 − p1

L
(10.20)

ìpou p1 kai p2 eÐnai oi statikèc pièseic sthn eÐsodo kai thn èxodo tou agwgoÔ pou
sqhmatÐzoun oi dÔo pl�kec kai o opoÐoc èqei (gnwstì) m koc L (sq ma 10.2).

(a) Jewr¸ntac wc exÐswsh ro c thn 10.19 (aut  eÐnai h exÐswsh kat�stashc, state
equation), metablhtèc sqediasmoÔ to suntelest  sunektikìthtac µ (o opoÐoc eÐnai
stajerìc se ìlo to pedÐo, èqei mia tim  dhlad ) kai thn klÐsh pÐeshc k, diatup¸ste
th suzug  mèjodo pou upologÐzei thn klÐsh thc antikeimenik c sun�rthshc wc proc
tic dÔo metablhtèc elègqou (µ kai k, an stìqoc eÐnai mia epijumht  katanom  taqÔth-
tac sth morf  dosmènhc sun�rthshc utar(y), se k�je diam kh jèsh. Sugkekrimèna,
gr�yte thn antikeimenik  sun�rthsh, th metabol  thc epauxhmènhc antikeimenik -
c sun�rthshc me thn opoÐa ja xekin sei h diatÔpwsh tou suzugoÔc probl matoc,
diatup¸ste th suzug  exÐswsh kai tic oriakèc thc sunj kec sta y = 0 kai y = 1 kai
tic dÔo parag¸gouc euaisjhsÐac. Gia th dieukìluns  sac dÐnetai ìti h mia apì tic dÔo
parag¸gouc eÐnai h

δFaug

δk
= −

∫ 1

0

Ψdy (10.21)

(apodeÐxte thn).
(b) An h analutik  lÔsh thc 10.19 eÐnai h

u(y) =
k

2µ
y(y − 1) (10.22)
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y

u

y=0

y=1

Sq ma 10.2: Mìnimh, asumpÐesth, strwt  ro  an�mesa se dÔo par�llhlec pl�kec,
pou brÐskontai se monadiaÐa apìstash (h mia sto y = 0 kai h �llh sto y = 1), gnwst 
wc ro  Couette.

kai h katanom  taqÔthtac pou stoqeÔoume eÐnai h

utar(y) = 50y − 50y2 (10.23)

breÐte thn analutik  lÔsh thc suzugoÔc exÐswshc kai tic analutikèc ekfr�seic gia
tic parag¸gouc euaisjhsÐac.

ASKHSH 12

LÔnoume èna prìblhma aerodunamik c beltistopoÐhshc enìc stìqou me exelik-
tikoÔc algorÐjmouc. To prìblhma èqei mia metablht  sqedÐashc, to p�qoc miac p-
tèrugac se mm. Oi el�qistec kai mègistec epitrepìmenec timèc p�qouc eÐnai 28mm
kai 90mm. QrhsimopoioÔntai pènte duadik� yhfÐa gia thn kwdikopoÐhsh thc metabl-
ht c. Apì thn exèlixh, met� apì k�poiec geneèc, èqoun epibi¸sei mìno dÔo lÔseic,
oi

( 1 , 0 , 1 , 1 , 0 ) , ( 0 , 0 , 0 , 1 , 0 )

Prosèxte ìti to pr¸to (aristerì) duadikì yhfÐo k�je duadik c stoiqeioseir�c eÐnai to
pio shmantikì, dhlad  o suntelest c thc megalÔterhc dÔnamhc tou 2. An h bèltisth
lÔsh eÐnai h tim  p�qouc 44 kai oi qrhsimopoioÔmenoi exeliktikoÐ telestèc eÐnai h
epilog  gonèwn kai h diastaÔrwsh, exhg ste an mporeÐ   den mporeÐ na �pi�sei� th
bèltisth lÔsh.

ASKHSH 13
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EpijumoÔme na elaqistopoi soume to parak�tw sunarthsiakì

F =

∫ 1

0

pdx (10.24)

ìpou p eÐnai h metablht  kat�stashc, dhlad  h lÔsh tou fusikoÔ probl matoc, to
opoÐo perigr�fetai apì thn parak�tw exÐswsh kat�stashc :

d2p

dx2 = asinx (10.25)

ìpou a eÐnai h monadik  metablht  sqedÐashc. Oi oriakèc sunj kec pou �kleÐnoun�
to prìblhma eÐnai omogeneÐc Dirichlet, dhlad  p= 0 gia x= 0 kai gia x= 1. Pros-
diorÐste th suzug  exÐswsh, tic oriakèc sunj kec aut c kaj¸c kai thn èkfrash thc
parag¸gou euaisjhsÐac dF

da
(me qr sh thc suzugoÔc teqnik c).
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Kef�laio 11

Proteinìmenh BibliografÐa

H bibliografÐa se jèmata beltistopoÐhshc eÐnai ekten c kai, sthn pleioyhfÐa thc,
sÔgqronh, gegonìc pou pistopoieÐ ìti eÐnai jèma aiqm c sthn aerodunamik  all�
kai se opoiad pote �llh episthmonik  perioq .

AkoloujeÐ ènac kat�logoc biblÐwn, me sÔntoma sqìlia, pou ja mporoÔse na faneÐ
qr simoc se foithtèc pou ja apofasÐsoun na anazht soun perissìtera stoiqeÐa gia
tic mejìdouc beltistopoÐhshc:

• To biblÐo Numerical Optimization Techniques for Engineering De-
sign: With Applications twn G.N. Vanderplaats apì tic ekdìseic McGraw–
Hill (1984) (ISBN 0−07−066964−3) eÐnai apì ta pr¸ta, klasik� plèon, biblÐa
beltistopoÐhshc. Parousi�zei eisagwgik� tic basikìterec mejìdouc aitiokratik -
c beltistopoÐhshc, me poll� paradeÐgmata kurÐwc apì thn perioq  twn kataskeu¸n.

• 'Ena �llo klasikì biblÐo beltistopoÐhshc eÐnai to Practical Optimization
twn P.E. Gill, W. Murray, M.H. Wright apì tic ekdìseic Academic Press (1981)
(ISBN 0−12−283952−8). EÐnai prosanatolismèno perissìtero sth majhmatik 
jemelÐwsh twn aitiokratik¸n mejìdwn beltistopoÐhshc. ApoteloÔse th basik 
anafor� gia sqetikèc ergasÐec gia mia toul�qiston dekaetÐa.

• To biblÐo Numerical Optimization twn J. Nocedal, M.H. Wright apì tic
ekdìseic Springer (1999) (ISBN 0− 387− 98793− 2) apoteleÐ ousiastik� mia
emploutismènh, epektetamènh epanèkdosh tou prohgoÔmenou biblÐou (o basikìc
suggrafèac eÐnai o Ðdioc). EÐnai exairetikì bo jhma gia ìsouc jèloun na
katano soun tic aitiokratikèc mejìdouc se b�joc. H an�gnwsh tou biblÐou
apaiteÐ kalì majhmatikì upìbajro.

• To biblÐo Nonlinear Multiobjective Optimization thc K. Miettinen apì
tic ekdìseic Kluwer Academic Publishers (1999) esti�zei apokleistik� se prob-
l mata poll¸n stìqwn. EÐnai grammèno apì majhmatikì kai apaiteÐ kalì majh-
matikì upìbajro apì ton anagn¸sth.

• To biblÐo Genetic Algorithms in Search, Optimization and Machine
Learning tou D. Goldberg apì tic ekdìseic Addison–Wesley (1989) (ISBN
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0 − 201 − 15767 − 5) eÐnai to klasikì an�gnwsma gia ìsouc epijumoÔn mia
bajei� gnwrimÐa me touc genetikoÔc algìrijmouc. Se poll� shmeÐa tou, to
biblÐo aggÐzei to ìria thc filosofik c prosèggishc twn mejìdwn aut¸n. AxÐzei,
kat� th gn¸mh tou gr�fontoc, na to melet sei kaneÐc afoÔ pr¸ta gnwrÐsei kai
programmatÐsei, wc k�poio epÐpedo, touc genetikoÔc algìrijmouc.

• To biblÐo Genetic Algorithms + Data Structures = Evolution Pro-
grams tou Z. Michalewicz apì tic ekdìseic Springer-Verlag (1992) (ISBN
3 − 540 − 58090 − 5) eÐnai kalogrammèno, polÔ analutikì kai sunist�tai gi-
a ìsouc epijumoÔn na m�joun kai na programmatÐsoun genetikoÔc algìrijmouc.

• To biblÐo Evolutionary Computation: Toward a New Philosophy of
Machine Intelligence tou D. Fogel apì tic ekdìseic IEEE Press (1998) (ISBN
0 − 7803 − 5379 − X) epiqeireÐ na analÔsei se b�joc jèmata pou aforoÔn
exeliktikoÔc upologismoÔc.

• To biblÐo How to Solve it: Modern Heuristics twn Z. Michalewicz, D.B.
Fogel apì tic ekdìseic Springer (2000) (ISBN 3 − 540 − 66061 − 5) eÐnai è-
nac sÔgqronoc, mh�majhmatikìc odhgìc sto ti prèpei na k�nei k�poioc gia na
antimetwpÐsei probl mata beltistopoÐhshc. To biblÐo eÐnai exairetik� kalo-
grammèno kai xefeÔgei apì ta sten� ìria thc beltistopoÐhshc.

• To biblÐo Mathematical Methods of Airfoil Design twn A.M. Elizarov,
N.B. Il’inskiy, A.V. Potashev apì tic ekdìseic Akademie-Verlag (1997) (ISBN
3− 05− 501701− 3) parousi�zei mia pl rh (eidik  Ðswc) majhmatik  diadikasÐa
gia th sqedÐash aerotom¸n.

Tèloc, mia prìsfath anaskìphsh twn trìpwn qr shc twn exeliktik¸n algìri-
jmwn, kai m�lista se sunduasmì me mejìdouc upologistik c eufuÐac, gia th sqedÐ-
ash bèltistwn aerodunamik¸n morf¸n perièqetai sthn ergasÐa anaskìphshc (review
paper) me tÐtlo: Design of Optimal Aerodynamic Shapes using Stochas-
tic Optimization Methods and Computational Intelligence, upì K.C. Gian-
nakoglou, pou èqei dhmosieujeÐ sto periodikì International Review Journal Progress
in Aerospace Sciences, Vol. 38, pp. 43− 76, 2002.
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